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The standard model of cosmology

⌦M ' 0.3

⌦DE ' 0.7

wDE ' �1

strong evidence for 
dark energy

2011 Nobel Prize

Scolnic+ 1710.00845

concordance 
model



Dark Matter: 25%

Dark Energy: 70%

Stars: 
0.8%

H & He: 
gas 4%

Chemical Elements:  
(other than H & He) 0.025%

Neutrinos: 
0.17%

Radiation:  
0.005%
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The concordance ΛCDM model

Pros:
• good fit to (a lot of) data
• simple & consistent
➡ well worked-out phenom. 
(still working on baryons)
 
Cons:
• DM??
• Λ?????
• bad fit to some data



Tensions in the ΛCDM model

• CMB anomalies (cold spot, lensing ampl, hemispherical asym, …)

• large-scale dipole anisotropies (radio, quasars)

• small-scale CDM problems (but also at large scales, see Diego’s lectures)

• high- vs low-z 𝜎8-Ωm constraints (halo abundances, weak lensing)

• high- vs low-z H0 measurements (SH0ES, strong lensing)

• ... see review
Perivolaropoulos & Skara 

2105.05208



Bear in mind the "look-elsewhere effect", 
which is difficult to assess because there is 

not yet the "Journal of Failed Tests".

Without it, MNRAS, PRD, JCAP are the 
"Journals of Outliers" (successful tests)

These tensions may suffer from 
"significance inflation".

xkcd.com/882

http://xkcd.com/882


What is inhomogeneous cosmology?

• It is the study of the universe without assuming a priori 

the FLRW metric

• [Copernican principle valid at larger scales, not at the 
standard ≈100–200 Mpc]

• [[it is not the backreaction proposal; questions to Rocky]]



Why inhomogeneous cosmology?

• Test basic assumptions: 95% of the universe content is dark

• Study the universe without assuming homogeneity and isotropy; 

reconstruct the metric directly from observations

• The universe may feature large-scale inhomogeneities and anisotropies 

which cannot be explained by the ΛCDM/FLRW paradigm: 

see the H0 tension and the comic dipoles and anisotropy.



Early-FLRW cosmologies

• Copernican principle valid at larger scales, not at the standard ≈100–200 Mpc

• Large-scale inhomogeneities with non-standard amplitudes and phases, 
characterized by bulk flows and coherent perturbations. 
A kind of primordial non-Gaussianity (how much room is there given CMB?)

• Early-FLRW cosmologies: standard cosmology endowed with non-standard 
structure dominated by growing modes. Near-FLRW metric at early times

• Can use existing codes such as Gadget



Early-FLRW cosmologies (cont'd)

spacetime inhom: LTB
justification: 
[ΛLTB model: ΛCDM endowed with a 
spherical over/underdensity]

observer: at the center
justification:
- if nonlinear, observer is constrained 

near center by CMB
- if linear, observer’s observations 

averaged over angles
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The ΛLTB model

A&A proofs: manuscript no. output

cal LTB spacetime, this issue has been tackled by Zibin (2008);
Clarkson et al. (2009); Dunsby et al. (2010); February et al.
(2014); Meyer et al. (2015) via the numerical integration of the
system of coupled equations and by Nishikawa et al. (2012) via
second-order perturbation theory. It was concluded that the e↵ect
of spatial gradients may not be neglected. However, a full per-
turbation theory and modeling is missing, hampering compari-
son with perturbation observables—the focus of next-generation
surveys such as J-PAS (Bonoli et al. 2020),1 LSST (Abate et al.
2012),2 Euclid (Amendola et al. 2018)3 and SKA (Braun et al.
2015).4

Here, we present a program that aims at addressing the mod-
eling of linear and nonlinear perturbations and understanding the
rich phenomenology of early-FLRW cosmologies. In order to do
so, the basic idea is to apply the methods of numerical cosmol-
ogy, as pioneered by Alonso et al. (2010, 2012). The ultimate
goal is to confront arbitrarily early-FLRW inhomogeneous mod-
els with data from next-generation surveys. The idea is to adopt
fast Newtonian N-body simulations, whose accuracy in describ-
ing the background evolution shall be checked with general rel-
ativistic codes. The basic methodology is to feed state-of-the-art
N-body codes such as GADGET (Springel et al. 2020) with special
early-FLRW initial conditions so that early-FLRW cosmologies
can reach the same resolution of standard ⇤CDM simulations in
approximately the same CPU time.

This program will place the field of inhomogeneous cos-
mologies into the era of precision cosmology, on par with
the ⇤CDM model. Please see the project site behomo.cosmo-
ufes.org for results and data products.

In this paper, we will present a suite of simulations for
the simplest possible early-FLRW cosmologies: the spherically
symmetric ⇤LTB models. We use the Lemaître-Tolman-Bondi
(LTB) metric to model a spherical inhomogeneity on top of
the standard ⇤CDM model. As said earlier, the goal is to
study and then constrain the phenomenology of these beyond-
⇤CDM inhomogeneities with observations (Valkenburg et al.
2014; Redlich et al. 2014; Camarena et al. 2021). We consider
a set of high-resolution simulations with varying inhomogeneity
size and depth, the two main physical parameters describing such
a structure. This will allow us to understand and model the e↵ect
of spatial gradients on the evolution of perturbations. Though
still a toy model, its results will allow us to confront inhomoge-
neous cosmologies with perturbation observables such as RSD
and weak lensing. Indeed, on a first approximation, one may re-
gard the spatial gradients of the ⇤LTB model as an archetype for
more realistic structure with background shear. [VM: introduce
bkg shear earlier]

[VM: talk about tensions: H0, dipole, etc]

In this presentation paper we will review the ⇤LTB model in
Section 2, discuss the numerical details of the inhomogeneous
N-body simulations in Section 3, [...]

[bold denotes vector; Nomenclature: LTB metric (as opposed
to FLRW metric) but LLTB model (as opposed to the LCDM
model); quantities without explicit radial dependence are relative
to the FLRW background. ]

1 www.j-pas.org
2 www.lsst.org
3 www.euclid-ec.org
4 www.skatelescope.org

2. The ⇤LTB model

The ⇤LTB model is ⇤CDM with, superimposed, a spherical in-
homogeneity, which is modeled via the exact LTB solution of
Einstein’s equations. As we are considering early-FLRW cos-
mologies, this model is fully specified by the radial profile func-
tion, whose basic parameters are the e↵ective radius and depth
of the inhomogeneity. We will now review its formalism.

2.1. Metric

In the comoving and synchronous gauge, the spherically sym-
metric LTB metric can be written as (c = 1):

ds2 = �dt2 +
a2
k
(t, r)

1 � k(r)r2 dr2 + a2
?(t, r)r2 d⌦2 , (1)

where the longitudinal (ak) and perpendicular (a?) scale factors
are related by ak = (a?r)0, and a prime denotes partial derivation
with respect to the coordinate radius r. We will also adopt the
alternative notation Y(t, r) ⌘ a?r so that Y 0 ⌘ ak. In the limit
k ! constant and a? = ak = a, we recover the FLRW metric, but,
in LTB, k(r) is a free function named the “curvature function.”

The two scale factors define two di↵erent Hubble rates:

H?(t, r) ⌘
ȧ?
a?
=

Ẏ
Y
, (2)

Hk(t, r) ⌘
ȧk
ak
=

Ẏ 0

Y 0
, (3)

where a dot denotes partial derivation with respect to the coor-
dinate time t. This has important important implications when
confronting these models with observations. For example, su-
pernovae probe the luminosity distance and so H?, while cos-
mic chronometers probe Hk. Anisotropic BAO analyses, instead,
probe both Hubble rates, placing interesting constraints on back-
ground shear (Garcia-Bellido & Haugboelle 2009).

2.2. Dynamics

By solving Einstein’s equations for an irrotational dust source
in the presence of a cosmological constant ⇤, one obtains the
equivalent of the Friedmann equation, which can be written as
(Enqvist 2008; Marra & Paakkonen 2012, Appendix B):

H2
?(t, r) =

8⇡G
3
⇢e

m +
8⇡G

3
⇢⇤ �

k(r)
a2
?

, (4)

where ⇢⇤ = ⇤/8⇡G, and the last term is the Euclidean average
of the spatial Ricci scalar (the trace of the Ricci tensor of the
metric gi j on the hypersurface of constant t):

k(r)
a2
?

=
R

e

6
=

1
6

R r
0 R dVe

Ve

FLRW
����!

k = const
a2 , (5)

R

2
=

(k r2Y)0

Y2Y 0
=

k
a2
?

+ 2
k

a?ak
+

k0r
a?ak

, (6)

where the “Euclidean” volume element – obtained by setting k =
0 in eq. (1) – is used:

Ve =

Z r

0
dVe = 4⇡

Z r

0
Y2Y 0dr̂ =

4⇡
3

Y3 . (7)
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Similarly, eq. (4) features the Euclidean average of the local mat-
ter density ⇢m:

⇢e
m =

F(r)
Ve

FLRW
����! ⇢m(t) , (8)

F(r) =
Z r

0
⇢m(t, r) dVe , (9)

⇢m(t, r) =
F0(r)

4⇡Y2(t, r)Y 0(t, r)
, (10)

where the “mass function” F(r), a constant of integration, is an-
other free function that gives the total gravitating mass up to the
shell of coordinate radius r. The local density ⇢m satisfies the
continuity equation ⇢̇m + ⇥ ⇢m = 0, where ⇥ = Hk + 2H? is the
expansion scalar. Note that, as the source is pressureless dust,
without pressure gradients, both F(r) and k(r) do not depend on
t. See Yamamoto et al. (2016) for the case of the Lemaître metric
with pressure.

Similarly to FLRW, one may interpret the curvature function
as related to the total energy per unit of mass of the shell at co-
ordinate radius r:

E(r) ⌘ �
k r2

2
=

1
2

Ẏ2(t, r) �
GF(r)
Y(t, r)

�
1
6
⇤Y2(t, r) , (11)

where the first term of the “energy function” E is the kinetic en-
ergy per unit of mass of the shell r, the second term is the poten-
tial energy per unit of mass due to the total gravitating mass up to
the shell r, and the third term is the usual contribution from the
cosmological constant (as in the de Sitter-Schwarzschild metric).
Note that, thanks to spherical symmetry, one is able to define
a potential energy also in cases far away from nearly Newto-
nian ones and that the potential energy is related to the curva-
ture (Bondi 1947).

One can also rewrite eq. (4) using the equivalent of the den-
sity parameters in FLRW:

H2
?(t, r)

H2
?0

(r)
= ⌦m0(r)

a3
?0

a3
?

+⌦⇤0(r) +⌦k0(r)
a2
?0

a2
?

(12)

where the subscript 0 denotes a quantity evaluated at the present
time t0, and

⌦m0 =
2GF(r)

r3a3
?0

H2
?0

⌦m = ⌦m0
H2
?0

H2
?

a3
?0

a3
?

, (13)

⌦⇤0 =
⇤

3H2
?0

⌦⇤ = ⌦⇤0
H2
?0

H2
?

, (14)

⌦k0 = �
k(r)

a2
?0

H2
?0

⌦k = ⌦k0
H2
?0

H2
?

a2
?0

a2
?

, (15)

which satisfy ⌦m +⌦⇤ +⌦k = 1.

2.3. Free functions and gauge fixing

Eq. (12) can be used to determine the age of the universe at a
radial coordinate r:

t � tbb(r)=
1

H?0 (r)

Z a? (t,r)
a?0 (r)

0

dx
p
⌦m(r)x�1+⌦⇤(r)x2+⌦k(r)

, (16)

where the “big bang time” tbb(r) is another arbitrary function,
which sets the time since the big bang (a? = 0). If t0bb(r) , 0,

then in the past there were large inhomogeneities, see eq. (10),
with the initial singularity happening at di↵erent times for di↵er-
ent shells. This clearly signals the presence of decaying modes,
which would be strongly in contradiction with the inflationary
paradigm and are excluded by the choice of a simultaneous big
bang (Silk 1977; Biswas et al. 2007; Zibin 2008).

Summarizing, we have seen that the LTB inhomogeneity is
specified by three arbitrary functions – F(r), k(r) and tbb(r) –
which are related, together with a?0 , by eq. (16) so that one is
not independent. Moreover, one can always make a redefinition
of the radial coordinate. Common gauge fixing are F(r) / r3 or
a?0 = constant. It is then clear that one can choose tbb(r) and k(r)
as the free functions that specify the model.

Each gauge fixing has pros and cons. For example, F(r) /
r3 excludes the possibility that there is pure vacuum in
some radial interval, and the moment of shell crossing –
the time at which Y 0 = 0 so that grr = 0 – clearly de-
pends on the gauge adopted. The numerical codes that we
use, VoidDistances2020 (Valkenburg 2012a) and FalconIC
(Valkenburg & Hu 2015), adopt the choice F(r) = 4⇡M4

0r3/3,
where M0 is an arbitrary mass scale.

2.4. Compensated inhomogeneity profile

As discussed earlier, we will consider early-FLRW cosmologies
in agreement with the standard scenario of inflation and, there-
fore, we will set:

tbb(r) = 0 . (17)

We are then left with the curvature function. Here, we con-
sider the case of an LTB inhomogeneity that matches exactly
with the FLRW metric at the finite radius rb and not only asymp-
totically. This simplified approach is convenient for the purposes
of this work because it allows us to robustly simulate the LTB in-
homogeneity inside of a bigger FLRW box. The curvature func-
tion is modeled according to the monotonic profile:

k(r) = kb + (kc � kb) W3(r/rb) , (18)

where rb is the coordinate radius of the spherical inhomogeneity
and P3 is the function

Wn(x) =
(

e�xn/(1�x) for 0  x < 1
0 for x � 1 . (19)

The function Wn(x) interpolates from 1 to 0 when x varies from 0
to 1 while remaining di↵erentiable, which implies that that k(r)
is C1 everywhere. It is dmWn/dxm

|0 = 0 for 0 < m < n, so
that there is no cusp at the center. In the limit n ! 1, Wn(x)
approaches the tophat function.

For r � rb the curvature profile equals the curvature kb of the
background FLRW such that for r � rb one exactly recovers the
background ⇤CDM model: a? = ak = a. We can then define the
local density contrast according to:

�(t, r) =
⇢m(t, r)
⇢m(t)

� 1 , (20)

and the (integrated) mass density contrast according to:

�(t, r) =

R r
0 �(t, r̄) dVe

Ve
=
⌦m(t, r) H2

?(t, r)
⌦m(t) H2(t)

� 1 , (21)

where we used the Euclidean average in agreement with Eq. (4).
Note that �(t, r = 0) = �(t, r = 0). We denote with �0 the central
contrast today, which is directly related to kc.
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Ẏ 0

Y 0
, (3)

where a dot denotes partial derivation with respect to the coor-
dinate time t. This has important important implications when
confronting these models with observations. For example, su-
pernovae probe the luminosity distance and so H?, while cos-
mic chronometers probe Hk. Anisotropic BAO analyses, instead,
probe both Hubble rates, placing interesting constraints on back-
ground shear (Garcia-Bellido & Haugboelle 2009).

2.2. Dynamics

By solving Einstein’s equations for an irrotational dust source
in the presence of a cosmological constant ⇤, one obtains the
equivalent of the Friedmann equation, which can be written as
(Enqvist 2008; Marra & Paakkonen 2012, Appendix B):

H2
?(t, r) =

8⇡G
3
⇢e

m +
8⇡G

3
⇢⇤ �

k(r)
a2
?

, (4)

where ⇢⇤ = ⇤/8⇡G, and the last term is the Euclidean average
of the spatial Ricci scalar (the trace of the Ricci tensor of the
metric gi j on the hypersurface of constant t):

k(r)
a2
?

=
R

e

6
=

1
6

R r
0 R dVe

Ve

FLRW
����!

k = const
a2 , (5)

R

2
=

(k r2Y)0

Y2Y 0
=

k
a2
?

+ 2
k

a?ak
+

k0r
a?ak

, (6)

where the “Euclidean” volume element – obtained by setting k =
0 in eq. (1) – is used:

Ve =

Z r

0
dVe = 4⇡

Z r

0
Y2Y 0dr̂ =

4⇡
3

Y3 . (7)
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Similarly, eq. (4) features the Euclidean average of the local mat-
ter density ⇢m:

⇢e
m =

F(r)
Ve

FLRW
����! ⇢m(t) , (8)

F(r) =
Z r

0
⇢m(t, r) dVe , (9)

⇢m(t, r) =
F0(r)

4⇡Y2(t, r)Y 0(t, r)
, (10)

where the “mass function” F(r), a constant of integration, is an-
other free function that gives the total gravitating mass up to the
shell of coordinate radius r. The local density ⇢m satisfies the
continuity equation ⇢̇m + ⇥ ⇢m = 0, where ⇥ = Hk + 2H? is the
expansion scalar. Note that, as the source is pressureless dust,
without pressure gradients, both F(r) and k(r) do not depend on
t. See Yamamoto et al. (2016) for the case of the Lemaître metric
with pressure.

Similarly to FLRW, one may interpret the curvature function
as related to the total energy per unit of mass of the shell at co-
ordinate radius r:

E(r) ⌘ �
k r2

2
=

1
2

Ẏ2(t, r) �
GF(r)
Y(t, r)

�
1
6
⇤Y2(t, r) , (11)

where the first term of the “energy function” E is the kinetic en-
ergy per unit of mass of the shell r, the second term is the poten-
tial energy per unit of mass due to the total gravitating mass up to
the shell r, and the third term is the usual contribution from the
cosmological constant (as in the de Sitter-Schwarzschild metric).
Note that, thanks to spherical symmetry, one is able to define
a potential energy also in cases far away from nearly Newto-
nian ones and that the potential energy is related to the curva-
ture (Bondi 1947).

One can also rewrite eq. (4) using the equivalent of the den-
sity parameters in FLRW:

H2
?(t, r)

H2
?0

(r)
= ⌦m0(r)

a3
?0

a3
?

+⌦⇤0(r) +⌦k0(r)
a2
?0

a2
?

(12)

where the subscript 0 denotes a quantity evaluated at the present
time t0, and

⌦m0 =
2GF(r)

r3a3
?0

H2
?0

⌦m = ⌦m0
H2
?0

H2
?

a3
?0

a3
?

, (13)

⌦⇤0 =
⇤

3H2
?0

⌦⇤ = ⌦⇤0
H2
?0

H2
?

, (14)

⌦k0 = �
k(r)

a2
?0

H2
?0

⌦k = ⌦k0
H2
?0

H2
?

a2
?0

a2
?

, (15)

which satisfy ⌦m +⌦⇤ +⌦k = 1.

2.3. Free functions and gauge fixing

Eq. (12) can be used to determine the age of the universe at a
radial coordinate r:

t � tbb(r)=
1

H?0 (r)

Z a? (t,r)
a?0 (r)

0

dx
p
⌦m(r)x�1+⌦⇤(r)x2+⌦k(r)

, (16)

where the “big bang time” tbb(r) is another arbitrary function,
which sets the time since the big bang (a? = 0). If t0bb(r) , 0,

then in the past there were large inhomogeneities, see eq. (10),
with the initial singularity happening at di↵erent times for di↵er-
ent shells. This clearly signals the presence of decaying modes,
which would be strongly in contradiction with the inflationary
paradigm and are excluded by the choice of a simultaneous big
bang (Silk 1977; Biswas et al. 2007; Zibin 2008).

Summarizing, we have seen that the LTB inhomogeneity is
specified by three arbitrary functions – F(r), k(r) and tbb(r) –
which are related, together with a?0 , by eq. (16) so that one is
not independent. Moreover, one can always make a redefinition
of the radial coordinate. Common gauge fixing are F(r) / r3 or
a?0 = constant. It is then clear that one can choose tbb(r) and k(r)
as the free functions that specify the model.

Each gauge fixing has pros and cons. For example, F(r) /
r3 excludes the possibility that there is pure vacuum in
some radial interval, and the moment of shell crossing –
the time at which Y 0 = 0 so that grr = 0 – clearly de-
pends on the gauge adopted. The numerical codes that we
use, VoidDistances2020 (Valkenburg 2012a) and FalconIC
(Valkenburg & Hu 2015), adopt the choice F(r) = 4⇡M4

0r3/3,
where M0 is an arbitrary mass scale.

2.4. Compensated inhomogeneity profile

As discussed earlier, we will consider early-FLRW cosmologies
in agreement with the standard scenario of inflation and, there-
fore, we will set:

tbb(r) = 0 . (17)

We are then left with the curvature function. Here, we con-
sider the case of an LTB inhomogeneity that matches exactly
with the FLRW metric at the finite radius rb and not only asymp-
totically. This simplified approach is convenient for the purposes
of this work because it allows us to robustly simulate the LTB in-
homogeneity inside of a bigger FLRW box. The curvature func-
tion is modeled according to the monotonic profile:

k(r) = kb + (kc � kb) W3(r/rb) , (18)

where rb is the coordinate radius of the spherical inhomogeneity
and P3 is the function

Wn(x) =
(

e�xn/(1�x) for 0  x < 1
0 for x � 1 . (19)

The function Wn(x) interpolates from 1 to 0 when x varies from 0
to 1 while remaining di↵erentiable, which implies that that k(r)
is C1 everywhere. It is dmWn/dxm

|0 = 0 for 0 < m < n, so
that there is no cusp at the center. In the limit n ! 1, Wn(x)
approaches the tophat function.

For r � rb the curvature profile equals the curvature kb of the
background FLRW such that for r � rb one exactly recovers the
background ⇤CDM model: a? = ak = a. We can then define the
local density contrast according to:

�(t, r) =
⇢m(t, r)
⇢m(t)

� 1 , (20)

and the (integrated) mass density contrast according to:

�(t, r) =

R r
0 �(t, r̄) dVe

Ve
=
⌦m(t, r) H2

?(t, r)
⌦m(t) H2(t)

� 1 , (21)

where we used the Euclidean average in agreement with Eq. (4).
Note that �(t, r = 0) = �(t, r = 0). We denote with �0 the central
contrast today, which is directly related to kc.
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where the “mass function” F(r), a constant of integration, is an-
other free function that gives the total gravitating mass up to the
shell of coordinate radius r. The local density ⇢m satisfies the
continuity equation ⇢̇m + ⇥ ⇢m = 0, where ⇥ = Hk + 2H? is the
expansion scalar. Note that, as the source is pressureless dust,
without pressure gradients, both F(r) and k(r) do not depend on
t. See Yamamoto et al. (2016) for the case of the Lemaître metric
with pressure.

Similarly to FLRW, one may interpret the curvature function
as related to the total energy per unit of mass of the shell at co-
ordinate radius r:
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Ẏ2(t, r) �
GF(r)
Y(t, r)

�
1
6
⇤Y2(t, r) , (11)

where the first term of the “energy function” E is the kinetic en-
ergy per unit of mass of the shell r, the second term is the poten-
tial energy per unit of mass due to the total gravitating mass up to
the shell r, and the third term is the usual contribution from the
cosmological constant (as in the de Sitter-Schwarzschild metric).
Note that, thanks to spherical symmetry, one is able to define
a potential energy also in cases far away from nearly Newto-
nian ones and that the potential energy is related to the curva-
ture (Bondi 1947).

One can also rewrite eq. (4) using the equivalent of the den-
sity parameters in FLRW:
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where the subscript 0 denotes a quantity evaluated at the present
time t0, and
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which satisfy ⌦m +⌦⇤ +⌦k = 1.

2.3. Free functions and gauge fixing

Eq. (12) can be used to determine the age of the universe at a
radial coordinate r:

t � tbb(r)=
1
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0
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p
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where the “big bang time” tbb(r) is another arbitrary function,
which sets the time since the big bang (a? = 0). If t0bb(r) , 0,

then in the past there were large inhomogeneities, see eq. (10),
with the initial singularity happening at di↵erent times for di↵er-
ent shells. This clearly signals the presence of decaying modes,
which would be strongly in contradiction with the inflationary
paradigm and are excluded by the choice of a simultaneous big
bang (Silk 1977; Biswas et al. 2007; Zibin 2008).

Summarizing, we have seen that the LTB inhomogeneity is
specified by three arbitrary functions – F(r), k(r) and tbb(r) –
which are related, together with a?0 , by eq. (16) so that one is
not independent. Moreover, one can always make a redefinition
of the radial coordinate. Common gauge fixing are F(r) / r3 or
a?0 = constant. It is then clear that one can choose tbb(r) and k(r)
as the free functions that specify the model.

Each gauge fixing has pros and cons. For example, F(r) /
r3 excludes the possibility that there is pure vacuum in
some radial interval, and the moment of shell crossing –
the time at which Y 0 = 0 so that grr = 0 – clearly de-
pends on the gauge adopted. The numerical codes that we
use, VoidDistances2020 (Valkenburg 2012a) and FalconIC
(Valkenburg & Hu 2015), adopt the choice F(r) = 4⇡M4

0r3/3,
where M0 is an arbitrary mass scale.

2.4. Compensated inhomogeneity profile

As discussed earlier, we will consider early-FLRW cosmologies
in agreement with the standard scenario of inflation and, there-
fore, we will set:

tbb(r) = 0 . (17)

We are then left with the curvature function. Here, we con-
sider the case of an LTB inhomogeneity that matches exactly
with the FLRW metric at the finite radius rb and not only asymp-
totically. This simplified approach is convenient for the purposes
of this work because it allows us to robustly simulate the LTB in-
homogeneity inside of a bigger FLRW box. The curvature func-
tion is modeled according to the monotonic profile:

k(r) = kb + (kc � kb) W3(r/rb) , (18)

where rb is the coordinate radius of the spherical inhomogeneity
and P3 is the function

Wn(x) =
(

e�xn/(1�x) for 0  x < 1
0 for x � 1 . (19)

The function Wn(x) interpolates from 1 to 0 when x varies from 0
to 1 while remaining di↵erentiable, which implies that that k(r)
is C1 everywhere. It is dmWn/dxm

|0 = 0 for 0 < m < n, so
that there is no cusp at the center. In the limit n ! 1, Wn(x)
approaches the tophat function.

For r � rb the curvature profile equals the curvature kb of the
background FLRW such that for r � rb one exactly recovers the
background ⇤CDM model: a? = ak = a. We can then define the
local density contrast according to:

�(t, r) =
⇢m(t, r)
⇢m(t)

� 1 , (20)

and the (integrated) mass density contrast according to:
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=
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where we used the Euclidean average in agreement with Eq. (4).
Note that �(t, r = 0) = �(t, r = 0). We denote with �0 the central
contrast today, which is directly related to kc.
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cal LTB spacetime, this issue has been tackled by Zibin (2008);
Clarkson et al. (2009); Dunsby et al. (2010); February et al.
(2014); Meyer et al. (2015) via the numerical integration of the
system of coupled equations and by Nishikawa et al. (2012) via
second-order perturbation theory. It was concluded that the e↵ect
of spatial gradients may not be neglected. However, a full per-
turbation theory and modeling is missing, hampering compari-
son with perturbation observables—the focus of next-generation
surveys such as J-PAS (Bonoli et al. 2020),1 LSST (Abate et al.
2012),2 Euclid (Amendola et al. 2018)3 and SKA (Braun et al.
2015).4

Here, we present a program that aims at addressing the mod-
eling of linear and nonlinear perturbations and understanding the
rich phenomenology of early-FLRW cosmologies. In order to do
so, the basic idea is to apply the methods of numerical cosmol-
ogy, as pioneered by Alonso et al. (2010, 2012). The ultimate
goal is to confront arbitrarily early-FLRW inhomogeneous mod-
els with data from next-generation surveys. The idea is to adopt
fast Newtonian N-body simulations, whose accuracy in describ-
ing the background evolution shall be checked with general rel-
ativistic codes. The basic methodology is to feed state-of-the-art
N-body codes such as GADGET (Springel et al. 2020) with special
early-FLRW initial conditions so that early-FLRW cosmologies
can reach the same resolution of standard ⇤CDM simulations in
approximately the same CPU time.

This program will place the field of inhomogeneous cos-
mologies into the era of precision cosmology, on par with
the ⇤CDM model. Please see the project site behomo.cosmo-
ufes.org for results and data products.

In this paper, we will present a suite of simulations for
the simplest possible early-FLRW cosmologies: the spherically
symmetric ⇤LTB models. We use the Lemaître-Tolman-Bondi
(LTB) metric to model a spherical inhomogeneity on top of
the standard ⇤CDM model. As said earlier, the goal is to
study and then constrain the phenomenology of these beyond-
⇤CDM inhomogeneities with observations (Valkenburg et al.
2014; Redlich et al. 2014; Camarena et al. 2021). We consider
a set of high-resolution simulations with varying inhomogeneity
size and depth, the two main physical parameters describing such
a structure. This will allow us to understand and model the e↵ect
of spatial gradients on the evolution of perturbations. Though
still a toy model, its results will allow us to confront inhomoge-
neous cosmologies with perturbation observables such as RSD
and weak lensing. Indeed, on a first approximation, one may re-
gard the spatial gradients of the ⇤LTB model as an archetype for
more realistic structure with background shear. [VM: introduce
bkg shear earlier]

[VM: talk about tensions: H0, dipole, etc]

In this presentation paper we will review the ⇤LTB model in
Section 2, discuss the numerical details of the inhomogeneous
N-body simulations in Section 3, [...]

[bold denotes vector; Nomenclature: LTB metric (as opposed
to FLRW metric) but LLTB model (as opposed to the LCDM
model); quantities without explicit radial dependence are relative
to the FLRW background. ]

1 www.j-pas.org
2 www.lsst.org
3 www.euclid-ec.org
4 www.skatelescope.org

2. The ⇤LTB model

The ⇤LTB model is ⇤CDM with, superimposed, a spherical in-
homogeneity, which is modeled via the exact LTB solution of
Einstein’s equations. As we are considering early-FLRW cos-
mologies, this model is fully specified by the radial profile func-
tion, whose basic parameters are the e↵ective radius and depth
of the inhomogeneity. We will now review its formalism.

2.1. Metric

In the comoving and synchronous gauge, the spherically sym-
metric LTB metric can be written as (c = 1):

ds2 = �dt2 +
a2
k
(t, r)

1 � k(r)r2 dr2 + a2
?(t, r)r2 d⌦2 , (1)

where the longitudinal (ak) and perpendicular (a?) scale factors
are related by ak = (a?r)0, and a prime denotes partial derivation
with respect to the coordinate radius r. We will also adopt the
alternative notation Y(t, r) ⌘ a?r so that Y 0 ⌘ ak. In the limit
k ! constant and a? = ak = a, we recover the FLRW metric, but,
in LTB, k(r) is a free function named the “curvature function.”

The two scale factors define two di↵erent Hubble rates:

H?(t, r) ⌘
ȧ?
a?
=

Ẏ
Y
, (2)

Hk(t, r) ⌘
ȧk
ak
=

Ẏ 0

Y 0
, (3)

where a dot denotes partial derivation with respect to the coor-
dinate time t. This has important important implications when
confronting these models with observations. For example, su-
pernovae probe the luminosity distance and so H?, while cos-
mic chronometers probe Hk. Anisotropic BAO analyses, instead,
probe both Hubble rates, placing interesting constraints on back-
ground shear (Garcia-Bellido & Haugboelle 2009).

2.2. Dynamics

By solving Einstein’s equations for an irrotational dust source
in the presence of a cosmological constant ⇤, one obtains the
equivalent of the Friedmann equation, which can be written as
(Enqvist 2008; Marra & Paakkonen 2012, Appendix B):

H2
?(t, r) =

8⇡G
3
⇢e

m(t, r) +
8⇡G

3
⇢⇤ �

k(r)
a2
?

(t, r)
, (4)

where ⇢⇤ = ⇤/8⇡G, and the last term is the Euclidean average
of the spatial Ricci scalar (the trace of the Ricci tensor of the
metric gi j on the hypersurface of constant t):

k(r)
a2
?

=
R

e

6
=

1
6

R r
0 R dVe

Ve

FLRW
����!

k = const
a2 , (5)

R

2
=

(k r2Y)0

Y2Y 0
=

k
a2
?

+ 2
k

a?ak
+

k0r
a?ak

, (6)

where the “Euclidean” volume element – obtained by setting k =
0 in eq. (1) – is used:

Ve =

Z r

0
dVe = 4⇡

Z r

0
Y2Y 0dr̂ =

4⇡
3

Y3 . (7)
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In this Section, after reviewing the formalism and dynam-
ics of the LTB metric, we connect with the more standard New-
tonianly perturbed FLRW metric and discuss the historical
relevance of LTB models, putting coherently together results
from many different papers.

2.1. Metric

In the comoving and synchronous gauge, the spherically sym-
metric LTB metric can be written as:

ds2 =°dt 2 +
a2
“(t ,r )

1°k(r )r 2 dr 2 +a2
?(t ,r )r 2 d≠2 , (1)

where the longitudinal (a“) and perpendicular (a?) scale fac-
tors are related by a“ = (a?r )0, and a prime denotes partial
derivation with respect to the coordinate radius r . We will also
adopt the alternative notation Y (t ,r ) ¥ a?r so that Y 0 ¥ a“. In
the limit k ! constant and a? = a“ = a, we recover the FLRW
metric, but here k(r ) is a free function named the LTB curva-
ture function.

The two scale factors define two different Hubble rates:

H?(t ,r ) ¥ ȧ?
a?

= Ẏ
Y

, (2)

H“(t ,r ) ¥
ȧk
a“

= Ẏ 0

Y 0 , (3)

where a dot denotes partial derivation with respect to the co-
ordinate time t . This has important important implications
when confronting these models with observations. For exam-
ple, supernovae probe the luminosity distance and so H?,
while cosmic chronometers probe H“. Anisotropic BAO anal-
yses, instead, probe both Hubble rates, placing interesting
constraints on the background shear (Garcia-Bellido & Haug-
boelle 2009):

ß(t ,r ) = 2
3

h
H“(t ,r )°H?(t ,r )

i
. (4)

As said earlier, the spatial gradient of the §LTB model is an
archetype for more realistic structures.

2.2. Dynamics

By solving Einstein’s equations for an irrotational dust source
in the presence of a cosmological constant §, one obtains the
equivalent of the Friedmann equation, which can be written
as (Enqvist 2008; Marra & Paakkonen 2012, Appendix B):

H 2
?(t ,r ) = 8ºG

3
Ωe

m(t ,r )+ 8ºG
3

Ω§°
k(r )

a2
?(t ,r )

, (5)

where Ω§ =§/8ºG , and the last term is the Euclidean average
of the spatial Ricci scalar (the trace of the Ricci tensor of the
spatial metric on the hypersurface of constant t ):

R

2
= (k r 2Y )0

Y 2Y 0 = k

a2
?
+2

k
a?a“

+ k 0r
a?a“

, (6)

R
e

6
= 1

6

Rr
0 RdVe

Ve
= k(r )

a2
?

FLRW°°°°! k = const
a2 , (7)

where the Euclidean volume element – obtained by setting k =
0 in eq. (1) – is used:

Ve(t ,r ) =
Zr

0
dVe = 4º

Zr

0
Y 2Y 0dr̂ = 4º

3
Y 3 . (8)

Similarly, eq. (5) features the Euclidean average of the local
matter density Ωm :

Ωm(t ,r ) = F 0(r )
4ºY 2(t ,r )Y 0(t ,r )

, (9)

F (r ) =
Zr

0
Ωm(t ,r )dVe , (10)

Ωe
m(t ,r ) = F (r )

Ve

FLRW°°°°! Ωm(t ) , (11)

where the LTB mass function F (r ), a constant of integration, is
another free function that gives the total gravitating mass up
to the shell of coordinate radius r . The local density Ωm satis-
fies the continuity equation Ω̇m+µΩm = 0, where µ = H“+2H?
is the expansion scalar. Note that, as the source is pressure-
less dust, without pressure gradients, both F (r ) and k(r ) do
not depend on t . See Yamamoto et al. (2016) for the case of the
Lemaître metric with pressure.

Similarly to FLRW, one may interpret the curvature func-
tion as related to the total energy per unit of mass of the shell
at coordinate radius r :

E(r ) ¥°k r 2

2
= 1

2
Ẏ 2(t ,r )° GF (r )

Y (t ,r )
° 1

6
§Y 2(t ,r ) , (12)

where the first term of the energy function E is the kinetic en-
ergy per unit of mass of the shell r , the second term is the
potential energy per unit of mass due to the total gravitating
mass up to the shell r , and the third term is the usual con-
tribution from the cosmological constant (as in the de Sitter-
Schwarzschild metric). Note that, thanks to spherical symme-
try, one is able to define a potential energy also in cases far
away from nearly Newtonian ones and that the potential en-
ergy is related to the curvature (Bondi 1947).

One can rewrite eq. (5) using the equivalent of the density
parameters in FLRW:

H 2
?(t ,r )

H 2
?0

(r )
=≠m0(r )

a3
?0

a3
?

+≠§0(r )+≠k0(r )
a2
?0

a2
?

(13)

where the subscript 0 denotes a quantity evaluated at the
present time t0, and

≠m0(r ) = 2GF (r )

r 3a3
?0

H 2
?0

≠m(t ,r ) =≠m0(r )
H 2

?0

H 2
?

a3
?0

a3
?

, (14)

≠§0(r ) = §

3H 2
?0

≠§(t ,r ) =≠§0(r )
H 2

?0

H 2
?

, (15)

≠k0(r ) =° k(r )

a2
?0

H 2
?0

≠k (t ,r ) =≠k0(r )
H 2

?0

H 2
?

a2
?0

a2
?

, (16)

which satisfy≠m(t ,r )+≠§(t ,r )+≠k (t ,r ) = 1.

2.3. Free functions and gauge fixing

Eq. (13) can be used to determine the age of the universe at a
radial coordinate r :

t ° tbb(r )= 1
H?0 (r )

Z a?(t ,r )
a?0 (r )

0

dx
p
≠m0(r )/x+≠§0(r )x2+≠k0(r )

, (17)

where the big bang function tbb(r ) is another arbitrary func-
tion, which sets the time since the big bang (a? = 0). If it were
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geneities. As we will see, in the case of sub-horizon inhomo-
geneities it is � ⌧ 1. [VM: Fig. 1 shows that this is true up to 4
Gpc (or more)]

By linearizing the LTB metric and considering a linear gauge
transformation one finds that the Newtonian potential for r < rb
is (Biswas & Notari 2008; Van Acoleyen 2008):

�lin(r) =
3
5

Z rb

r

E(r̄)
r̄

dr̄ ⇠ E , (30)

and �lin = 0 for r � rb, where the potential is written as a func-
tion of the LTB coordinate. Note also that�lin is constant in time,
as should be for a linear matter perturbation in a matter domi-
nated universe. This description should be accurate at z & 10.
The corresponding linear density contrast is:

�0lin(r) = �
3
5

E(r)
r
, (31)

r
2�lin(r) = �00lin + 2

�0lin
r
= �

3
5

"
E0(r)

r
+

E(r)
r2

#
, (32)

�lin(t, r) =
r

2�lin(r)
4⇡G⇢m(t)a(t)2 , (33)

where quantities without explicit radial dependence are relative
to the FLRW background. We took the derivative with respect to
r instead of the Newtonian gauge coordinate r̃, but the di↵erence
is second order. Using Eq. (33) together with Eqs. (11) and (18)
one can find the initial evolution of the central density contrast
as a function of the central curvature kc:

�lin(t, 0) =
9kc

40⇡G⇢m(t)a(t)2 . (34)

One could use second-order perturbation theory to improve
upon the latter linear description (Matarrese et al. 1998). How-
ever, given that, in general, the LTB inhomogeneity may fea-
ture nonlinear contrasts, we will now consider the potential as
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and �lin = 0 for r � rb, where the potential is written as a func-
tion of the LTB coordinate. Note also that�lin is constant in time,
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nated universe. This description should be accurate at z & 10.
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where quantities without explicit radial dependence are relative
to the FLRW background. We took the derivative with respect to
r instead of the Newtonian gauge coordinate r̃, but the di↵erence
is second order. Using Eq. (33) together with Eqs. (11) and (18)
one can find the initial evolution of the central density contrast
as a function of the central curvature kc:

�lin(t, 0) =
9kc

40⇡G⇢m(t)a(t)2 . (34)

One could use second-order perturbation theory to improve
upon the latter linear description (Matarrese et al. 1998). How-
ever, given that, in general, the LTB inhomogeneity may fea-
ture nonlinear contrasts, we will now consider the potential as
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Similarly, eq. (4) features the Euclidean average of the local mat-
ter density ⇢m:

⇢e
m =

F(r)
Ve

FLRW
����! ⇢m(t) , (8)

F(r) =
Z r

0
⇢m(t, r) dVe , (9)

⇢m(t, r) =
F0(r)

4⇡Y2(t, r)Y 0(t, r)
, (10)

where the “mass function” F(r), a constant of integration, is an-
other free function that gives the total gravitating mass up to the
shell of coordinate radius r. The local density ⇢m satisfies the
continuity equation ⇢̇m + ⇥ ⇢m = 0, where ⇥ = Hk + 2H? is the
expansion scalar. Note that, as the source is pressureless dust,
without pressure gradients, both F(r) and k(r) do not depend on
t. See Yamamoto et al. (2016) for the case of the Lemaître metric
with pressure.

Similarly to FLRW, one may interpret the curvature function
as related to the total energy per unit of mass of the shell at co-
ordinate radius r:

E(r) ⌘ �
k r2

2
=

1
2

Ẏ2(t, r) �
GF(r)
Y(t, r)

�
1
6
⇤Y2(t, r) , (11)

where the first term of the “energy function” E is the kinetic en-
ergy per unit of mass of the shell r, the second term is the poten-
tial energy per unit of mass due to the total gravitating mass up to
the shell r, and the third term is the usual contribution from the
cosmological constant (as in the de Sitter-Schwarzschild metric).
Note that, thanks to spherical symmetry, one is able to define
a potential energy also in cases far away from nearly Newto-
nian ones and that the potential energy is related to the curva-
ture (Bondi 1947).

One can also rewrite eq. (4) using the equivalent of the den-
sity parameters in FLRW:

H2
?(t, r)

H2
?0

(r)
= ⌦m0(r)

a3
?0

a3
?

+⌦⇤0(r) +⌦k0(r)
a2
?0

a2
?

(12)

where the subscript 0 denotes a quantity evaluated at the present
time t0, and

⌦m0 =
2GF(r)

r3a3
?0

H2
?0

⌦m = ⌦m0
H2
?0

H2
?

a3
?0

a3
?

, (13)

⌦⇤0 =
⇤

3H2
?0

⌦⇤ = ⌦⇤0
H2
?0

H2
?

, (14)

⌦k0 = �
k(r)

a2
?0

H2
?0

⌦k = ⌦k0
H2
?0

H2
?

a2
?0

a2
?

, (15)

which satisfy ⌦m +⌦⇤ +⌦k = 1.

2.3. Free functions and gauge fixing

Eq. (12) can be used to determine the age of the universe at a
radial coordinate r:

t � tbb(r)=
1

H?0 (r)

Z a? (t,r)
a?0 (r)

0

dx
p
⌦m(r)x�1+⌦⇤(r)x2+⌦k(r)

, (16)

where the “big bang time” tbb(r) is another arbitrary function,
which sets the time since the big bang (a? = 0). If t0bb(r) , 0,

then in the past there were large inhomogeneities, see eq. (10),
with the initial singularity happening at di↵erent times for di↵er-
ent shells. This clearly signals the presence of decaying modes,
which would be strongly in contradiction with the inflationary
paradigm and are excluded by the choice of a simultaneous big
bang (Silk 1977; Biswas et al. 2007; Zibin 2008).

Summarizing, we have seen that the LTB inhomogeneity is
specified by three arbitrary functions – F(r), k(r) and tbb(r) –
which are related, together with a?0 , by eq. (16) so that one is
not independent. Moreover, one can always make a redefinition
of the radial coordinate. Common gauge fixing are F(r) / r3 or
a?0 = constant. It is then clear that one can choose tbb(r) and k(r)
as the free functions that specify the model.

Each gauge fixing has pros and cons. For example, F(r) /
r3 excludes the possibility that there is pure vacuum in
some radial interval, and the moment of shell crossing –
the time at which Y 0 = 0 so that grr = 0 – clearly de-
pends on the gauge adopted. The numerical codes that we
use, VoidDistances2020 (Valkenburg 2012a) and FalconIC
(Valkenburg & Hu 2015), adopt the choice F(r) = 4⇡M4

0r3/3,
where M0 is an arbitrary mass scale.

2.4. Compensated inhomogeneity profile

As discussed earlier, we will consider early-FLRW cosmologies
in agreement with the standard scenario of inflation and, there-
fore, we will set:

tbb(r) = 0 . (17)

We are then left with the curvature function. Here, we con-
sider the case of an LTB inhomogeneity that matches exactly
with the FLRW metric at the finite radius rb and not only asymp-
totically. This simplified approach is convenient for the purposes
of this work because it allows us to robustly simulate the LTB in-
homogeneity inside of a bigger FLRW box. The curvature func-
tion is modeled according to the monotonic profile:

k(r) = kb + (kc � kb) W3(r/rb) , (18)

where rb is the coordinate radius of the spherical inhomogeneity
and P3 is the function

Wn(x) =
(

e�xn/(1�x) for 0  x < 1
0 for x � 1 . (19)

The function Wn(x) interpolates from 1 to 0 when x varies from 0
to 1 while remaining di↵erentiable, which implies that that k(r)
is C1 everywhere. It is dmWn/dxm

|0 = 0 for 0 < m < n, so
that there is no cusp at the center. In the limit n ! 1, Wn(x)
approaches the tophat function.

For r � rb the curvature profile equals the curvature kb of the
background FLRW such that for r � rb one exactly recovers the
background ⇤CDM model: a? = ak = a. We can then define the
local density contrast according to:

�(t, r) =
⇢m(t, r)
⇢m(t)

� 1 , (20)

and the (integrated) mass density contrast according to:

�(t, r) =

R r
0 �(t, r̄) dVe

Ve
=
⌦m(t, r) H2

?(t, r)
⌦m(t) H2(t)

� 1 , (21)

where we used the Euclidean average in agreement with Eq. (4).
Note that �(t, r = 0) = �(t, r = 0). We denote with �0 the central
contrast today, which is directly related to kc.
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The Copernican prior

• LTB inhomogeneity parametrized by size (rb or zb) and contrast (kc or 𝛿0).

• Size and contrast will be constrained by observations.

• What are the “standard” value of size and contrast? 

The ones allowed by the standard power spectrum as constrained by the CMB.
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We constrain spherical inhomogeneity using the first kSZ measure-
ment at more than 3! given by Dobs

3000 = 3.0 ± 1.0 µK (Reichardt
et al. 2020), where 2"D# = #(# + 1)C#. We compute the non-
linear power spectrum using the HALOFIT model (Smith et al.
2003) and considering the background FLRW cosmology. Note that,
because of linear perturbations and peculiar velocities, the $CDM
background also contributes to the kSZ effect, i.e. the kSZ effect does
not disappear when zB, %0 ! 0. We take into account this $CDM
contribution using the patchy and homogenous parameterizations
(Calabrese et al. 2014)

h-AkSZ = 1.65
! !8

0.8

"4.46
, (31)

p-AkSZ = 2.03
#

(1 + zre)
11

" 0.22
$%

&zre

1.05

&0.51

, (32)

where &zre = z(xi = 25 per cent) " z(xi = 75 per cent) is the dura-
tion of reionization and xi is the ionization fraction of hydrogen. We
compute xi using the tanh model (Lewis 2008).

It is worth stressing that our implementation of the kSZ effect
is not free of ambiguities and is based on the a posteriori result
that observations constrain the $LTB inhomogeneity to an almost
linear perturbation of $CDM. A fully consistent treatment of kSZ
requires the not-yet available understanding of the growth of matter
perturbations in an inhomogeneous background.

4 C O P E R N I C A N P R I O R

If the CP is valid, then the perturbations inferred from CMB
observations should describe the early Universe at any point and,
in particular, also at our observing position. It follows then that
we can use CMB summary statistics such as the power spectrum
to translate the CP into its statistical counterpart, the ‘Copernican
prior.’ Specifically, the Copernican prior enforces the requirement
that local inhomogeneities – parametrized by zB and %0 within our
construction – must agree with the power spectrum as predicted by
the CMB (Valkenburg et al. 2014).

To build the Copernican prior, we start by assuming that the density
contrast, %, is a Gaussian field with a vanishing mean. Under the
assumption of a spherical inhomogeneity, we compute the variance
of % through the standard mean square estimator

! 2(r) =
' #

0

dk

k
&2

m0(k)
#

3
j1(r k)

r k

$2

, (33)

where &m0(k) is the standard dimensionless power spectrum today
and j1 is the spherical Bessel function of the first kind. We adopted the
linear power spectrum as we are interested on large scales (! 20Mpc)
at which the nonlinearities have a negligible impact on our results.
The radius r is the size of the inhomogeneity that the Copernican
prior will constrain. As we are considering a compensated profile,
we cannot compute the likelihood of having a given perturbation on
the scale rB as it is %(rB, t) = 0 by construction (see Fig. 1). Rather
we must use the scale rL of the actual under/overdensity. Thus, the
Copernican prior is defined as

P(%0, zB ) $ exp
#
"1

2
%2(rL(%0, zB ), t0)
! 2(rout

L (%0, zB ))

$
, (34)

where %(r, t0) is given in equation (12), the function rL(%0, zB)
gives the radius of the central under/overdensity given the central
contrast %0 and the redshift of the inhomogeneous patch zB, and
the FLRW radius rout is defined in equation (13). We will then
compare the observational constraints on $LTB with the ones from

the Copernican prior convolved with the CMB likelihood

P (%0, zB ) =
'

dpiP(%0, zB ) LCMB(pi, %0, zB ), (35)

where pi denote the standard $CDM parameters and LCMB is the
CMB likelihood of Section 3.1. Therefore, P is the probability
distribution of %0 and zB, given the initial conditions obtained from
the CMB and their uncertainty, which, under the CP, describe matter
perturbations around us.

Finally, the above prior differs from the one adopted in Valkenburg
et al. (2014) on three aspects. First, we removed the normalization
factor (!L

%
2!)"1, since it has the effect of weighting differently

different values of zB, while instead the Copernican prior should
penalize in the same way fluctuation at any zB. Secondly, Valkenburg
et al. (2014) uses the relativistic mass to compute %(r) while we
adopt the Euclidean mass as in (12). Quantitatively the difference is
small and the Euclidean mass definition can be better compared with
equation (33). Lastly, we correct for the LTB gauge by using rout.

5 R ESULTS

As mentioned earlier, we have performed the data analyses using the
monteLLTB code (see Appendix A). We use the Gelman–Rubin
diagnostic (R, Gelman & Rubin 1992) to evaluate the convergence
of the MCMC analysis. Explicitly, we demand chains with (R "
1) ! 0.05 for the inhomogeneity parameters %0 and zB. This leads
to $CDM parameters with a convergence of (R " 1) & O(10"3).
Most of the plots showed in this section have been produced using
getdist (Lewis 2019).

5.1 Constraints on the inhomogeneity

Fig. 2 shows the marginalized constraints on the comoving size
rout
L and integrated mass contrast %L = %(rL, t0) of the $LTB

inhomogeneity for various combinations of observables. 4 Also
shown are the constraints from the Copernican prior convolved
with the CMB likelihood of equation (35), that is, the region of
the parameter space that is allowed within the standard model of
cosmology. It is clear that only linear non-Copernican structures are
allowed at larger radii once all the observables are considered, while
for smaller sizes the CP is confirmed and, actually, observations start
to map the local structure.

In order to better see this, we show in Fig. 3 the effective contrast
beyond what is allowed by the CP as a function of the effective size
rout
L . We define this non-Copernican %L as

(
! 2

obs " ! 2
CP within the

corresponding rout
L bin, where ! 2

obs and ! 2
CP are the variances of %L

relative to the empty and green contours of Fig. 2, respectively. Fig. 3
shows that structures can have a small extra effective contrast of just
%L & 0.01. 5

5.2 Constraints on the the standard model parameters

Fig. 4 and Table 1 show the constraints on the six $CDM parameters,
marginalized over the effect of inhomogeneities around us. For
comparison sake, we also show the constraints relative to the
standard $CDM model that assumes the CP. Our results show

4As for %0, we are actually showing %̃L instead of %L, as explained after
equation (14).
5Note that, because of the non-Gaussian nature of the posterior, it is not
straightforward to compare Fig. 3 with Fig. 2.
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We constrain spherical inhomogeneity using the first kSZ measure-
ment at more than 3! given by Dobs

3000 = 3.0 ± 1.0 µK (Reichardt
et al. 2020), where 2"D# = #(# + 1)C#. We compute the non-
linear power spectrum using the HALOFIT model (Smith et al.
2003) and considering the background FLRW cosmology. Note that,
because of linear perturbations and peculiar velocities, the $CDM
background also contributes to the kSZ effect, i.e. the kSZ effect does
not disappear when zB, %0 ! 0. We take into account this $CDM
contribution using the patchy and homogenous parameterizations
(Calabrese et al. 2014)

h-AkSZ = 1.65
! !8

0.8

"4.46
, (31)

p-AkSZ = 2.03
#

(1 + zre)
11

" 0.22
$%

&zre

1.05

&0.51

, (32)

where &zre = z(xi = 25 per cent) " z(xi = 75 per cent) is the dura-
tion of reionization and xi is the ionization fraction of hydrogen. We
compute xi using the tanh model (Lewis 2008).

It is worth stressing that our implementation of the kSZ effect
is not free of ambiguities and is based on the a posteriori result
that observations constrain the $LTB inhomogeneity to an almost
linear perturbation of $CDM. A fully consistent treatment of kSZ
requires the not-yet available understanding of the growth of matter
perturbations in an inhomogeneous background.

4 C O P E R N I C A N P R I O R

If the CP is valid, then the perturbations inferred from CMB
observations should describe the early Universe at any point and,
in particular, also at our observing position. It follows then that
we can use CMB summary statistics such as the power spectrum
to translate the CP into its statistical counterpart, the ‘Copernican
prior.’ Specifically, the Copernican prior enforces the requirement
that local inhomogeneities – parametrized by zB and %0 within our
construction – must agree with the power spectrum as predicted by
the CMB (Valkenburg et al. 2014).

To build the Copernican prior, we start by assuming that the density
contrast, %, is a Gaussian field with a vanishing mean. Under the
assumption of a spherical inhomogeneity, we compute the variance
of % through the standard mean square estimator

! 2(r) =
' #

0

dk

k
&2

m0(k)
#

3
j1(r k)

r k

$2

, (33)

where &m0(k) is the standard dimensionless power spectrum today
and j1 is the spherical Bessel function of the first kind. We adopted the
linear power spectrum as we are interested on large scales (! 20Mpc)
at which the nonlinearities have a negligible impact on our results.
The radius r is the size of the inhomogeneity that the Copernican
prior will constrain. As we are considering a compensated profile,
we cannot compute the likelihood of having a given perturbation on
the scale rB as it is %(rB, t) = 0 by construction (see Fig. 1). Rather
we must use the scale rL of the actual under/overdensity. Thus, the
Copernican prior is defined as

P(%0, zB ) $ exp
#
"1

2
%2(rL(%0, zB ), t0)
! 2(rout

L (%0, zB ))

$
, (34)

where %(r, t0) is given in equation (12), the function rL(%0, zB)
gives the radius of the central under/overdensity given the central
contrast %0 and the redshift of the inhomogeneous patch zB, and
the FLRW radius rout is defined in equation (13). We will then
compare the observational constraints on $LTB with the ones from

the Copernican prior convolved with the CMB likelihood

P (%0, zB ) =
'

dpiP(%0, zB ) LCMB(pi, %0, zB ), (35)

where pi denote the standard $CDM parameters and LCMB is the
CMB likelihood of Section 3.1. Therefore, P is the probability
distribution of %0 and zB, given the initial conditions obtained from
the CMB and their uncertainty, which, under the CP, describe matter
perturbations around us.

Finally, the above prior differs from the one adopted in Valkenburg
et al. (2014) on three aspects. First, we removed the normalization
factor (!L

%
2!)"1, since it has the effect of weighting differently

different values of zB, while instead the Copernican prior should
penalize in the same way fluctuation at any zB. Secondly, Valkenburg
et al. (2014) uses the relativistic mass to compute %(r) while we
adopt the Euclidean mass as in (12). Quantitatively the difference is
small and the Euclidean mass definition can be better compared with
equation (33). Lastly, we correct for the LTB gauge by using rout.

5 R ESULTS

As mentioned earlier, we have performed the data analyses using the
monteLLTB code (see Appendix A). We use the Gelman–Rubin
diagnostic (R, Gelman & Rubin 1992) to evaluate the convergence
of the MCMC analysis. Explicitly, we demand chains with (R "
1) ! 0.05 for the inhomogeneity parameters %0 and zB. This leads
to $CDM parameters with a convergence of (R " 1) & O(10"3).
Most of the plots showed in this section have been produced using
getdist (Lewis 2019).

5.1 Constraints on the inhomogeneity

Fig. 2 shows the marginalized constraints on the comoving size
rout
L and integrated mass contrast %L = %(rL, t0) of the $LTB

inhomogeneity for various combinations of observables. 4 Also
shown are the constraints from the Copernican prior convolved
with the CMB likelihood of equation (35), that is, the region of
the parameter space that is allowed within the standard model of
cosmology. It is clear that only linear non-Copernican structures are
allowed at larger radii once all the observables are considered, while
for smaller sizes the CP is confirmed and, actually, observations start
to map the local structure.

In order to better see this, we show in Fig. 3 the effective contrast
beyond what is allowed by the CP as a function of the effective size
rout
L . We define this non-Copernican %L as

(
! 2

obs " ! 2
CP within the

corresponding rout
L bin, where ! 2

obs and ! 2
CP are the variances of %L

relative to the empty and green contours of Fig. 2, respectively. Fig. 3
shows that structures can have a small extra effective contrast of just
%L & 0.01. 5

5.2 Constraints on the the standard model parameters

Fig. 4 and Table 1 show the constraints on the six $CDM parameters,
marginalized over the effect of inhomogeneities around us. For
comparison sake, we also show the constraints relative to the
standard $CDM model that assumes the CP. Our results show

4As for %0, we are actually showing %̃L instead of %L, as explained after
equation (14).
5Note that, because of the non-Gaussian nature of the posterior, it is not
straightforward to compare Fig. 3 with Fig. 2.
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We constrain spherical inhomogeneity using the first kSZ measure-
ment at more than 3! given by Dobs

3000 = 3.0 ± 1.0 µK (Reichardt
et al. 2020), where 2"D# = #(# + 1)C#. We compute the non-
linear power spectrum using the HALOFIT model (Smith et al.
2003) and considering the background FLRW cosmology. Note that,
because of linear perturbations and peculiar velocities, the $CDM
background also contributes to the kSZ effect, i.e. the kSZ effect does
not disappear when zB, %0 ! 0. We take into account this $CDM
contribution using the patchy and homogenous parameterizations
(Calabrese et al. 2014)

h-AkSZ = 1.65
! !8

0.8

"4.46
, (31)

p-AkSZ = 2.03
#

(1 + zre)
11

" 0.22
$%

&zre

1.05

&0.51

, (32)

where &zre = z(xi = 25 per cent) " z(xi = 75 per cent) is the dura-
tion of reionization and xi is the ionization fraction of hydrogen. We
compute xi using the tanh model (Lewis 2008).

It is worth stressing that our implementation of the kSZ effect
is not free of ambiguities and is based on the a posteriori result
that observations constrain the $LTB inhomogeneity to an almost
linear perturbation of $CDM. A fully consistent treatment of kSZ
requires the not-yet available understanding of the growth of matter
perturbations in an inhomogeneous background.

4 C O P E R N I C A N P R I O R

If the CP is valid, then the perturbations inferred from CMB
observations should describe the early Universe at any point and,
in particular, also at our observing position. It follows then that
we can use CMB summary statistics such as the power spectrum
to translate the CP into its statistical counterpart, the ‘Copernican
prior.’ Specifically, the Copernican prior enforces the requirement
that local inhomogeneities – parametrized by zB and %0 within our
construction – must agree with the power spectrum as predicted by
the CMB (Valkenburg et al. 2014).

To build the Copernican prior, we start by assuming that the density
contrast, %, is a Gaussian field with a vanishing mean. Under the
assumption of a spherical inhomogeneity, we compute the variance
of % through the standard mean square estimator

! 2(r) =
' #

0

dk

k
&2

m0(k)
#

3
j1(r k)

r k

$2

, (33)

where &m0(k) is the standard dimensionless power spectrum today
and j1 is the spherical Bessel function of the first kind. We adopted the
linear power spectrum as we are interested on large scales (! 20Mpc)
at which the nonlinearities have a negligible impact on our results.
The radius r is the size of the inhomogeneity that the Copernican
prior will constrain. As we are considering a compensated profile,
we cannot compute the likelihood of having a given perturbation on
the scale rB as it is %(rB, t) = 0 by construction (see Fig. 1). Rather
we must use the scale rL of the actual under/overdensity. Thus, the
Copernican prior is defined as

P(%0, zB ) $ exp
#
"1

2
%2(rL(%0, zB ), t0)
! 2(rout

L (%0, zB ))

$
, (34)

where %(r, t0) is given in equation (12), the function rL(%0, zB)
gives the radius of the central under/overdensity given the central
contrast %0 and the redshift of the inhomogeneous patch zB, and
the FLRW radius rout is defined in equation (13). We will then
compare the observational constraints on $LTB with the ones from

the Copernican prior convolved with the CMB likelihood

P (%0, zB ) =
'

dpiP(%0, zB ) LCMB(pi, %0, zB ), (35)

where pi denote the standard $CDM parameters and LCMB is the
CMB likelihood of Section 3.1. Therefore, P is the probability
distribution of %0 and zB, given the initial conditions obtained from
the CMB and their uncertainty, which, under the CP, describe matter
perturbations around us.

Finally, the above prior differs from the one adopted in Valkenburg
et al. (2014) on three aspects. First, we removed the normalization
factor (!L

%
2!)"1, since it has the effect of weighting differently

different values of zB, while instead the Copernican prior should
penalize in the same way fluctuation at any zB. Secondly, Valkenburg
et al. (2014) uses the relativistic mass to compute %(r) while we
adopt the Euclidean mass as in (12). Quantitatively the difference is
small and the Euclidean mass definition can be better compared with
equation (33). Lastly, we correct for the LTB gauge by using rout.

5 R ESULTS
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diagnostic (R, Gelman & Rubin 1992) to evaluate the convergence
of the MCMC analysis. Explicitly, we demand chains with (R "
1) ! 0.05 for the inhomogeneity parameters %0 and zB. This leads
to $CDM parameters with a convergence of (R " 1) & O(10"3).
Most of the plots showed in this section have been produced using
getdist (Lewis 2019).

5.1 Constraints on the inhomogeneity

Fig. 2 shows the marginalized constraints on the comoving size
rout
L and integrated mass contrast %L = %(rL, t0) of the $LTB

inhomogeneity for various combinations of observables. 4 Also
shown are the constraints from the Copernican prior convolved
with the CMB likelihood of equation (35), that is, the region of
the parameter space that is allowed within the standard model of
cosmology. It is clear that only linear non-Copernican structures are
allowed at larger radii once all the observables are considered, while
for smaller sizes the CP is confirmed and, actually, observations start
to map the local structure.

In order to better see this, we show in Fig. 3 the effective contrast
beyond what is allowed by the CP as a function of the effective size
rout
L . We define this non-Copernican %L as
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CP within the

corresponding rout
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relative to the empty and green contours of Fig. 2, respectively. Fig. 3
shows that structures can have a small extra effective contrast of just
%L & 0.01. 5

5.2 Constraints on the the standard model parameters

Fig. 4 and Table 1 show the constraints on the six $CDM parameters,
marginalized over the effect of inhomogeneities around us. For
comparison sake, we also show the constraints relative to the
standard $CDM model that assumes the CP. Our results show

4As for %0, we are actually showing %̃L instead of %L, as explained after
equation (14).
5Note that, because of the non-Gaussian nature of the posterior, it is not
straightforward to compare Fig. 3 with Fig. 2.
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• CMB: Planck 2018 TT+TE + EE spectrum

• Type Ia Supernovae: Pantheon set, 0.01 < z < 2.3

• Low-z supernovae: Pantheon set, 0.023 < z < 0.15

• Cosmic chronometers: 30 measurements in 0 < z < 2 

• BAO: 6dFGS, SDSS-MGS, and BOSS-DR12, 0.1<z<0.61

• Compton y-distortion: COBE-FIRAS, y < 1.5 × 10−5

• kinetic Sunyaev–Zeldovich effect: SPT, 

• local calibration by SH0ES on the supernova absolute magnitude
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ABSTRACT

We report new measurements of millimeter-wave power spectra in the angular multipole range
2000  `  11, 000 (angular scales 50 & ✓ & 10). By adding 95 and 150GHz data from the low-noise
500 deg2 SPTpol survey to the SPT-SZ three-frequency 2540 deg2 survey, we substantially reduce the
uncertainties in these bands. These power spectra include contributions from the primary cosmic mi-
crowave background, cosmic infrared background, radio galaxies, and thermal and kinematic Sunyaev-
Zel’dovich (SZ) e↵ects. The data favor a thermal SZ (tSZ) power at 143GHz of DtSZ

3000
= 3.42±0.54µK2

and a kinematic SZ (kSZ) power of DkSZ

3000
= 3.0± 1.0µK2. This is the first measurement of kSZ power

at � 3�. We study the implications of the measured kSZ power for the epoch of reionization, finding
the duration of reionization to be �zre = 1.1+1.6

�0.7 (�zre < 4.1 at 95% confidence), when combined with
our previously published tSZ bispectrum measurement.

Keywords: cosmology – cosmology:cosmic microwave background – cosmology:di↵use radiation– cos-
mology: observations – large-scale structure of universe

1. INTRODUCTION

The cosmic microwave background (CMB) is best
known for providing a snapshot of the early Universe.
However, on small angular scales, secondary anisotropies
in the CMB, created by interactions between CMB pho-
tons and large-scale structure, also provide clues about
the late-time Universe. In particular, these secondary
anisotropies encode information about the amplitude
of local structure and the duration of the reionization
epoch.
The most significant secondary anisotropies at angular

scales of a few arcminutes are the kinematic and ther-
mal Sunyaev-Zel’dovich (SZ) e↵ects. Both SZ e↵ects
are due to CMB photons scattering o↵ of free electrons
along their path. The kinematic SZ (kSZ) e↵ect is due
to an induced doppler shift in the scattered photons,
and thus the kSZ signal from a given volume element
is proportional to (v/c)ne where v is the bulk velocity
of the electrons, and ne is the number density of free
electrons. The kSZ power spectrum is expected to have
significant contributions from the epoch of reionization
due to the large contrasts in ionization fraction as the
Universe reionizes (Gruzinov & Hu 1998; Knox et al.
1998), and at late times when there are larger relative

velocities and density contrasts (e.g., Shaw et al. 2012;
Battaglia et al. 2013a).
In contrast, the thermal SZ (tSZ) e↵ect is due to the

energy transfer from hot electrons to the colder CMB
photons, and has a signal amplitude of (kBTe/mec2)ne,
where me is the mass of the electron and Te is the tem-
perature of the electrons. While the kSZ e↵ect does
not change the CMB spectrum, the net energy transfer
to the photons in the tSZ e↵ect translates to a reduc-
tion in the number of CMB photons below 217GHz as
these photons are up-scattered towards higher frequen-
cies. One can use the di↵erent frequency scalings of
the tSZ and kSZ e↵ects to simultaneously measure both
terms. The tSZ anisotropy power scales steeply with the
normalization of the matter power spectrum, commonly
parametrized by the RMS of the z = 0 linear mass distri-
bution on 8h�1 Mpc scales, �8 (e.g., Komatsu & Seljak
2002).
The secondary CMB anisotropies are not the only

sources of anisotropy in millimeter-wave maps on arc-
minute scales. Galaxies also emit at these wave-
lengths, both synchrotron-dominated active galactic nu-
clei (AGN, e.g., De Zotti et al. 2010) and thermal dust
emission from dusty, star-forming galaxies (DSFGs, e.g.,
Planck Collaboration et al. 2011; Mocanu et al. 2013,

Observables



The determination of H0 by SH0ES is a two-step process:

(i) Anchors, Cepheids and calibrators are combined to produce a 
constraint on MB.

(ii) Hubble-flow supernovae in the redshift range 0.023 ≤ z ≤ 0.15 
are used to probe the luminosity distance-redshift relation in 
order to determine H0. 
Cosmography with q0 = −0.55 and j0 = 1 is adopted.

The local prior on MB



The astro-prior on MB

By skipping the cosmography part and just using the prior on MB:

๏ one avoids potential double counting of low-redshift supernovae

๏ one avoids cosmography, in particular fixing q0= -0.55

๏ one includes the fact that MB is constrained by local calibration

 
See Camarena & Marra 2101.08641 for its use 
in the analysis of hockey-stick dark energy

2 Camarena and Marra
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Figure 1. Hockey-stick dark energy behaves as the cosmological
constant until a sudden phantom transition at very-low redshift.

that features a dark energy with the following hockey-stick
equation of state (hsCDM):

w =
;

wx ≠ (1 + wx) z/zt if z Æ zt (the blade)
≠1 if z > zt (the shaft) , (1)

which mimics the cosmological constant at higher redshifts
and deviates from the latter for z Æ zt, reaching wx at z = 0,
see Figure 1. A step equation of state (constant wx for z Æ
zt) shows a very similar phenomenology. Here, we adopt the
hockey-stick equation of state as it features the same number
of parameters (wx and zt) but is continuous.

It follows that the expansion rate is, assuming spatial
flatness:
H

2(z)
H

2

0

= �M0(1 + z)3 + �R0(1 + z)4 + ��0(1 + z)3g(z)
,

(2)

where �M0 + �R0 + ��0 = 1 and

g(z) = 1
ln(1 + z)

⁄
z

0

1 + w(zÕ)
1 + zÕ dz

Õ (3)

= 1 + wx

zt ln(1 + z) ◊
;

(1 + zt) ln(1 + z) ≠ z if z Æ zt

(1 + zt) ln(1 + zt) ≠ zt if z > zt

.

The apparent magnitude is then:

mB(z) = 5 log
10

5
dL(z)
10pc

6
+ MB , (4)

where the luminosity distance is:

dL(z) = (1 + z)
⁄

z

0

c dz̄

H(z̄) . (5)

Finally, the distance modulus is given by:

µ(z) = mB(z) ≠ MB . (6)

For zt æ Œ one recovers the wCDM model with w =
wx. We will consider the wCDM model for comparison sake.

3 SUPERNOVA CALIBRATION PRIOR

The determination of H0 by the SH0ES Collaboration is a
two-step process (Riess et al. 2016):

SN dataset Reference E�ective prior on M
R20

B

Supercal Scolnic et al. (2015) ≠19.2421 ± 0.0375 mag

Pantheon Scolnic et al. (2018) ≠19.2435 ± 0.0373 mag

DES-SN3YR Brout et al. (2019) ≠19.2389 ± 0.0336 mag

Table 1. Code and up-to-date values available at
github.com/valerio-marra/CalPriorSNIa.

(i) First, anchors, Cepheids and calibrators are combined
to produce a constraint on the supernova Ia absolute
magnitude MB . This step only depends on the astro-
physical properties of the sources.

(ii) Second, Hubble-flow Type Ia supernovae in the redshift
range 0.023 Æ z Æ 0.15 are used to probe the luminos-
ity distance-redshift relation in order to determine H0.
Cosmography with q0 = ≠0.55 and j0 = 1 is adopted.

The latest constraint by SH0ES reads:

H
R20

0 = 73.2 ± 1.3 km s≠1Mpc≠1 (Riess et al. 2020) . (7)

Usually, one introduces in the statistical analysis the
H0 prior of equation (7) via the ‰

2 function:

‰
2

H0 =
!
H0 ≠ H

R20

0

"
2

‡
2

H
R20
0

. (8)

The goal of this paper is to show, using the example of
hockey-stick dark energy, that it is preferable to skip step
ii) above and adopt directly the local prior on MB via:

‰
2

MB
=

!
MB ≠ M

R20

B

"
2

‡
2

M
R20
B

, (9)

where M
R20

B is the calibration that corresponds to the H0

prior of equation (7).
Before proceeding, it is important to point out that MB

is not a fundamental parameter as it depends on the method
used to fit supernova Ia light curves and its parameters (e.g.,
– and — in the case of SALT2, Guy et al. 2007). Indeed, su-
pernovae Ia become standard candles only after standardiza-
tion and the value of MB is a byproduct of this procedure.
This means that the actual prior on MB from SH0ES can
only be used with the Supercal supernova sample (Scolnic
et al. 2015), which is one adopted by SH0ES in the latest
analyses.

Consequently, in order to meaningfully use the local
prior on MB , one has to translate it to the light curve cali-
bration adopted by some other dataset X. This task can be
achieved using the method developed in Camarena & Marra
(2020a): the basic idea is to demarginalize the final H0 mea-
surement using for step ii) the supernovae of the dataset
X that are in the same redshift range 0.023 Æ z Æ 0.15.
This procedure, applied to the latest supernova catalogs,
produces the priors listed in Table 1. In other words, by
adopting the priors given in Table 1 and performing step ii),
one recovers the H0 determination of equation (7).

MNRAS 000, 1–8 (202X)
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So, can a local void solve the H0 crisis?

V. Marra et al.: ⇤LTB N-body simulations: I. Cosmology Beyond Homogeneity and Isotropy
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Fig. 1. Relevant LTB quantities as a function of the FLRW comoving
coordinate. See Section 2.6 for details. [VM: fix numerics for �, add
peculiar velocity (37)]

Fig. 2. LTB quantities as a function of redshift. See Section 2.6.

geneities. As we will see, in the case of sub-horizon inhomo-
geneities it is � ⌧ 1. [VM: Fig. 1 shows that this is true up to 4
Gpc (or more)]

By linearizing the LTB metric and considering a linear gauge
transformation one finds that the Newtonian potential for r < rb
is (Biswas & Notari 2008; Van Acoleyen 2008):

�lin(r) =
3
5

Z rb

r

E(r̄)
r̄

dr̄ ⇠ E , (30)

and �lin = 0 for r � rb, where the potential is written as a func-
tion of the LTB coordinate. Note also that�lin is constant in time,
as should be for a linear matter perturbation in a matter domi-
nated universe. This description should be accurate at z & 10.
The corresponding linear density contrast is:

�0lin(r) = �
3
5

E(r)
r
, (31)

r
2�lin(r) = �00lin + 2

�0lin
r
= �

3
5

"
E0(r)

r
+

E(r)
r2

#
, (32)

�lin(t, r) =
r

2�lin(r)
4⇡G⇢m(t)a(t)2 , (33)

where quantities without explicit radial dependence are relative
to the FLRW background. We took the derivative with respect to
r instead of the Newtonian gauge coordinate r̃, but the di↵erence
is second order. Using Eq. (33) together with Eqs. (11) and (18)
one can find the initial evolution of the central density contrast
as a function of the central curvature kc:

�lin(t, 0) =
9kc

40⇡G⇢m(t)a(t)2 . (34)

One could use second-order perturbation theory to improve
upon the latter linear description (Matarrese et al. 1998). How-
ever, given that, in general, the LTB inhomogeneity may fea-
ture nonlinear contrasts, we will now consider the potential as
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ΛCDM cosmic variance on H0
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where we have defined

L!x"! 3
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0
dy

sin y
y

"
: !7"

The cosmic variance on Hloc
0 is then obtained by

computing the variance of the deviation (6):

h!2HiR # f2!z"
2"2R2

Z
"

0
dkP!k; z"$!kR"L!kR"%2; !8"

where P!k; z" is the power spectrum and the operator hi
represents the ensemble (or position) average over the
random fields.
In Fig. 2 we plot the standard deviation h!2Hi

1=2
R in order

to illustrate how it depends on the scale R. At larger scales
there are less fluctuations on Hloc

0 because there are less
matter fluctuations. This implies that local measurements
of H0 have to target sources that are at a high enough
redshifts so that cosmic variance is small enough and at low
enough redshifts so that the measurement is still cosmology
independent. Reference [1] considers both 0.01 # z # 0.1
and 0.0233 # z # 0.1, the latter being used in the main part
of the analysis as it helps to reduce cosmic variance. The
redshift z # 0.0233 is shown with a dashed line in Fig. 2
and corresponds roughly at the scale beyond which the
universe is expected to be homogeneous.
In order to estimate the cosmic variance on [1] we adopt

the estimator introduced in [24] and we consider both the
redshift ranges:

#cv;1 # Hloc
0

#Z
0.15

0.0233
dzWSN;1!z"h!2HiR

$1
2

; !9"

#cv;2 # Hloc
0

#Z
0.15

0.01
dzWSN;2!z"h!2HiR

$1
2

; !10"

where WSN!z" is the normalized redshift distribution of
the SNe Ia used in [1], see Fig. 3. This estimator neglects
any effect associated to the anisotropic distribution of the
supernovas. In other words, it estimates the monopole
contribution to the variance and neglects the anisotropic
contributions. As the supernovas of Fig. 3 are reasonably
well distributed over the sky [see [44] Fig. 1], anisotropies
may remove correlations among the supernovas so that a
part of the cosmic variance that is estimated with (9) is
averaged away. Also, contrary to numerical simulations,
this estimator does not take into account the Milky-
Way-like position of the observer. For these reasons this
estimator does not reproduce results from simulations: from
Fig. 5 one sees that (9) gives 1.2% in the !CDM case while
Ref. [[34], table 1] obtains 0.4%–0.6% depending on the
methodology used. Although less sophisticated than
N-body-based estimators, the estimator of (9) has the
advantage that can be easily computed for cosmological
models for which N-body simulations are not available.

III. COSMOLOGICAL MODELS

As the aim of the present paper is to study the impact of
cosmic variance when analyzing models beyond !CDM,
wewill now briefly summarize the parametric extensions of
the standard model that will be later considered. It is
important to stress that nonstandard models may feature
larger cosmic variances and so affect in a nontrivial way the
results of statistical inference. In particular, #cv is directly
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FIG. 2. 1, 2 and 3 times the standard deviation h!2Hi
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function of redshift z and scale R!z" for the fiducial cosmology.
At larger scales there are less fluctuations on Hloc

0 because there
are less matter fluctuations. The dashed line marks the redshift
z # 0.0233, see Sec. II for details.
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where P!k; z" is the power spectrum and the operator hi
represents the ensemble (or position) average over the
random fields.
In Fig. 2 we plot the standard deviation h!2Hi
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to illustrate how it depends on the scale R. At larger scales
there are less fluctuations on Hloc

0 because there are less
matter fluctuations. This implies that local measurements
of H0 have to target sources that are at a high enough
redshifts so that cosmic variance is small enough and at low
enough redshifts so that the measurement is still cosmology
independent. Reference [1] considers both 0.01 # z # 0.1
and 0.0233 # z # 0.1, the latter being used in the main part
of the analysis as it helps to reduce cosmic variance. The
redshift z # 0.0233 is shown with a dashed line in Fig. 2
and corresponds roughly at the scale beyond which the
universe is expected to be homogeneous.
In order to estimate the cosmic variance on [1] we adopt

the estimator introduced in [24] and we consider both the
redshift ranges:
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where WSN!z" is the normalized redshift distribution of
the SNe Ia used in [1], see Fig. 3. This estimator neglects
any effect associated to the anisotropic distribution of the
supernovas. In other words, it estimates the monopole
contribution to the variance and neglects the anisotropic
contributions. As the supernovas of Fig. 3 are reasonably
well distributed over the sky [see [44] Fig. 1], anisotropies
may remove correlations among the supernovas so that a
part of the cosmic variance that is estimated with (9) is
averaged away. Also, contrary to numerical simulations,
this estimator does not take into account the Milky-
Way-like position of the observer. For these reasons this
estimator does not reproduce results from simulations: from
Fig. 5 one sees that (9) gives 1.2% in the !CDM case while
Ref. [[34], table 1] obtains 0.4%–0.6% depending on the
methodology used. Although less sophisticated than
N-body-based estimators, the estimator of (9) has the
advantage that can be easily computed for cosmological
models for which N-body simulations are not available.

III. COSMOLOGICAL MODELS

As the aim of the present paper is to study the impact of
cosmic variance when analyzing models beyond !CDM,
wewill now briefly summarize the parametric extensions of
the standard model that will be later considered. It is
important to stress that nonstandard models may feature
larger cosmic variances and so affect in a nontrivial way the
results of statistical inference. In particular, #cv is directly
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What about an arbitrary local inhomogeneity? 
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Figure 2. Marginalized constraints on the effective contrast !L and size rout
L of the "LTB inhomogeneity at 68 per cent and 95 per cent confidence level. The

empty contours show the constraints from the corresponding combination of observables. The green area shows the region of the parameter space that is allowed
by the standard model, here represented via the Copernican prior convolved with the CMB likelihood.

Figure 3. Effective contrast beyond what is allowed by the CP as a function
of the effective size rout

L of the "LTB inhomogeneity. One can see that non-
Copernican structures can have a small extra effective contrast of just !L !
0.01.

that dropping the CP has a minor effect on the "CDM parameters,
slightly increasing the allowed parameter region because of the small
correlations with the "LTB parameters. We show in Appendix C the
triangular plot with all the correlations.

6 D ISCUSSION

6.1 The local structure and the H0 tension

If only the CMB, the prior on the supernova absolute magnitude
MB, and the low-redshift supernovae are included in the analysis,
then one sees from Fig. 2 that a local underdensity of effective size
600–900 Mpc and effective depth of "(0.2–0.1) is favored by the
data, strongly at odds with the Copernican prior. This shows how a
void can solve the H0 tension by boosting the local Hubble rate (see
Camarena et al. ). However, it is enough to include the full supernova
data set to see that the void scenario is excluded. In other words,
although the local structure may cause environmental effects such as
a possible bias on the local value of H0 (see Camarena & Marra 2018,
and references therein), we find that a local inhomogeneity cannot
solve the H0 crisis. We discuss this thoroughly in Camarena et al. (in
preparation ; see also Cai et al. 2021, and references therein).

From Figs 2 and 3 it is also clear that available observations
started to probe the local structure, going beyond cosmic variance
expectations. There have been claims that we live inside a local void,
see, for instance, Keenan, Barger & Cowie (2013), Whitbourn &
Shanks (2014), Böhringer, Chon & Collins (2020), and Colgáin
(2019). These claims were challenged by the analyses of, e.g.
Kenworthy, Scolnic & Riess (2019) and Luković, Haridasu & Vittorio
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FIG. 5. Marginalized constraints on the e↵ective contrast �L and size r
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L of the ⇤LTB inhomogeneity at 68% and 95%
confidence level. The empty contours show the constraints from the corresponding combination of observables. The green area
shows the region of the parameter space that is allowed by the standard model, here represented via the Copernican prior
convolved with the CMB likelihood. Plot from [472].

causes a perturbation in the expansion rate given by:

�H0

H0
= �

1

3
f(⌦m0)

�⇢(t0)

⇢(t0)
, (16)

where f ' 0.5 is the present-day growth function for the concordance ⇤CDM model. It follows that, to have a ⇡ 9%
change in H0, one needs a Hubble bubble of contrast ⇡ �0.5. As shown by Fig. 4, within the standard model, such
contrasts are reached only at small scales. Therefore, one does not expect that a local structure could explain away
the Hubble tension as H0 is measured at larger scales (see again Fig. 4). Estimates based on theoretical computations
(see [469] and references therein) and numerical simulations (see [471] and references therein) suggest that cosmic
variance on H0 amounts at 0.5–1%. ]

[VM: However, the previous reasoning assumes the standard model, in particular that the FLRW background can
describe observations on cosmological scales. If one drops the FLRW assumption, there could be inhomogeneity
around us of arbitrary depth and size.12 Perturbations around us are expected to follow the power spectrum derived
from the CMB (the one that was used for Fig. 4) only within the standard FLRW paradigm, which implies that
the observer’s local universe is statistically similar to the one at the last scattering surface. One can then study a
model that features an arbitrary inhomogeneity around the observer and see how much observations can constrain
such inhomogeneous model. Equivalently, one can reconstruct the metric from observations, checking if FLRW is
recovered. To this end, the LTB metric with the cosmological constant (the ⇤LTB model) provides a convenient
formalism to constrain deviations from FLRW (see [472] and reference therein). Contrary to the Hubble bubble
model, the ⇤LTB model features a smooth profile without discontinuities, allowing for a better comparisong with
observational data.]

[VM: Ref. [472] constrained the ⇤LTB model using the latest available data from CMB, BAO, type Ia supernovae,
localH0, cosmic chronometers, Compton y-distortion and kinetic Sunyaev–Zeldovich e↵ect. Regarding theH0 tension,
it was found that, if one considers CMB, low-redshift supernovae from Pantheon (0.023 < z < 0.15) and the local
calibration on the supernova magnitude MB from SH0ES [41], then a local underdensity of size 700–800 Mpc and

12 There could also be large-scale anisotropies, but these are much more constrained from observations (see, however, recent studies on
large-scale dipole anisotropies [473, 474]).
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Figure 3. Apparent magnitude residuals of the Pantheon supernovae, as function of the redshift, taking as a reference the best fit of the
�CDM model to the combination CMB + MB + SNe + All. One can see, from the left panel, that the best fit of the �LTB model to
CMB + MB + low-z SNe (blue line) fits well the supernovae in the range 0.023 < z < 0.15 (green data points) and provides a solution
to the Hubble crisis, see Section 4.1. However, the other supernovae (purple data points) constrain the �LTB luminosity distance (red
line) to a shape similar to the �CDM one. The result is that the �LTB model cannot explain the Hubble tension. The right panel shows
the case without CMB data. While the full supernova sample does not prefer an underdensity (solid curve), when only considering low-z
supernovae one sees that the profile is compatible with a local void (dashed black line). This is due to a fluctuation in the supernova
apparent magnitudes at 0.1 . z . 0.15.

dence: even without the fluctuation at 0.1 . z . 0.15 one
would have obtained here a similar result.

Then, we consider the full Pantheon sample. In this
case, the luminosity-distance-redshift relation mapped by
the supernovae does not allow for a su�ciently large and
deep underdensity that can solve the H0 tension: a sudden
change in the luminosity distance is not allowed by the su-
pernovae at z > 0.15, see Figures 2 and 3. In particular,
CMB data induce a lower value of MB , at odds with the
local prior, the so-called MB tension (Camarena & Marra
2021). Also, in this case, the change in the CMB tempera-
ture is much smaller, approximately ¥ 0.01 mK. Our results
are that a local void is not favored by the data and the H0

tension is not solved. They are in good agreement with Ken-
worthy et al. (2019); LukoviÊ et al. (2020); Cai et al. (2021);
Castello et al. (2021). Note, however, that �H = H

L

0 ≠H
out

0

does prefer small but positive values, that is, and underden-
sity. We will come back to this in Section 5.3.

Finally, we include other observables, considering all the
combinations discussed in Camarena et al. (2022). Table 1
presents the relevant results, including the corresponding
‰

2

min and the resulting tensions on MB and H0, with re-
spect to Camarena & Marra (2020) and Reid et al. (2019),
respectively.

4.2 Curved background FLRW metric

We also study the case of a non-flat FLRW background.
Results for these analyses are shown in Table 2 and Fig-
ure 4. From Table 2, we can see that the inclusion of the
curvature does not significantly change the overall results.
In particular, the data favors a slightly open universe with
�k,0 ¥ 0.002, compatible with the flat case at 2‡. In par-
ticular, in Figure 4 we do not observe a strong correlation

between �k,0 and the other parameters, in particular �T ,
which remains constrained around zero.

Finally, Figure 5 shows the di�erent values obtained for
H

L

0 and MB for our di�erent analyses, both considering a
prior on MB and H0. For the sake of the comparison, we
have also included the results coming from analyses of the
�CDM model. We can see how the �LTB results follow the
ones relative to the �CDM model.

5 DISCUSSION

5.1 Model selection

We have seen how the Hubble tension is solved when only
low-redshift supernovae are considered but it is no longer
solved when all supernovae are included. Here, we will quan-
tify this statement using Bayesian model comparison be-
tween the �CDM and �LTB models. We perform model
selection using the Bayes ratio. Since the �CDM model is
nested in the �LTB model, we can simplify the computation
of the Bayes ratio by using the Savage-Dickey density ratio
(SDRR) (Trotta 2008). This technique reduces the Bayes
ratio to:

B01 =
s

P(”0, zB , ◊i)d◊i

p(”0)p(zB)

----
”0=0,zB=0

, (17)

with P being the posterior of the �LTB model, ◊i the
�CDM background parameters, and p the prior function.
Although the SDRR can be safely applied to nested models,
one should bear in mind that equation (17) assumes that
priors are separable, i.e., p(”0, zB , ◊i) = p(”0)p(zB)p(◊i).
Here, this assumption is fully satisfied since our analyses

MNRAS 000, 1–11 (0000)
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Figure 2. Marginalized constraints on the e�ective contrast ”L and size r
out
L

of the �LTB inhomogeneity at 68% and 95% confidence
level. The empty contours show the constraints from the corresponding combination of observables. The green area shows the region of
the parameter space that is allowed by the standard model, here represented via the Copernican prior convolved with the CMB likelihood.

Figure 3. E�ective contrast beyond what is allowed by the
Copernican principle (CP) as a function of the e�ective size r

out
L

of
the �LTB inhomogeneity. One can see that non-Copernican struc-
tures can have a small extra e�ective contrast of just ”L ≥ 0.01.

only by the combinations of all probes, showing their syn-
ergies in constraining deviations from FLRW. These results

represent a substantial improvement as compared to the pre-
vious analysis of Valkenburg et al. (2014).

Globally, one can quantify how much non-Copernican
structure is allowed by comparing, in Figure 2, the CP area
with the one allowed by data, as proposed by Valkenburg
et al. (2014). Table 2 shows the ratios of the areas of the
2‡ contours for the di�erent cases here analyzed. One can
note that, when the whole parameter space is considered,
the ratio is close to 1. However, as remarked earlier, very-
large-scale inhomogeneities are more di�cult to constrain
and so we also compute the ratios considering only scales
r

out
L Ø 190 Mpc. These results show that the ratio is ≥ 3

when CMB+SNe+MB are considered and decreases to ≥ 2
when all data are included.

Finally, we also considered the case of nonzero back-
ground curvature and found that our results remained basi-
cally unaltered. The reason is that CMB strongly constrains
the background value of �k, and this is not a�ected by the
compensated LTB inhomogeneity, which is constrained to
small contrasts by the other observables.

All these results imply that, within the present mod-
eling, we are close to establishing the Copernican principle
and, even more important, that dropping the FLRW metric

MNRAS 000, 1–11 (0000)
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Figure 2. Marginalized constraints on the effective contrast !L and size rout
L of the "LTB inhomogeneity at 68 per cent and 95 per cent confidence level. The

empty contours show the constraints from the corresponding combination of observables. The green area shows the region of the parameter space that is allowed
by the standard model, here represented via the Copernican prior convolved with the CMB likelihood.

Figure 3. Effective contrast beyond what is allowed by the CP as a function
of the effective size rout

L of the "LTB inhomogeneity. One can see that non-
Copernican structures can have a small extra effective contrast of just !L !
0.01.

that dropping the CP has a minor effect on the "CDM parameters,
slightly increasing the allowed parameter region because of the small
correlations with the "LTB parameters. We show in Appendix C the
triangular plot with all the correlations.

6 D ISCUSSION

6.1 The local structure and the H0 tension

If only the CMB, the prior on the supernova absolute magnitude
MB, and the low-redshift supernovae are included in the analysis,
then one sees from Fig. 2 that a local underdensity of effective size
600–900 Mpc and effective depth of "(0.2–0.1) is favored by the
data, strongly at odds with the Copernican prior. This shows how a
void can solve the H0 tension by boosting the local Hubble rate (see
Camarena et al. ). However, it is enough to include the full supernova
data set to see that the void scenario is excluded. In other words,
although the local structure may cause environmental effects such as
a possible bias on the local value of H0 (see Camarena & Marra 2018,
and references therein), we find that a local inhomogeneity cannot
solve the H0 crisis. We discuss this thoroughly in Camarena et al. (in
preparation ; see also Cai et al. 2021, and references therein).

From Figs 2 and 3 it is also clear that available observations
started to probe the local structure, going beyond cosmic variance
expectations. There have been claims that we live inside a local void,
see, for instance, Keenan, Barger & Cowie (2013), Whitbourn &
Shanks (2014), Böhringer, Chon & Collins (2020), and Colgáin
(2019). These claims were challenged by the analyses of, e.g.
Kenworthy, Scolnic & Riess (2019) and Luković, Haridasu & Vittorio
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A void in the Hubble tension? The end of the line for the Hubble bubble 9

Table 3. Results of the model selection analysis for the case of a flat background Universe (�x = x�LTB ≠ x�CDM).

Criteria CMB + MB + low-z SNe CMB + H0 + low-z SNe CMB + MB + All CMB + H0 + All
‰

2

�CDM
3014.3 3015.0 3830.0 3825.2

�‰
2 -18.2 -16.7 -1.8 -0.7

�AIC -14.2 -12.7 2.2 3.3
ln B01 -12.5 -17.3 3.0 2.2
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Figure 6. Characterization of our local spacetime from the best fit to all data of the �LTB analysis with the generalized profile with
0 < – < 1 (solid lines) and with – = 0 (dashed lines). The panel on the left shows the size r

out

L and depth ”L of the two best-fit models
as compared with the standard model expectation, which is quantified via the Copernican prior convolved with the CMB likelihood (see
Camarena et al. 2022). The panels in the middle show the matter and mass density contrasts (top) and the deviations of �m,0 and �k,0

from the �CDM background (bottom) as functions of the comoving FLRW coordinate r
out. The dotted vertical lines mark the redshift

range 0.023 < z < 0.15 that is used to determine H0. The panel on the right shows the rates of expansion HÎ(r, t0) and H‹(r, t0)
a function of r

out. The purple and gray areas correspond to constraints at 68% and 95% confidence level of the Hubble constant as
determined by the SH0ES (Reid et al. 2019) and Planck collaboration (Aghanim et al. 2018), respectively. See Section 5.3 for details.

Table 4. Results of the model selection analysis for the case of
a curved background Universe (�x = x�LTB ≠ x�CDM).

Criteria CMB + MB + All CMB + H0 + All
‰

2

�CDM
3828.7 3824.9

�‰
2 0.4 -2.2

�AIC 4.4 1.8
ln B01 2.2 2.4

Table 5. 68% confidence level intervals for the relevant parame-
ters. See Section 5.2 for details.

Parameter – free – = 0

MB ≠19.372+0.016

≠0.016
≠19.391+0.012

≠0.012

H
M

0
69.41+0.59

≠0.61
68.77+0.40

≠0.46

H
L

0
69.42+0.58

≠0.59
68.78+0.39

≠0.44

H
R

0
69.42+0.56

≠0.58
68.79+0.37

≠0.42

�T [mK] ≠0.016+0.026

≠0.039
≠0.022+0.022

≠0.025

Tension H0 2.7 3.2

Tension MB 3.2 3.8

‰
2

min
3827.9 3828.2

were found by Colgáin (2019) when analyzing supernova
data. We also display the same quantities considering the
best fit of our main analysis with – = 0 (dashed lines). The
best-fit values are

{–, ”L, r
out

L , �out

m,0, H
out

0 }={0.28, ≠0.038, 330, 0.304, 68.3} (20)

for the case of the generalized profile of equation (19), and

{”L, r
out

L , �out

m,0, H
out

0 } = {≠0.013, 294, 0.302, 68.4} (21)

for the case with – = 0.
The left panel of Figure 6 shows size r

out

L and depth
”L of the two best-fit models as compared with the stan-
dard model expectation, which is quantified via the Coperni-
can prior convolved with the CMB likelihood (see Camarena
et al. 2022). We can see that the data prefers a shallow void
with ”L ¥ ≠0.04 and r

out

L ¥ 300 Mpc, which, interestingly,
lies on the border of the 95% credible region relative to the
standard model expectation.

Even though the analysis including – allows us to map
the local distribution of matter in a more general way, the
local structure of the Universe could be restricted using a
yet more general profile, such as an n-node spline function
(Redlich et al. 2014) or a data-driven technique. We leave
this problem to the future.
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Beyond background observables

•Tight constraints but simplest setup: no anisotropies, monotonic 

and rigid profile. Necessary to consider a more general model.

•Constraints from background observables.

•To really probe inhomogeneity we need to also constrain the 

growth of structure, especially given future surveys.

•The BEHOMO project!



Cosmology BEyond HOMOgeneity and Isotropy

•Study numerically inhomogeneous cosmology

•LTB, Swiss-cheese, Szekeres (dipole inhom), Bianchi, tilted universe, etc

•Start with early-FLRW cosmologies in their simplest form: ΛLTB

•Archetype of inhomogeneity to explore the effect of spatial gradients

•Project open to the community: valerio-marra.github.io/BEHOMO-project

https://valerio-marra.github.io/BEHOMO-project/


Why numerical inhomogeneous cosmology?

•Background evolution: 
Newtonian codes can reproduce the evolution of the ΛLTB model. 
Is this true for more general models? Up to which scale? Do we need 
GR codes or are Newtonian codes ok?

•Growth of perturbations: 
because of mode coupling, (linear) perturbations grow in a not-yet 
understood way in an inhomogeneous background. 
Hic sunt leones.

 BEHOMO goal: to study perturbations via the methods of numerical cosmology.



BEHOMO suite of 68 simulations

<latexit sha1_base64="PRmfGCPDZScBYHsSSWyPpGrrtoo=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARXEhIaq1uhKIuXFawF2hCmEym7dDJhZmJUEJfyI2vIoKLirj1NZy2adHWAwMf/38OZ87vxYwKaZojLbeyura+kd8sbG3v7O7p+wcNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6t2O/+US4oFH4KAcxcQLUDWmHYiSV5Op3tk+YRK4Jr6F5Bu04gKZhzeFiRqUZnM+gPPcqrl40DXNScBmsDIogq5qrv9l+hJOAhBIzJETbMmPppIhLihkZFuxEkBjhPuqStsIQBUQ46eTaITxRig87EVcvlHCi/p5IUSDEIPBUZ4BkTyx6Y/E/r53IzpWT0jBOJAnxdFEnYVBGcBwd9CknWLKBAoQ5VX+FuIc4wlIFXFAhWIsnL0OjZFgVo/xQLlZvsjjy4Agcg1NggUtQBfegBuoAg2fwCkbgQ3vR3rVP7WvamtOymUPwp7TvHwW4oKs=</latexit>

�0 = 0,±0.1,±0.15,±0.2,±0.3,±0.45,±0.6

Marra et al.: ⇤LTB N-body simulations: I. Cosmology Beyond Homogeneity and Isotropy

Table 4. BEHOMO suite of simulations. The corresponding cosmology is given in Table 1. The first line of each Box series describe the corre-
sponding ⇤CDM simulation.

�0 rb
(Gpc/h)

Lbox
(Gpc/h)

grav. soft. at
z = 0 (kpc/h)

PM
(# grid el.)

Npart Mpart
(M�/h)

Mmin
halo

(M�/h)
Box 1 – – 0.5 6.4 20483 10243 9.7 ⇥ 109 4.8 ⇥ 1011

. . . 0.2 " " " " " "
Box 2 – – 1.0 12.8 20483 10243 7.8 ⇥ 1010 3.9 ⇥ 1012

. . . 0.4 " " " " " "
Box 3 – – 1.5 9.6 40963 20483 3.3 ⇥ 1010 1.6 ⇥ 1012

. . . 0.6 " " " " " "
Box 4 – – 2.0 12.8 40963 20483 7.8 ⇥ 1010 3.9 ⇥ 1012

. . . 0.8 " " " " " "
Box 5 – – 3.0 19.2 40963 20483 2.6 ⇥ 1011 1.3 ⇥ 1013

. . . 1.2 " " " " " "
Box 6 – – 4.0 22.7 46083 23043 4.4 ⇥ 1011 2.2 ⇥ 1013

. . . 1.6 " " " " " "
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FLRW parameters value
H0 68 km/s/Mpc
≠m 0.3
≠k 0

Perturbation parameters value
≠b 0.048
ln(1010 As ) 3.0
ns 0.97
ø 0.094
YP 0.25
Neff 3.046P

m∫ 0

LTB parameters value
±0 [-0.6, 0.6]
rb [500, 4000] Mpc/h

Table 1: Parameters specifying the §LTB model. The non-LTB
parameters define the fiducial BEHOMO cosmology. The am-
plitude As of scalar perturbations and their spectral index ns
are relative to the pivot scale kp = 0.05/Mpc. This §CDM cos-
mology gives æ8 = 0.79364 and t0 = 13.862 Gyr.8

2.6. Example of inhomogeneity

Figure 1 shows the relevant functions for the case of a cen-
tral underdensity of present-day contrast ±0 = °0.4 and co-
moving radius rb = 2000 Mpc. In particular, one can note
that the interior of the inhomogeneity is an open FLRW uni-
verse (first panel from the top), that there is a compensat-
ing overdensity that surrounds the inner underdensity (second
panel) and how the longitudinal Hubble rate deviates from the
the perpendicular Hubble rate where there is a spatial gra-
dient (fourth panel). Also shown, for later use, are the linear
and nonlinear Newtonian potentials together with the energy
function (third panel), and the change in redshift induced by
the inhomogeneity, together with the peculiar velocity defined
in Eq. (38) (last panel). Figure 2 shows the relevant functions
on the lightcone as compared to their§CDM equivalent.

From Figure 1 one can see that an inhomogeneity with a
central underdensity of contrast ±0 =°0.4 could solve the dis-
crepancy between local (Riess et al. 2021) and high-redshift
(Aghanim et al. 2020) determinations of the Hubble constant:
H0 goes from the background value of 68 km/s/Mpc to the
local value of 73 km/s/Mpc.9 This is the so-called local void
scenario. However, this scenario is ruled out by other obser-
vations. Camarena et al. (2021, 2022) constrained the §LTB
model using the latest available data from CMB, BAO, type
Ia supernovae, local H0, cosmic chronometers, Compton y-
distortion and kinetic Sunyaev–Zeldovich effect and showed
that an underdensity around the observer as modeled within
the§LTB model cannot solve the H0 tension.

9 One can estimate the change in the expansion rate via linear
perturbation theory. An adiabatic perturbation in density causes
±H0/H0 = ° 1

3 f (≠m )±Ω(t0)/Ω(t0), where f ' 0.5 is the present-day
growth rate for the concordance§CDM model.

Fig. 1: LTB quantities as a function of the FLRW comoving co-
ordinate at the present time t0. See Section 2.6 for details.
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Background evolution

Marra et al.: BEHOMO:§LTB N -body simulations

Fig. 4: Density and velocity profiles at z = 0 for the smallest and largest boxes with the largest contrasts, see Table 2. In order
to precisely test the background dynamics, we simulate an inhomogeneous universe without the standard primordial Gaussian
perturbations (As º 0). The inhomogeneous (Newtonian) N -body simulations perfectly follow the general relativistic solution.
Furthermore, thanks to the scale invariance, their re-scaled evolution is the same. See Section 4.1 for more details.

causes a deformation of the positions and velocities of the cor-
responding particles in the §CDM simulation, and that such
deformation disappears outside the inhomogeneity. In other
words, the effect of the inhomogeneous background is to de-
form the large-scale structure of the §CDM model. Indeed, as
pointed out earlier, the LTB perturbation is added on top of
the primordial perturbations so that the structure of the cos-
mic web is preserved. Statistically, this will allow us to factor
out cosmic variance when studying the effect of spatial gradi-
ents on observables.

The bottom panels of Figs. 5 and 6 show the evolution of
the radial profiles at z = 0, 1.37 and 3.72 (from upper to lower
panels). Also shown with the blue curves is the general rela-
tivistic solution. The vertical lines mark the inhomogeneity ra-
dius rb and the smaller transition radius rt . While rb is fixed in
comoving coordinates, rt moves because of the peculiar veloc-

ity of the LTB structure. The LTB evolution of Box 1 and Box 3 is
identical except for the scales involved, but the inhomogeneity
is more clearly seen in Box 3 because, thanks to its larger size,
small-scale perturbations average out.

5. Conclusions

In this paper we presented the BEHOMO project (cosmology
beyond homogeneity and isotropy) and its first suite of sim-
ulations. The goal is to study, via the methods of numerical
cosmology, the Universe without assuming large-scale homo-
geneity and isotropy. In order to present a viable program, we
consider early-FLRW cosmologies, which are models that, at
early times, are near-FLRW so that the standard inflationary
paradigm is maintained and the physics that leads to the CMB
remains unchanged. As a first realization of these inhomoge-
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Initial conditions

Special IC from FalconIC 
are fed to Gadget:
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Fig. 4. Schematic illustration of the lightcone construction, mixing ⇤CDM e ⇤LTB lens planes. The illustration shows the case of the smallest
Box 1, see Table 2. See Section 3.4 for more details.

3.1. Early-FLRW initial conditions

As shown by Alonso et al. (2010, 2012), one can simulate the
⇤LTB model by feeding standard Newtonian gravity-only N-
body codes with special early-FLRW initial conditions. We will
give initial conditions at zini = 49 so that the LTB perturbation is
deep into the linear regime and the spacetime can be accurately
described by a superposition of two kinds of perturbations:

�(tini, x) = �LTB(tini, x) + �gau(tini, x) , (56)

where the first term comes from the spherical LTB perturbation
and the second one from the statistically isotropic set of primor-
dial Gaussian perturbations.

As we have seen, at early times, the linear potential �LTB

induced by the LTB metric is given by Eq. (30). Owing to the
Poisson equation in Newtonian gravity, the gravitational poten-
tial obeys qualitatively exactly the same di↵erential equation as
the displacement potential for the matter field, such that initial
positions for particles in a simulation can be set by:

x(tini) = q + r
⇣
�LTB + �gau

⌘
. (57)

We will generate these initial conditions using FalconIC
(Valkenburg & Hu 2015), a code that extend the Zel’dovich Ap-
proximation to nontrivial theories of gravity.

As the ⇤LTB model does not include radiation, we will ne-
glect radiation in the N-body simulation. In other words, the ini-
tial transfer function is obtained by rescaling the one provided by
the Boltzmann solver at z = 0 to the initial redshift, Tk(zini) (see
Valkenburg & Villaescusa-Navarro 2017, for a thorough discus-
sion on initial conditions for simulations). We will adopt CLASS
(Blas et al. 2011).

As we are adding the LTB perturbation to the standard ones,
we need to correctly normalize the sum. Moving to Fourier

space, it is:

�k(tini) = Tk(tini)
2
66664
�LTB

k (t0)
Tk(tini)

⇢LTB
m (r = 0, tini)
⇢LTB

m (r = 0, t0)
+ �gau

k (t1)
3
77775 , (58)

where �gau
k (t1) is the familiar nearly scale invariant density per-

turbation as imprinted by inflation, and the fraction of LTB den-
sities guarantees the right normalization of the spherical pertur-
bation.

Finally, as said earlier, each ⇤LTB simulation will be cou-
pled with the corresponding⇤CDM one, using the same seed for
the initial conditions. As the LTB perturbation is added on top of
the primordial perturbations, this means that standard large scale
structures are preserved and one can factor out cosmic variance
when studying the e↵ect of spatial gradients. In particular, the
particles’ ID are stable after the addition of the LTB perturba-
tion so that one can even study the e↵ect of the inhomogeneous
background at the particle level.

[VM: check that the displacements of the particles are much
smaller than the interparticle distance]

3.2. Numerical simulation

Table 2 shows the specifications of the BEHOMO suite of sim-
ulations, while the cosmology is specified by the parameters of
Table 1. The rationale is to explore the parameter space of size
and depth of the inhomogeneity in order to understand the dif-
ferential e↵ect of the inhomogeneous background. The first line
of each Box section in the table refers to the ⇤CDM simulation
with which the ⇤LTB simulations are paired.

The simulations only include dark matter and were per-
formed using OpenGadget3, a modified version of GADGET-2
(Springel 2005). The number of grid elements of the particle
mesh is always twice the number of particles per dimension, the
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Table 3: Snapshots that were saved during the runs for the
generation of the halo catalog and lens planes. Only even-
numbered snapshots are kept for long-term storage.

snapshot a z comov. dist. (Mpc/h)
0 0.02 49 8360
1 0.191 4.225 5125
2 0.212 3.715 4875
3 0.234 3.275 4625
4 0.257 2.892 4375
5 0.281 2.557 4125
6 0.307 2.261 3875
7 0.333 1.999 3625
8 0.362 1.765 3375
9 0.391 1.555 3125

10 0.423 1.366 2875
11 0.456 1.194 2625
12 0.491 1.037 2375
13 0.528 0.893 2125
14 0.568 0.761 1875
15 0.611 0.638 1625
16 0.656 0.523 1375
17 0.706 0.416 1125
18 0.76 0.315 875
19 0.82 0.22 625
20 0.886 0.129 375
21 0.96 0.042 125
22 1 0 0

modeling is adopted at the price of the use of the weak-field
expansion of Einstein’s equations (Adamek et al. 2019). Recent
progress shows that a definitive answer should soon be avail-
able (Adamek et al. 2020).

2.13. Backreaction in the §LTB model

With an LTB perturbation that is exactly matched to a back-
ground FLRW metric one can study in an exact way backreac-
tion, that is, the effect of inhomogeneities on the background
dynamics. Indeed, in this very simplified case, the background
expansion is set by construction so that one has to simply
look at the mismatch between the background energy densi-
ties and the averaged ones.

In order to maximize the effect, one could fill the entire
universe with infinitely many spherical patches of different
radii and profiles by the Apollonian sphere packing, the three-
dimensional extension of the Apollonian gasket, see Marra
et al. (2007, Fig. 1). For this reason, here we will be concerned
with the background dynamics at r = rb and not at larger radii.

The effect of backreaction can be read from Eq. (5), which
can be rewritten as (r = rb):

H 2(t ) = 8ºG
3

≥
hΩmi+Ω§

¥
°

ø
R

6

¿
+Pinh , (56)

Pinh = 8ºG
3

≥
Ωm(t )°hΩmi

¥
° k

a2 +
ø

R

6

¿
, (57)

where H(t ) is the background expansion rate, fixed by con-
struction, and Pinh represents ‘the effects of small-scale inho-
mogeneities in the universe on the dynamic behavior at the
smoothed-out scale’ (Ellis 1984).

If there were no backreaction, Pinh = 0, the Friedmann
equation would be sourced by the averages of the energy and
curvature content of the inhomogeneity. These are obtained
by adopting the actual volume element with curvature, dV =
4ºY 2Y 0/

p
1+2E . However, Einstein’s equations are nonlinear

so that backreaction gives the correction Pinh. The correction

comes from the fact that, by solving Einstein’s equations, one
finds that it is the Euclidean average of the density and curva-
ture that sources the Friedmann equation. In the case of the
density, for example, the correction is proportional to the dif-
ference between the invariant mass and F —also known as the
Misner-Sharp mass (see Alfedeel & Hellaby 2010, for an exten-
sive discussion). As the difference is proportional to the en-
ergy function E ª©/ (rb/rhor)2, one concludes that the back-
reaction of small-scale inhomogeneities into the background
expansion is negligible (see, however, Lavinto et al. 2013, for
a model that does feature large backreaction). See Sussman
(2011) for a comprehensive discussion of averaging and back-
reaction in LTB metrics.

3. N -body simulations of a perturbed §LTB model

We now discuss how we simulate the §LTB model. As said in
the Introduction, because of spatial gradients, standard pri-
mordial perturbations are coupled at first order so that one
may expect a different growth of perturbations even on scales
at which the evolution is still linear. Besides this, simulations
are necessary, just as in §CDM, in order to obtain the fully
nonlinear structure, which again may be affected by the spatial
gradients of an inhomogeneous background. As we are inter-
ested in understanding and modeling these effects, each§LTB
simulation will be coupled with the corresponding §CDM
one, using the same seed for the initial conditions. This will
allow us to study the differential change in quantities as com-
pared to§CDM, and reduce possible biases caused by the nu-
merical implementation we adopt.

3.1. Early-FLRW initial conditions

As shown by Alonso et al. (2010, 2012), one can simulate the
§LTB model by feeding standard Newtonian gravity-only N -
body codes with special early-FLRW initial conditions. We will
give initial conditions at zini = 49 so that the LTB perturbation
is deep into the linear regime and the spacetime can be accu-
rately described by a superposition of two kinds of perturba-
tions:

±(tini, x) = ±LTB(tini, x)+±gau(tini, x) , (58)

where the first term comes from the spherical LTB perturba-
tion and the second one from the statistically isotropic set
of primordial Gaussian perturbations. As discussed in the In-
troduction, the LTB initial conditions are non-Gaussian, with
phase coupling induced by the presence of the spherical inho-
mogeneity.

As we have seen, at early times, the linear potential ©LTB

induced by the LTB metric is given by Eq. (31). Owing to the
Poisson equation in Newtonian gravity, the gravitational po-
tential obeys qualitatively exactly the same differential equa-
tion as the displacement potential for the matter field, such
that initial positions for particles in a simulation can be set by:

x(tini) = q +r
°
©LTB +©gau¢

. (59)

We will generate these initial conditions using FalconIC (2017
version, Valkenburg & Hu 2015), a code that extends La-
grangian perturbation theory to nontrivial theories of gravity.

As the §LTB model does not include radiation, we will ne-
glect radiation in the N -body simulation, as well as the effect
of neutrinos, including massive neutrinos. In other words, the
initial transfer function Tk (zini) is obtained by rescaling the
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Fig. 1. Relevant LTB quantities as a function of the FLRW comoving
coordinate. See Section 2.6 for details. [VM: fix numerics for �, add
peculiar velocity (37)]

Fig. 2. LTB quantities as a function of redshift. See Section 2.6.

geneities. As we will see, in the case of sub-horizon inhomo-
geneities it is � ⌧ 1. [VM: Fig. 1 shows that this is true up to 4
Gpc (or more)]

By linearizing the LTB metric and considering a linear gauge
transformation one finds that the Newtonian potential for r < rb
is (Biswas & Notari 2008; Van Acoleyen 2008):

�lin(r) =
3
5

Z rb

r

E(r̄)
r̄

dr̄ ⇠ E , (30)

and �lin = 0 for r � rb, where the potential is written as a func-
tion of the LTB coordinate. Note also that�lin is constant in time,
as should be for a linear matter perturbation in a matter domi-
nated universe. This description should be accurate at z & 10.
The corresponding linear density contrast is:

�0lin(r) = �
3
5

E(r)
r
, (31)

r
2�lin(r) = �00lin + 2

�0lin
r
= �

3
5

"
E0(r)

r
+

E(r)
r2

#
, (32)

�lin(t, r) =
r

2�lin(r)
4⇡G⇢m(t)a(t)2 , (33)

where quantities without explicit radial dependence are relative
to the FLRW background. We took the derivative with respect to
r instead of the Newtonian gauge coordinate r̃, but the di↵erence
is second order. Using Eq. (33) together with Eqs. (11) and (18)
one can find the initial evolution of the central density contrast
as a function of the central curvature kc:

�lin(t, 0) =
9kc

40⇡G⇢m(t)a(t)2 . (34)

One could use second-order perturbation theory to improve
upon the latter linear description (Matarrese et al. 1998). How-
ever, given that, in general, the LTB inhomogeneity may fea-
ture nonlinear contrasts, we will now consider the potential as

Article number, page 5 of 15

V. Marra et al.: ⇤LTB N-body simulations: I. Cosmology Beyond Homogeneity and Isotropy

Similarly, eq. (4) features the Euclidean average of the local mat-
ter density ⇢m:

⇢e
m =

F(r)
Ve

FLRW
����! ⇢m(t) , (8)

F(r) =
Z r

0
⇢m(t, r) dVe , (9)

⇢m(t, r) =
F0(r)

4⇡Y2(t, r)Y 0(t, r)
, (10)

where the “mass function” F(r), a constant of integration, is an-
other free function that gives the total gravitating mass up to the
shell of coordinate radius r. The local density ⇢m satisfies the
continuity equation ⇢̇m + ⇥ ⇢m = 0, where ⇥ = Hk + 2H? is the
expansion scalar. Note that, as the source is pressureless dust,
without pressure gradients, both F(r) and k(r) do not depend on
t. See Yamamoto et al. (2016) for the case of the Lemaître metric
with pressure.

Similarly to FLRW, one may interpret the curvature function
as related to the total energy per unit of mass of the shell at co-
ordinate radius r:

E(r) ⌘ �
k r2

2
=

1
2

Ẏ2(t, r) �
GF(r)
Y(t, r)

�
1
6
⇤Y2(t, r) , (11)

where the first term of the “energy function” E is the kinetic en-
ergy per unit of mass of the shell r, the second term is the poten-
tial energy per unit of mass due to the total gravitating mass up to
the shell r, and the third term is the usual contribution from the
cosmological constant (as in the de Sitter-Schwarzschild metric).
Note that, thanks to spherical symmetry, one is able to define
a potential energy also in cases far away from nearly Newto-
nian ones and that the potential energy is related to the curva-
ture (Bondi 1947).

One can also rewrite eq. (4) using the equivalent of the den-
sity parameters in FLRW:

H2
?(t, r)

H2
?0

(r)
= ⌦m0(r)

a3
?0

a3
?

+⌦⇤0(r) +⌦k0(r)
a2
?0

a2
?

(12)

where the subscript 0 denotes a quantity evaluated at the present
time t0, and

⌦m0 =
2GF(r)

r3a3
?0

H2
?0

⌦m = ⌦m0
H2
?0

H2
?

a3
?0

a3
?

, (13)

⌦⇤0 =
⇤

3H2
?0

⌦⇤ = ⌦⇤0
H2
?0

H2
?

, (14)

⌦k0 = �
k(r)

a2
?0

H2
?0

⌦k = ⌦k0
H2
?0

H2
?

a2
?0

a2
?

, (15)

which satisfy ⌦m +⌦⇤ +⌦k = 1.

2.3. Free functions and gauge fixing

Eq. (12) can be used to determine the age of the universe at a
radial coordinate r:

t � tbb(r)=
1

H?0 (r)

Z a? (t,r)
a?0 (r)

0

dx
p
⌦m(r)x�1+⌦⇤(r)x2+⌦k(r)

, (16)

where the “big bang time” tbb(r) is another arbitrary function,
which sets the time since the big bang (a? = 0). If t0bb(r) , 0,

then in the past there were large inhomogeneities, see eq. (10),
with the initial singularity happening at di↵erent times for di↵er-
ent shells. This clearly signals the presence of decaying modes,
which would be strongly in contradiction with the inflationary
paradigm and are excluded by the choice of a simultaneous big
bang (Silk 1977; Biswas et al. 2007; Zibin 2008).

Summarizing, we have seen that the LTB inhomogeneity is
specified by three arbitrary functions – F(r), k(r) and tbb(r) –
which are related, together with a?0 , by eq. (16) so that one is
not independent. Moreover, one can always make a redefinition
of the radial coordinate. Common gauge fixing are F(r) / r3 or
a?0 = constant. It is then clear that one can choose tbb(r) and k(r)
as the free functions that specify the model.

Each gauge fixing has pros and cons. For example, F(r) /
r3 excludes the possibility that there is pure vacuum in
some radial interval, and the moment of shell crossing –
the time at which Y 0 = 0 so that grr = 0 – clearly de-
pends on the gauge adopted. The numerical codes that we
use, VoidDistances2020 (Valkenburg 2012a) and FalconIC
(Valkenburg & Hu 2015), adopt the choice F(r) = 4⇡M4

0r3/3,
where M0 is an arbitrary mass scale.

2.4. Compensated inhomogeneity profile

As discussed earlier, we will consider early-FLRW cosmologies
in agreement with the standard scenario of inflation and, there-
fore, we will set:

tbb(r) = 0 . (17)

We are then left with the curvature function. Here, we con-
sider the case of an LTB inhomogeneity that matches exactly
with the FLRW metric at the finite radius rb and not only asymp-
totically. This simplified approach is convenient for the purposes
of this work because it allows us to robustly simulate the LTB in-
homogeneity inside of a bigger FLRW box. The curvature func-
tion is modeled according to the monotonic profile:

k(r) = kb + (kc � kb) W3(r/rb) , (18)

where rb is the coordinate radius of the spherical inhomogeneity
and P3 is the function

Wn(x) =
(

e�xn/(1�x) for 0  x < 1
0 for x � 1 . (19)

The function Wn(x) interpolates from 1 to 0 when x varies from 0
to 1 while remaining di↵erentiable, which implies that that k(r)
is C1 everywhere. It is dmWn/dxm

|0 = 0 for 0 < m < n, so
that there is no cusp at the center. In the limit n ! 1, Wn(x)
approaches the tophat function.

For r � rb the curvature profile equals the curvature kb of the
background FLRW such that for r � rb one exactly recovers the
background ⇤CDM model: a? = ak = a. We can then define the
local density contrast according to:

�(t, r) =
⇢m(t, r)
⇢m(t)

� 1 , (20)

and the (integrated) mass density contrast according to:

�(t, r) =

R r
0 �(t, r̄) dVe

Ve
=
⌦m(t, r) H2

?(t, r)
⌦m(t) H2(t)

� 1 , (21)

where we used the Euclidean average in agreement with Eq. (4).
Note that �(t, r = 0) = �(t, r = 0). We denote with �0 the central
contrast today, which is directly related to kc.
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Data products

•Full snapshots

•Halo catalogs from Rockstar: 

merger trees, halo parameters, ... 

(40 properties)

•Lens planes from SLICER: 

10x22 lensing planes of 20482 

pixels with a 5ºx5º fov up to z=4.2 

(8.8" of resolution).
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Fig. 4. Schematic illustration of the lightcone construction, mixing ⇤CDM e ⇤LTB lens planes. The illustration shows the case of the smallest
Box 1, see Table 2. See Section 3.4 for more details.

3.1. Early-FLRW initial conditions

As shown by Alonso et al. (2010, 2012), one can simulate the
⇤LTB model by feeding standard Newtonian gravity-only N-
body codes with special early-FLRW initial conditions. We will
give initial conditions at zini = 49 so that the LTB perturbation is
deep into the linear regime and the spacetime can be accurately
described by a superposition of two kinds of perturbations:

�(tini, x) = �LTB(tini, x) + �gau(tini, x) , (56)

where the first term comes from the spherical LTB perturbation
and the second one from the statistically isotropic set of primor-
dial Gaussian perturbations.

As we have seen, at early times, the linear potential �LTB

induced by the LTB metric is given by Eq. (30). Owing to the
Poisson equation in Newtonian gravity, the gravitational poten-
tial obeys qualitatively exactly the same di↵erential equation as
the displacement potential for the matter field, such that initial
positions for particles in a simulation can be set by:

x(tini) = q + r
⇣
�LTB + �gau

⌘
. (57)

We will generate these initial conditions using FalconIC
(Valkenburg & Hu 2015), a code that extend the Zel’dovich Ap-
proximation to nontrivial theories of gravity.

As the ⇤LTB model does not include radiation, we will ne-
glect radiation in the N-body simulation. In other words, the ini-
tial transfer function is obtained by rescaling the one provided by
the Boltzmann solver at z = 0 to the initial redshift, Tk(zini) (see
Valkenburg & Villaescusa-Navarro 2017, for a thorough discus-
sion on initial conditions for simulations). We will adopt CLASS
(Blas et al. 2011).

As we are adding the LTB perturbation to the standard ones,
we need to correctly normalize the sum. Moving to Fourier

space, it is:

�k(tini) = Tk(tini)
2
66664
�LTB

k (t0)
Tk(tini)

⇢LTB
m (r = 0, tini)
⇢LTB

m (r = 0, t0)
+ �gau

k (t1)
3
77775 , (58)

where �gau
k (t1) is the familiar nearly scale invariant density per-

turbation as imprinted by inflation, and the fraction of LTB den-
sities guarantees the right normalization of the spherical pertur-
bation.

Finally, as said earlier, each ⇤LTB simulation will be cou-
pled with the corresponding⇤CDM one, using the same seed for
the initial conditions. As the LTB perturbation is added on top of
the primordial perturbations, this means that standard large scale
structures are preserved and one can factor out cosmic variance
when studying the e↵ect of spatial gradients. In particular, the
particles’ ID are stable after the addition of the LTB perturba-
tion so that one can even study the e↵ect of the inhomogeneous
background at the particle level.

[VM: check that the displacements of the particles are much
smaller than the interparticle distance]

3.2. Numerical simulation

Table 2 shows the specifications of the BEHOMO suite of sim-
ulations, while the cosmology is specified by the parameters of
Table 1. The rationale is to explore the parameter space of size
and depth of the inhomogeneity in order to understand the dif-
ferential e↵ect of the inhomogeneous background. The first line
of each Box section in the table refers to the ⇤CDM simulation
with which the ⇤LTB simulations are paired.

The simulations only include dark matter and were per-
formed using OpenGadget3, a modified version of GADGET-2
(Springel 2005). The number of grid elements of the particle
mesh is always twice the number of particles per dimension, the
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equations, that is, hGµ⌫(g↵�)i , Gµ⌫(hg↵�i). Consequently, the
Friedmann equation – valid for a homogeneous universe – fea-
tures corrections in the form of extra sources (see Ellis 1984,
which is considered the backreaction manifesto).

In the early 2000’s, right after the first analyses indicating the
acceleration of the universe’s expansion by Riess et al. (1998);
Perlmutter et al. (1999), it has then been asked if dark energy
could actually be explained via the extra sources generated by
the nonlinear smoothing, that is, via the backreaction of small-
scale inhomogeneities into the large-scale dynamics of the uni-
verse. This scenario would elegantly explain the biggest problem
of dark energy: why does it appear at z ⇡ 1? The answer is that
structures go nonlinear at z ⇡ 1, transforming a fine tuning into
a prediction. It is important to point out that, when the backre-
action scenario was proposed, the equation of state w of dark
energy was poorly constrained. This is particularly relevant be-
cause one would not expect w to be close to -1, the value relative
to the cosmological constant. The present-day tight constraint
w = �1.03 ± 0.03 (Abbott et al. 2021) is actually a conceptual
problem for the backreaction scenario.

This proposal started a heated debate on the magnitude of
the backreaction e↵ect, which proved di�cult to be estimated
via (semi) analytical techniques. See Buchert et al. (2015) and
Green & Wald (2014), and references therein.

In the past few years, the scientific consensus on the rel-
evance of backreaction in cosmology has been sought via the
methods of numerical relativity. It seems that backreaction pro-
duces a negligible correction to the universe dynamics, although
the methodology that has been adopted has some limitations.
On one hand fully general relativistic codes are used but a fluid
description of the matter sector is adopted (Giblin et al. 2016;
Macpherson et al. 2019), raising questions regarding the mod-
eling of the non linear structure formation which is dominated
by halo mergers and shell crossing. On the other hand, the more
realistic particle-based modeling is adopted at the price of the
use of the weak-field expansion of Einstein’s equations (Adamek
et al. 2019). Recent progress shows that a definitive answer
should soon be available (Adamek et al. 2020).

2.13. Backreaction in the ⇤LTB model

With an LTB perturbation that is exactly matched to a back-
ground FLRW metric one can study in an exact way backreac-
tion, that is, the e↵ect of inhomogeneities on the background
dynamics, see Section 2.12. Indeed, in this very simplified case,
the background expansion is set by construction so that one has
to simply look at the mismatch between the background energy
densities and the averaged ones.

In order to maximize the e↵ect, one could fill the en-
tire universe with infinitely many spherical patches of di↵erent
radii and profiles by the Apollonian Sphere Packing, the three-
dimensional extension of the Apollonian Gasket, see Marra et al.
(2007, Fig. 1). For this reason, here we will be concerned with
the background dynamics at r = rb and not at larger radii.

The e↵ect of backreaction can be read from Eq. (4), which
can be rewritten as:

H2(t) =
8⇡G

3
h⇢mi +

8⇡G
3
⇢⇤ + hR/6i (55)

+
8⇡G

3

⇣
⇢e

m � h⇢mi
⌘
+ Re/6 � hR/6i ,

where H(t) is the background expansion rate, fixed by con-
struction. If there were no backreaction the Friedmann equa-

Table 3. Snapshots that were saved during the runs for the generation
of the halo catalog and lens planes. Only even-numbered snapshots are
kept for long-term storage.

snapshot a z dC (Mpc/h)
0 0.02 49 8360
1 0.191 4.225 5125
2 0.212 3.715 4875
3 0.234 3.275 4625
4 0.257 2.892 4375
5 0.281 2.557 4125
6 0.307 2.261 3875
7 0.333 1.999 3625
8 0.362 1.765 3375
9 0.391 1.555 3125

10 0.423 1.366 2875
11 0.456 1.194 2625
12 0.491 1.037 2375
13 0.528 0.893 2125
14 0.568 0.761 1875
15 0.611 0.638 1625
16 0.656 0.523 1375
17 0.706 0.416 1125
18 0.76 0.315 875
19 0.82 0.22 625
20 0.886 0.129 375
21 0.96 0.042 125
22 1 0 0

tion would be sourced by the averages of the energy and cur-
vature content of the inhomogeneity. This is given in the first
line where the actual volume element with curvature is used,
dV = 4⇡Y2Y 0/

p
1 + 2E. However, Einstein’s equations are non-

linear so that backreaction gives the correction shown in the sec-
ond line. The correction comes from the fact that by solving Ein-
stein’s equations one finds that it is the Euclidean average of the
density and contrast that sources the Friedmann equation. In the
case of the density, for example, the correction is proportional
to the di↵erence between the invariant mass and F—also known
as the Misner-Sharp mass (see Alfedeel & Hellaby 2010, for an
extensive discussion). As the di↵erence is proportional to the en-
ergy function E ⇠ � / (rb/rhor)2, one concludes that the back-
reaction of small-scale inhomogeneities into the background ex-
pansion is negligible (see, however, Lavinto et al. 2013, for a
model that does feature large backreaction). See Sussman (2011)
for a comprehensive discussion of averaging and backreaction in
LTB metrics.

3. Newtonian simulations of a perturbed ⇤LTB
model

We now discuss how we simulate the ⇤LTB model. As said in
the Introduction, because of spatial gradients, standard primor-
dial perturbations are coupled at first order so that one may ex-
pect a di↵erent growth of perturbations even on scales at which
the evolution is still linear. Besides this, simulations are neces-
sary, just as in ⇤CDM, in order to obtain the fully nonlinear
structure, which again may be a↵ected by the special gradients
of an inhomogeneous background. As we are interested in under-
standing and modeling these e↵ects, each ⇤LTB simulation will
be coupled with the corresponding ⇤CDM one, using the same
seed for the initial conditions. In other words, we will focus on
the di↵erential change in quantities as compared to ⇤CDM: this
approach is expected to reduce possible biases caused by the nu-
merical implementation we adopt.
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1. Introduction

Marra et al. (2021, hereafter BEHOMO I).
...
...
...
...
...

2. Modeling the growth of linear perturbations

As reviewed in BEHOMO I, the matter content of the ⇤LTB
model is dust so that there cannot be sound waves. Furthermore,
because of spherical symmetry, the magnetic part of the Weyl
tensor vanishes so that there cannot be gravitational waves. Con-
sequently, no direct communication can exist between neigh-
boring worldlines and spacetimes such as this one were dubbed
‘silent’ (Matarrese et al. 1993; Bruni et al. 1995).

As shown by the seminal work Zibin (2008), the first-
order magnetic Weyl tensor couples scalar to tensor perturbation
modes. In general, this term cannot be set to zero and makes
the linear perturbation theory for ⇤LTB models extremely com-
plicated (Clarkson et al. 2009). In order to compare theoretical
predictions with the numerical results we will consider di↵erent
degrees of approximations:

1. One may consider the full set of coupled equations. This nu-
merically very challenging endeavor should produce the ex-
act evolution of linear perturbations on the LTB background
(February et al. 2014; Meyer et al. 2015).

2. One may make the ‘silent’ approximation that the first-order
magnetic Weyl tensor gives a negligible coupling between
scalar and tensor modes (Zibin 2008; Dunsby et al. 2010).

? e-mail: marra@cosmo-ufes.org

3. One may make the local FLRW approximation that back-
ground shear has a negligible impact on the growth of per-
turbations (Zibin 2008; Alonso et al. 2010; February et al.
2013; Moss et al. 2011).

4. One may use second-order perturbation theory, that is, the
LTB perturbation is modeled as a linear perturbation on
top of which the standard perturbations are second order
(Nishikawa et al. 2012, 2013, 2014).

Here, we will consider the methods 2 and 3, leaving 1 and 4
for future work.1

2.1. Silent perturbations

Here, we will briefly review the analysis of scalar perturbations
presented in Zibin (2008), where more details can be found. If
the first-order magnetic Weyl tensor gives a negligible coupling
between scalar and tensor modes, one can just focus on the per-
turbations of the following four 2-scalars (1+1+2 decomposi-
tion):

⇢m(t, r) =
F
0(r)

4⇡Y2(t, r)Y 0(t, r)
(1)

✓(t, r) = Hk(t, r) + 2H?(t, r) , (2)

⌃(t, r) =
2
3

h
Hk(t, r) � H?(t, r)

i
, (3)

E(t, r)=
8⇡G

3
⇢m(t, r)� 2GF(r)

Y3(t, r)
⌘ 8⇡G

3

h
⇢m(t, r)�⇢e

m
(t, r)
i
, (4)

which are the local matter density ⇢m, the expansion scalar ✓, the
shear scalar ⌃ and the (tidal) electric Weyl scalars E. The quan-
tity F is the LTB mass function, Hk and H? are the longitudinal
and perpendicular scale factors, Y is a metric function and the
1 See behomo.cosmo-ufes.org for an early access to the BEHOMO
suite of simulations.
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last identity of the last equation defines the Euclidean average of
the local matter density. The coordinate r is subjected to gauge
choices so that it is convenient to use the FLRW comoving coor-
dinate � = Y(t, r)/a(t). See BEHOMO I for more details.

Next, we define the perturbations with respect to the LTB
background, that is, �X(x

µ) = X(x
µ) � X(t, r), where X stands

for any of the four scalars, X(x
µ) is the value at event x

µ in the
perturbed spacetime and X(t, r) is the value at the corresponding
event in the LTB background. One then obtains, at the linear
level, the following set of ordinary di↵erential equations:

�⇢̇m = �✓ �⇢m � ⇢m �✓ , (5)

�✓̇ = �2
3
✓ �✓ � 4⇡G �⇢m � 3⌃ �⌃ , (6)

�⌃̇ = �
 

2
3
✓ + ⌃

!
�⌃ � 2

3
⌃ �✓ � �E , (7)

�Ė = �
 
✓� 3

2
⌃

!
�E � E

 
�✓� 3

2
�⌃

!
� 4⇡G

⇣
⇢m �⌃+⌃ �⇢m

⌘
. (8)

Finally, the initial conditions at the matter-dominated era (zi ⇡
50–100) for growing modes are:

�⇢m

⇢m

= �18
5

D
2

✓2
R , (9)

�✓

✓
= �1

3
�⇢m

⇢m

, (10)

�⌃

✓
=

6
5

1
✓2

 
@2

@r2 �
1
3

D
2
!
R , (11)

�E
✓
= �1

2
�⌃. (12)

where R(x
µ) is the comoving curvature perturbation and D

2 ⌘
D
µ
Dµ is the spatial Laplacian.
Again following Zibin (2008), it is convenient to describe the

evolution of the perturbations in terms of a set of LTB transfer
functions:

�Xi(t, r, nµ) = T
LTB
i j

(t, r) �Xj(ti, r, nµ) , (13)

where Xi = {⇢m, ✓,⌃,E}, (r, nµ) are the polar coordinates of the
event in consideration, and T

LTB
i j

(t, r) is a 4 ⇥ 4 matrix of trans-
fer functions. Linearity of evolution demands that Eq. (13) takes
a linear form, and the silent approximation makes the perturba-
tions obey a set of ODEs, that is, the solution at event (t, r, nµ)
can only depend on the initial condition on the same worldline
at (ti, r, nµ). The initial time is set during the matter-dominated
(EdS) epoch, at which the LTB background can be approximated
as a linear deviation from the FLRW one. Finally, the spheri-
cal symmetry of the background implies that T

LTB
i j

depends only
on t and r. Because at the initial time �E / �⌃ and �✓ / �⇢m,
T

LTB
i j

(t, r) is e↵ectively reduced to a 2 ⇥ 2 matrix.
[VM: being a Newtonian sim, is the magnetic Weyl tensor

identically null? it does not have a Newtonian counterpart (GW)]
[VM: why Zibin (2008) never applied this to obs??]
[VM: is ⌃ really inconsequential?]

2.2. Local FLRW approximation

If in Eq. (6) the last term has a negligible impact on the di↵er-
ential equation, then one can decouple Eqs. (5-6) from Eqs. (7-
8), further simplifying the analysis. This approximation is surely
good near the center as ⌃(t, r = 0) = 0 and we chose a profile

Fig. 1. Relevant LTB quantities as a function of the FLRW comoving
coordinate. [VM: plot �, plot vertical line at rb/4]

that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
tor/tensor coupling through the background shear it is useful to
compare the third term on the right of Eq. (6) to the first one:

� ⌘ 3⌃
2✓/3

=
Hk(t, r) � H?(t, r)

[Hk(t, r) + 2H?(t, r)]/3
, (14)

which is exactly the di↵erence in the Hubble rates normalized
by the average expansion rate. From Fig. 1 one can see that....

If � ⌧ 1, Eqs. (5-6) reduce to the standard FLRW equations.
In particular, using � ⌘ �⇢m/⇢m and di↵erentiating Eq. (5), one
obtains:

�̈(t, r) + 2Hloc(t, r) �̇(t, r) � 3
2

H
2
loc(t, r)⌦loc

m
(t, r) �(t, r) = 0, (15)
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last identity of the last equation defines the Euclidean average of
the local matter density. The coordinate r is subjected to gauge
choices so that it is convenient to use the FLRW comoving coor-
dinate � = Y(t, r)/a(t). See BEHOMO I for more details.

Next, we define the perturbations with respect to the LTB
background, that is, �X(x

µ) = X(x
µ) � X(t, r), where X stands

for any of the four scalars, X(x
µ) is the value at event x

µ in the
perturbed spacetime and X(t, r) is the value at the corresponding
event in the LTB background. One then obtains, at the linear
level, the following set of ordinary di↵erential equations:
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Finally, the initial conditions at the matter-dominated era (zi ⇡
50–100) for growing modes are:
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where R(x
µ) is the comoving curvature perturbation and D

2 ⌘
D
µ
Dµ is the spatial Laplacian.
Again following Zibin (2008), it is convenient to describe the

evolution of the perturbations in terms of a set of LTB transfer
functions:

�Xi(t, r, nµ) = T
LTB
i j

(t, r) �Xj(ti, r, nµ) , (13)

where Xi = {⇢m, ✓,⌃,E}, (r, nµ) are the polar coordinates of the
event in consideration, and T

LTB
i j

(t, r) is a 4 ⇥ 4 matrix of trans-
fer functions. Linearity of evolution demands that Eq. (13) takes
a linear form, and the silent approximation makes the perturba-
tions obey a set of ODEs, that is, the solution at event (t, r, nµ)
can only depend on the initial condition on the same worldline
at (ti, r, nµ). The initial time is set during the matter-dominated
(EdS) epoch, at which the LTB background can be approximated
as a linear deviation from the FLRW one. Finally, the spheri-
cal symmetry of the background implies that T

LTB
i j

depends only
on t and r. Because at the initial time �E / �⌃ and �✓ / �⇢m,
T

LTB
i j

(t, r) is e↵ectively reduced to a 2 ⇥ 2 matrix.
[VM: being a Newtonian sim, is the magnetic Weyl tensor

identically null? it does not have a Newtonian counterpart (GW)]
[VM: why Zibin (2008) never applied this to obs??]
[VM: is ⌃ really inconsequential?]

2.2. Local FLRW approximation

If in Eq. (6) the last term has a negligible impact on the di↵er-
ential equation, then one can decouple Eqs. (5-6) from Eqs. (7-
8), further simplifying the analysis. This approximation is surely
good near the center as ⌃(t, r = 0) = 0 and we chose a profile
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that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
tor/tensor coupling through the background shear it is useful to
compare the third term on the right of Eq. (6) to the first one:
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If � ⌧ 1, Eqs. (5-6) reduce to the standard FLRW equations.
In particular, using � ⌘ �⇢m/⇢m and di↵erentiating Eq. (5), one
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the inner region of the inhomogeneity is described by an open
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identically null? it does not have a Newtonian counterpart (GW)]
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2.2. Local FLRW approximation

If in Eq. (6) the last term has a negligible impact on the di↵er-
ential equation, then one can decouple Eqs. (5-6) from Eqs. (7-
8), further simplifying the analysis. This approximation is surely
good near the center as ⌃(t, r = 0) = 0 and we chose a profile
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that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
tor/tensor coupling through the background shear it is useful to
compare the third term on the right of Eq. (6) to the first one:
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If � ⌧ 1, Eqs. (5-6) reduce to the standard FLRW equations.
In particular, using � ⌘ �⇢m/⇢m and di↵erentiating Eq. (5), one
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If in Eq. (6) the last term has a negligible impact on the di↵er-
ential equation, then one can decouple Eqs. (5-6) from Eqs. (7-
8), further simplifying the analysis. This approximation is surely
good near the center as ⌃(t, r = 0) = 0 and we chose a profile
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that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
tor/tensor coupling through the background shear it is useful to
compare the third term on the right of Eq. (6) to the first one:
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If � ⌧ 1, Eqs. (5-6) reduce to the standard FLRW equations.
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that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
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where, for convenience sake, we introduced:

Hloc(t, r) ⌘ ✓(t, r)
3
, (16)

⌦loc
m

(t, r) ⌘ 8⇡G⇢m(t, r)
3H

2
loc(t, r)

. (17)

The latter is the local matter density parameter and is di↵erent
from the averaged one, shown in Fig. 1, that enters the equiva-
lent of the Friedmann equation, see BEHOMO I. Eq. (15) is the
perturbation equation for some curved local FLRW model with
matter and cosmological constant and can be solved with initial
conditions at the matter-dominated era:2

�(ti, r) = aloc(ti, r) , �̇(ti, r) = ȧloc(ti, r) , (18)

where the scale factor aloc is relative to the local FLRW model
and � is normalized to match the scale factor in the matter-
dominated epoch. We normalize, instead, the growth function
D to unity today:

D(t, r) =
�(t, r)
�(t0, r)

. (19)

For r � rb, there is not spatial curvature and Eq. (15) has the
following exact solution (Chernin et al. 2003; Demianski et al.
2005):

�(t) = a(t) 2F1

 
1
3
, 1,

11
6
,�⌦⇤,0
⌦m,0

a(t)3
!
. (20)

Alternatively, one may solve for the potential, again in the
approximation of no coupling between scalar and vector/tensor
modes (February et al. 2014):

�̈(t, r) + 4H?(t, r) �̇(t, r) �
"

2k(r)
a

2
?(t, r)

� ⇤
#
�(t, r) = 0 . (21)

It is quite involved to connect � to � via the equivalent of the
Poisson equation in LTB (Clarkson et al. 2009). However, as we
are under the approximation that � ⌧ 1, one can check that
plugging � / a?� in Eq. (15) with ✓ ⇡ 3H? returns Eq. (21).

In this case the LTB transfer function is trivially T
LTB
⇢⇢ =

�(t, r)/�(ti, r). Nonetheless it is useful to consider the ratio with
the transfer function in the background FLRW model:

F
LTB
⇢ =

T
LTB
⇢⇢

T
FLRW
⇢⇢

=
�(t, r)
�(t)

, (22)

where the denominator is given by Eq. (20).

3. Clustering

3.1. Strategy for binning the simulation box

In order to measure the growth of structure from the simula-
tions we must respect the spherical symmetry of the LTB metric.
Consequently, we focus on the angular power spectrum and two-
point angular correlation function. We make an exception to this
methodology for the inner region of the inhomogeneity. The rea-
sons are two. First, because of strong projection e↵ects, it does
not make sense to compute the angular power spectrum for a ra-
dial bin that includes the origin. Second, thanks to the chosen
inhomogeneity profile, the inner region (r . rb/4) is basically
2 We adopt zini = 49, which we used to set the initial conditions for the
simulations.

Fig. 2. Binning strategy. We compute the angular power spectrum in
the spherical bins and the 3D power spectrum in the inner box. See
Section 3.1 for details.

homogeneous (see Fig. 1), that is, it is an FLRW island inside
the LTB inhomogeneity so that we can meaningfully compute
the 3D power spectrum in a suitably inscribed box.

Figure 2 shows the binning strategy that we adopt. The solid
lines describe the inhomogeneity boundary and the simulation
box, while the dotted lines mark the bins. We compute the an-
gular power spectrum in the spherical bins and the 3D power
spectrum in the inner box. To have similar number of particles
– and so similar shot noise – in the nr radial bins, we adopt the
following binning scheme:

bi =

"
(rb/4)3 + i

(L/2)3 � (rb/4)3

nr

#1/3

with i = 0, . . . , nr, (23)

where L is the size of the simulation box. We use a value of
nr that is su�ciently large so that one can neglect projection ef-
fects, whose remaining bias is factored out when comparing with
the corresponding ⇤CDM simulation. In particular we choose nr

such that the bin width corresponds to �z . 0.02 (Sanchez et al.
2011). Finally, the bin center is defined as the average radius of
the particles in the bin:

�̄i =
1

Nb

X

�i2[bi�1,bi[

�i , (24)

where {�i, ✓i, �i} are the spherical coordinates of the particles
with respect to the center of the simulation box.

3.2. Power spectrum and correlation function computation

To compute the angular power spectrum we use healpy (Zonca
et al. 2019), the Python implementation of the HEALPix3 code
(Górski et al. 2005). First, we produce a map with Nside = 2048,
corresponding to 12 N

2
side pixels. Then, we compute the power

3 healpix.sourceforge.io
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Figure 2 shows the binning strategy that we adopt. The solid
lines describe the inhomogeneity boundary and the simulation
box, while the dotted lines mark the bins. We compute the an-
gular power spectrum in the spherical bins and the 3D power
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following binning scheme:

bi =

"
(rb/4)3 + i

(L/2)3 � (rb/4)3

nr

#1/3
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where L is the size of the simulation box. We use a value of
nr that is su�ciently large so that one can neglect projection ef-
fects, whose remaining bias is factored out when comparing with
the corresponding ⇤CDM simulation. In particular we choose nr

such that the bin width corresponds to �z . 0.02 (Sanchez et al.
2011). Finally, the bin center is defined as the average radius of
the particles in the bin:
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where {�i, ✓i, �i} are the spherical coordinates of the particles
with respect to the center of the simulation box.

3.2. Power spectrum and correlation function computation

To compute the angular power spectrum we use healpy (Zonca
et al. 2019), the Python implementation of the HEALPix3 code
(Górski et al. 2005). First, we produce a map with Nside = 2048,
corresponding to 12 N
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side pixels. Then, we compute the power
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Fig. 2. The quantity ° of Eq. (14) as a function of the present-day cen-
tral contrast ±0 for three values of of ¬, see also Fig. 1. If °ø 1 the
local FLRW approximation should be valid.

where the denominator is given by Eq. (21).

2.3. Radial coordinate

In the previous equations we used the comoving coordinate
r of the LTB metric. This is particularly useful because the
LTB dynamics does not feature gradients in r . However, one
can always redefine r and so, even though r is the coordinate
that is used to solve the background and perturbation equa-
tions, when considering observables it is convenient to use the
FLRW comoving coordinate:

¬(t ,r ) = Y (t ,r )
a(t )

, (24)

so that the FLRW and LTB physical distances coincide (assum-
ing E ø 1, see BEHOMO I). Note that at early times one has
¬ ' r , because Y = a?r ' a r , and that, thanks to the adopted
matching condition, it is ¬= r for r ∏ rb , where rb is the coor-
dinate radius of the spherical inhomogeneity.

3. FLRW angular power spectrum

3.1. Matter power spectrum

The dimensionless matter power spectrum extrapolated using
linear theory to the time t is (Liddle & Lyth 2000):

¢2
lin(k, t ) ¥ k

3

2º2 Plin(k, z) = ±2
H0

µ
ck

a0H0

∂3+ns

T
2(k)D

2(t ) , (25)

±2
H0 =

4
25

µ
±(t0)

a0≠m,0

∂2 µ
a0H0

ckp

∂
ns°1

As , (26)

where ±H0 is the amplitude of perturbations on the horizon
scale today, we adopted for the growth function D the nor-
malization of Eq. (20), and T (k) is the standard matter trans-
fer function that connects the primordial power spectrum to
the power spectrum after radiation domination, normalized

according to T (k)
k!0°°°! 1. For clarity’s sake we re-introduced

here the speed of light c. The amplitude As of primordial scalar
curvature fluctuations and their tilt ns specify the primordial
curvature power spectrum:

¢2
R = As

µ
k

kp

∂
ns°1

, (27)

where kp = 0.05/Mpc is the pivot scale. Alternatively to the
linear power spectrum of Eq. (25), one could also adopt the
nonlinear¢2(k, t ) from the simulation itself or HaloFit (Taka-
hashi et al. 2012). Note that numerical codes such as CAMB nor-
malize the transfer function according to:

TCAMB = 2
5

c
2±(t0)

a
3
0 H

2
0≠m,0

T , (28)

so that it is:

¢2
lin(k, t ) =¢2

RT
2
CAMBk

4
D

2(t ) . (29)

Note that the wavenumbers k are defined according to the
FLRW and N -body coordinate ¬ and not the LTB radial coor-
dinate r .

3.2. Angular power spectrum

The angular power spectrum is given by :

C
exact
` (t ,¬) = 4º

Z
dk

k
¢2(k, t )F

2
¬,`(k) , (30)

F¬,`(k) =
Z

d¬̄F¬(¬̄) j`(k¬̄) , (31)

where F¬ is the radial selection function. As we will discuss
later, we adopt:

F¬(¬̄) =
Ω

1/¢¬ for ¬1 < ¬̄<¬2
0 otherwise , (32)

where¢¬=¬2°¬1 and ¬= (¬1+¬2)/2. The integral of Eq. (31)
can be performed analytically:

F
exact
¬,` (k) =

k
`°

≥
`+1

2

¥

2`+2/
p
º

¬`+1
2 p F̃q

≥°k
2¬2

2
4

¥
°¬`+1

1 p F̃q

≥°k
2¬2

1
4

¥

¢¬
, (33)

p F̃q (x) =
p Fq

≥n
`+1

2

o
,
n

2`+3
2 , `+3

2

o
, x

¥

°
≥

2`+3
2

¥
°

≥
`+3

2

¥ , (34)

where p F̃q is the generalized hypergeometric function, which
can be evaluated precisely with the Python code mpmath (Jo-
hansson et al. 2013). Alternatively, one can estimate Eq. (31)
numerically via the FFTLog-and-beyond code3 (Fang et al.
2020).

3.3. Approximations for C`

For `¿ 1 it is usually convenient to adopt the Limber approx-

imation lim`¿1 j`(x) =
q

º
2`+1±(`+ 1

2 ° x), which LoVerde &
Afshordi (2008) showed to be valid for ` & `c ¥ ¬/¢¬. Starting
from Eq. (30), one has:

C
Limber
` (t ,¬) = 2º2

`+1/2

Z
dk

k3 ¢
2(k, t )F

2
¬

µ
`+1/2

k

∂

= 2º2

(`+1/2)3

Z
d¬̄ ¬̄¢2

µ
`+1/2

¬̄
, t

∂
F

2
¬(¬̄)

¢¬/¬ø1°°°°°°! 2º2`c

(`+1/2)3 ¢
2
µ
`+1/2

¬
, t

∂
. (35)

3 github.com/xfangcosmo/FFTLog-and-beyond
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Fig. 1. LTB quantities as a function of the FLRW comoving coordinate for an inhomogeneity with central contrast ±0=°0.4 (left) and 0.4 (right).

For r ∏ rb , there is not spatial curvature and Eq. (15) has the
following exact solution (Chernin et al. 2003; Demianski et al.
2005):

±m(t ) = a(t ) 2F1

µ
1
3

,1,
11
6

,°
≠§,0

≠m,0
a(t )3

∂
. (21)

Alternatively, one may solve for the potential (February
et al. 2014):

©̈(t ,r )+4H?(t ,r )©̇(t ,r )°
"

2k(r )

a
2
?(t ,r )

°§
#
©(t ,r ) = 0. (22)

It is quite involved to connect© to ±m via the equivalent of the
Poisson equation in LTB (Clarkson et al. 2009). However, as we
are under the approximation that °ø 1, one can check that
plugging ±m / a?© in Eq. (15) with µ º 3H? returns Eq. (22).

In this case the LTB transfer function is trivially T
LTB
ΩΩ =

±m(t ,r )/±m(ti ,r ). Nonetheless it is useful to consider the ra-
tio with the transfer function in the background FLRW model:

F
LTB
Ω =

T
LTB
ΩΩ

T
FLRW
ΩΩ

= ±m(t ,r )
±m(t )

, (23)
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last identity of the last equation defines the Euclidean average of
the local matter density. The coordinate r is subjected to gauge
choices so that it is convenient to use the FLRW comoving coor-
dinate � = Y(t, r)/a(t). See BEHOMO I for more details.

Next, we define the perturbations with respect to the LTB
background, that is, �X(x

µ) = X(x
µ) � X(t, r), where X stands

for any of the four scalars, X(x
µ) is the value at event x

µ in the
perturbed spacetime and X(t, r) is the value at the corresponding
event in the LTB background. One then obtains, at the linear
level, the following set of ordinary di↵erential equations:

�⇢̇m = �✓ �⇢m � ⇢m �✓ , (5)

�✓̇ = �2
3
✓ �✓ � 4⇡G �⇢m � 3⌃ �⌃ , (6)

�⌃̇ = �
 

2
3
✓ + ⌃

!
�⌃ � 2

3
⌃ �✓ � �E , (7)

�Ė = �
 
✓� 3

2
⌃

!
�E � E

 
�✓� 3

2
�⌃

!
� 4⇡G

⇣
⇢m �⌃+⌃ �⇢m

⌘
. (8)

Finally, the initial conditions at the matter-dominated era (zi ⇡
50–100) for growing modes are:

�⇢m

⇢m

= �18
5

D
2

✓2
R , (9)

�✓

✓
= �1

3
�⇢m

⇢m

, (10)

�⌃

✓
=

6
5

1
✓2

 
@2

@r2 �
1
3

D
2
!
R , (11)

�E
✓
= �1

2
�⌃. (12)

where R(x
µ) is the comoving curvature perturbation and D

2 ⌘
D
µ
Dµ is the spatial Laplacian.
Again following Zibin (2008), it is convenient to describe the

evolution of the perturbations in terms of a set of LTB transfer
functions:

�Xi(t, r, nµ) = T
LTB
i j

(t, r) �Xj(ti, r, nµ) , (13)

where Xi = {⇢m, ✓,⌃,E}, (r, nµ) are the polar coordinates of the
event in consideration, and T

LTB
i j

(t, r) is a 4 ⇥ 4 matrix of trans-
fer functions. Linearity of evolution demands that Eq. (13) takes
a linear form, and the silent approximation makes the perturba-
tions obey a set of ODEs, that is, the solution at event (t, r, nµ)
can only depend on the initial condition on the same worldline
at (ti, r, nµ). The initial time is set during the matter-dominated
(EdS) epoch, at which the LTB background can be approximated
as a linear deviation from the FLRW one. Finally, the spheri-
cal symmetry of the background implies that T

LTB
i j

depends only
on t and r. Because at the initial time �E / �⌃ and �✓ / �⇢m,
T

LTB
i j

(t, r) is e↵ectively reduced to a 2 ⇥ 2 matrix.
[VM: being a Newtonian sim, is the magnetic Weyl tensor

identically null? it does not have a Newtonian counterpart (GW)]
[VM: why Zibin (2008) never applied this to obs??]
[VM: is ⌃ really inconsequential?]

2.2. Local FLRW approximation

If in Eq. (6) the last term has a negligible impact on the di↵er-
ential equation, then one can decouple Eqs. (5-6) from Eqs. (7-
8), further simplifying the analysis. This approximation is surely
good near the center as ⌃(t, r = 0) = 0 and we chose a profile

Fig. 1. Relevant LTB quantities as a function of the FLRW comoving
coordinate. [VM: plot �, plot vertical line at rb/4]

that is smooth at the center: see Fig. 1 where one can see how
the inner region of the inhomogeneity is described by an open
FLRW model. In order to quantify the importance of the vec-
tor/tensor coupling through the background shear it is useful to
compare the third term on the right of Eq. (6) to the first one:

� ⌘ 3⌃
2✓/3

=
Hk(t, r) � H?(t, r)

[Hk(t, r) + 2H?(t, r)]/3
, (14)

which is exactly the di↵erence in the Hubble rates normalized
by the average expansion rate. From Fig. 1 one can see that....

If � ⌧ 1, Eqs. (5-6) reduce to the standard FLRW equations.
In particular, using � ⌘ �⇢m/⇢m and di↵erentiating Eq. (5), one
obtains:

�̈(t, r) + 2Hloc(t, r) �̇(t, r) � 3
2

H
2
loc(t, r)⌦loc

m
(t, r) �(t, r) = 0, (15)
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spectrum up to `max = 2 Nside = 4096 using pixel weights. We
store both a`m and C` =

P
m |a`m|2/(2` + 1).

We compute the 3D power spectrum P(k) in the inner box
(Figure 2) using Pylians3.4 The inner box has a side of length
Lin = rb/(2

p
2) = L/(5

p
2), where we used the fact that rb =

2L/5, see BEHOMO I. As the inner box does not have periodic
boundary conditions, we pad it with zeros till the box has a side
of 2 Lin. We estimate the power spectrum till k ⇡ 1h/Mpc, which
corresponds to 5–10 times the interparticle distance. To compute
the power spectrum accurately with Pylians3 and avoid alias-
ing, we adopt a grid with 4N

1/3
part/(5

p
2) elements per dimension

(four times the scaled grid particle resolution).
The angular two-point correlation function w(✓) can be ob-

tained from the angular power spectrum C` according to:5

w(✓) =
X

`

2` + 1
4⇡

P`(cos ✓) C` , (25)

where P` are Legendre polynomials of degree `. The 3D corre-
lation function can be computed from the 3D power spectrum
according to:6

⇠(r) =
Z 1

0

4⇡k2dk

(2⇡)3 j0(kr)P(k) , (26)

where j0 is the spherical Bessel function of zeroth order.
However, computing the correlation functions from

power spectra can be noisy because of shot noise and
nonlinear e↵ects. Therefore, we compute the correlation
functions also via pair counts with corrfunc (Sinha &
Garrison 2019; Sinha & Garrison 2020).7 We compute
the angular correlation function in the spherical shells
[VM: Corrfunc.mocks.DDtheta_mocks] and the 3D corre-
lation function in the inner box [VM: Corrfunc.theory.xi].
We make publicly available the files with a`m, C`, w(✓), P(k)
and ⇠(r).

Covariance matrices

In the full-sky setup of the present analysis and assuming that
the a`m spectra are Gaussian distributed, the C` measurements
are uncorrelated and the uncertainty is:

VarC` =
2
N`

 
C` +

1
ns

!2

, (27)

N` = 2` + 1 , (28)

where N` is the number of modes used to estimate C` and ns

is the number of objects per steradian. In the limit ns ! 1,
the expression above reduces to the cosmic variance contribution
(error on variance of a`m). From Eq. (25) it then follows that the
covariance matrix Cov✓✓0 ⌘ hw(✓)w(✓0)i relative to the angular
correlation function (Crocce et al. 2011):

Cov✓✓0 =
X

`

 
2` + 1

4⇡

!2

P`(cos ✓) P`(cos ✓0) VarC` . (29)

4 github.com/franciscovillaescusa/Pylians3
5 Vice-versa, it is C` = 2⇡

R 1
�1 w(✓) P`(cos ✓) d(cos ✓).

6 Vice-versa, it is P(k) = 4⇡
R 1

0 drr
2

j0(kr)⇠(r).
7 github.com/manodeep/Corrfunc

Assuming again Gaussianity, the uncertainty on the power
spectrum is (Scoccimarro et al. 1999):

VarP(k) =
2

Nk

 
P(k) +

1
nv

!2

, (30)

Nk =
Vk

Vf

=
4⇡k2�k

(2⇡/L)3 , (31)

where Nk is the number of modes used to estimate P(k), Vk is
the volume of the shell in Fourier space that is used for the es-
timation of P(k),8 Vf is the volume of the fundamental cell in k

space, and nv is the number density in the simulation box. From
Eq. (26) follows that the covariance matrix Covrr0 ⌘ h⇠(r)⇠(r0)i
for the correlation function is:

Covrr0 =

Z 1

0

4⇡k2dk

(2⇡)3 j0(kr) j0(kr
0)

Vk

(2⇡)3 VarP(k) . (32)

If one applies the above equation to a correlation function that
was obtained via pair counts, one substantially overestimates the
variance since Eq. (32) ignores the e↵ect of binning in the pair
separation. In order to account for this, one has to replace the
j0’s with the corresponding functions that are averaged over the
volume Vi of the shell in which ⇠(ri) was estimated (Sanchez
et al. 2008):

j0(kri)! j̄0(kri) =
1
Vi

Z

Vi

d3
r j0(kr) . (33)

Computing directly correlation functions has the advantage that,
unlike in the power spectrum, small-scale e↵ects stay on small
scales, well separated from the linear regime fluctuations. On the
other hand, the covariance matrix of the correlation function is
not diagonal, unlike the power spectrum one, and needs a more
careful modeling. See Bernardeau et al. (2002), and references
therein, for non-Gaussian contributions to the covariance matri-
ces.

3.3. Power spectrum modeling

As described in Section 3.1, we adopt a tomographic approach.
We now describe how we model theoretically the angular and
spatial clustering, starting with the more familiar FLRW case.

FLRW case

The dimensionless matter power spectrum extrapolated using
linear theory to the time t is:

�2
lin(k, t) ⌘ k

3

2⇡2 Plin(k, z) = �2
H0

 
k

a0H0

!3+ns

T
2(k) D

2(t) , (34)

�2
H0 =

4
25

 
�(t0)
⌦m,0

!2  
a0H0

kp

!ns�1

As , (35)

where �H0 is the amplitude of perturbations on the horizon scale
today, we adopted for the growth function D the normalization
of Eq. (19), and T (k) is the standard matter transfer function that
connects the primordial power spectrum to the power spectrum
after radiation domination, normalized according to T (k) ! 1

8 Adopting for �k the fundamental wavenumber, one has �k = 2⇡/L.
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Fig. 2. The quantity ° of Eq. (14) as a function of the present-day cen-
tral contrast ±0 for three values of of ¬, see also Fig. 1. If °ø 1 the
local FLRW approximation should be valid.

where the denominator is given by Eq. (21).

2.3. Radial coordinate

In the previous equations we used the comoving coordinate
r of the LTB metric. This is particularly useful because the
LTB dynamics does not feature gradients in r . However, one
can always redefine r and so, even though r is the coordinate
that is used to solve the background and perturbation equa-
tions, when considering observables it is convenient to use the
FLRW comoving coordinate:

¬(t ,r ) = Y (t ,r )
a(t )

, (24)

so that the FLRW and LTB physical distances coincide (assum-
ing E ø 1, see BEHOMO I). Note that at early times one has
¬ ' r , because Y = a?r ' a r , and that, thanks to the adopted
matching condition, it is ¬= r for r ∏ rb , where rb is the coor-
dinate radius of the spherical inhomogeneity.

3. FLRW angular power spectrum

3.1. Matter power spectrum

The dimensionless matter power spectrum extrapolated using
linear theory to the time t is (Liddle & Lyth 2000):

¢2
lin(k, t ) ¥ k

3

2º2 Plin(k, z) = ±2
H0

µ
ck

a0H0

∂3+ns

T
2(k)D

2(t ) , (25)

±2
H0 =

4
25

µ
±(t0)

a0≠m,0

∂2 µ
a0H0

ckp

∂
ns°1

As , (26)

where ±H0 is the amplitude of perturbations on the horizon
scale today, we adopted for the growth function D the nor-
malization of Eq. (20), and T (k) is the standard matter trans-
fer function that connects the primordial power spectrum to
the power spectrum after radiation domination, normalized

according to T (k)
k!0°°°! 1. For clarity’s sake we re-introduced

here the speed of light c. The amplitude As of primordial scalar
curvature fluctuations and their tilt ns specify the primordial
curvature power spectrum:

¢2
R = As

µ
k

kp

∂
ns°1

, (27)

where kp = 0.05/Mpc is the pivot scale. Alternatively to the
linear power spectrum of Eq. (25), one could also adopt the
nonlinear¢2(k, t ) from the simulation itself or HaloFit (Taka-
hashi et al. 2012). Note that numerical codes such as CAMB nor-
malize the transfer function according to:

TCAMB = 2
5

c
2±(t0)

a
3
0 H

2
0≠m,0

T , (28)

so that it is:

¢2
lin(k, t ) =¢2

RT
2
CAMBk

4
D

2(t ) . (29)

Note that the wavenumbers k are defined according to the
FLRW and N -body coordinate ¬ and not the LTB radial coor-
dinate r .

3.2. Angular power spectrum

The angular power spectrum is given by :

C
exact
` (t ,¬) = 4º

Z
dk

k
¢2(k, t )F

2
¬,`(k) , (30)

F¬,`(k) =
Z

d¬̄F¬(¬̄) j`(k¬̄) , (31)

where F¬ is the radial selection function. As we will discuss
later, we adopt:

F¬(¬̄) =
Ω

1/¢¬ for ¬1 < ¬̄<¬2
0 otherwise , (32)

where¢¬=¬2°¬1 and ¬= (¬1+¬2)/2. The integral of Eq. (31)
can be performed analytically:

F
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where p F̃q is the generalized hypergeometric function, which
can be evaluated precisely with the Python code mpmath (Jo-
hansson et al. 2013). Alternatively, one can estimate Eq. (31)
numerically via the FFTLog-and-beyond code3 (Fang et al.
2020).

3.3. Approximations for C`

For `¿ 1 it is usually convenient to adopt the Limber approx-

imation lim`¿1 j`(x) =
q

º
2`+1±(`+ 1

2 ° x), which LoVerde &
Afshordi (2008) showed to be valid for ` & `c ¥ ¬/¢¬. Starting
from Eq. (30), one has:

C
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2(k, t )F

2
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2
µ
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¬
, t

∂
. (35)

3 github.com/xfangcosmo/FFTLog-and-beyond
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Fig. 2. The quantity ° of Eq. (14) as a function of the present-day cen-
tral contrast ±0 for three values of of ¬, see also Fig. 1. If °ø 1 the
local FLRW approximation should be valid.

where the denominator is given by Eq. (21).

2.3. Radial coordinate

In the previous equations we used the comoving coordinate
r of the LTB metric. This is particularly useful because the
LTB dynamics does not feature gradients in r . However, one
can always redefine r and so, even though r is the coordinate
that is used to solve the background and perturbation equa-
tions, when considering observables it is convenient to use the
FLRW comoving coordinate:

¬(t ,r ) = Y (t ,r )
a(t )

, (24)

so that the FLRW and LTB physical distances coincide (assum-
ing E ø 1, see BEHOMO I). Note that at early times one has
¬ ' r , because Y = a?r ' a r , and that, thanks to the adopted
matching condition, it is ¬= r for r ∏ rb , where rb is the coor-
dinate radius of the spherical inhomogeneity.

3. FLRW angular power spectrum

3.1. Matter power spectrum

The dimensionless matter power spectrum extrapolated using
linear theory to the time t is (Liddle & Lyth 2000):
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where ±H0 is the amplitude of perturbations on the horizon
scale today, we adopted for the growth function D the nor-
malization of Eq. (20), and T (k) is the standard matter trans-
fer function that connects the primordial power spectrum to
the power spectrum after radiation domination, normalized

according to T (k)
k!0°°°! 1. For clarity’s sake we re-introduced

here the speed of light c. The amplitude As of primordial scalar
curvature fluctuations and their tilt ns specify the primordial
curvature power spectrum:

¢2
R = As
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∂
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, (27)

where kp = 0.05/Mpc is the pivot scale. Alternatively to the
linear power spectrum of Eq. (25), one could also adopt the
nonlinear¢2(k, t ) from the simulation itself or HaloFit (Taka-
hashi et al. 2012). Note that numerical codes such as CAMB nor-
malize the transfer function according to:

TCAMB = 2
5
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T , (28)

so that it is:
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Note that the wavenumbers k are defined according to the
FLRW and N -body coordinate ¬ and not the LTB radial coor-
dinate r .

3.2. Angular power spectrum

The angular power spectrum is given by :
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exact
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where F¬ is the radial selection function. As we will discuss
later, we adopt:

F¬(¬̄) =
Ω

1/¢¬ for ¬1 < ¬̄<¬2
0 otherwise , (32)

where¢¬=¬2°¬1 and ¬= (¬1+¬2)/2. The integral of Eq. (31)
can be performed analytically:
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where p F̃q is the generalized hypergeometric function, which
can be evaluated precisely with the Python code mpmath (Jo-
hansson et al. 2013). Alternatively, one can estimate Eq. (31)
numerically via the FFTLog-and-beyond code3 (Fang et al.
2020).

3.3. Approximations for C`

For `¿ 1 it is usually convenient to adopt the Limber approx-

imation lim`¿1 j`(x) =
q

º
2`+1±(`+ 1

2 ° x), which LoVerde &
Afshordi (2008) showed to be valid for ` & `c ¥ ¬/¢¬. Starting
from Eq. (30), one has:
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3 github.com/xfangcosmo/FFTLog-and-beyond
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It is a good approximation to adopt C
Limber
`

for ` > 10`c .
Note that, by using the Limber approximation, we are ne-
glecting/averaging out the oscillations of the spherical Bessel
functions. In other words, the small scale contribution is sup-
pressed. Eq. (35) performs the integral on ¬ via a zero-order
Taylor expansion of the power spectrum.4 One can improve
on this by considering the second-order expansion so that:

C
Limber
` !C

Limber
`

2
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1+`c ln

≥
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`c+1/2
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¥
/¢002

≥
`+1/2
¬ , t

¥

3
5 . (36)

Furthermore, LoVerde & Afshordi (2008) obtained the second-
order correction to the Limber approximation, which in the
case of the selection function of Eq. (32), gives:

C
Limber
` !C

Limber
`

µ
1° 1

8(`+1/2)2

∂
, (37)

which, however, is a negligible correction (1% at ` = 3) and
it does not improve the convergence to the exact result.
[VM: typo in their paper? wrote to them, no answer..]

As we consider thin shells, `c ¥ ¬/¢¬ ¿ 1, one could
be tempted in taking the Dirac-delta limit ¢¬ ! 0, so that
F¬,`(k) = j`(k¬). The corresponding expression for C` is, how-
ever, not useful because the convergence is very slow: one
should take shells so thin that shot noise would dominate the
results. Physically, the thin-shell limit includes perturbations
that are instead averaged out when computing the angular
power spectrum for a thin but finite shell: this causes an excess
of power for any `. Mathematically, the convergence is slow
because the spherical Bessel function is squared. We discuss
this in detail in Appendix A.

A useful approximation to evaluate F¬,`(k) is then:

F¬,`(k) =

8
>>>>><
>>>>>:

0 for k < kmin

F
3rd
¬,` (k) for kmin ∑ k < kcut

F
exact
¬,` (k) for kcut ∑ k < kasym

F
asym
¬,` (k) for k ∏ kasym

, (38)

kmin = max
°
0,(`°20)/¬

¢
, kcut =º/¢¬, kasym = ncut`/¬,

where the use of kmin is justified by the fact that, for ` > 20,
j`(k¬) ª 0 for k¬< `°20. The approximation F

3rd
¬,` is obtained

by Taylor expanding j` around k¬ before carrying out the inte-
gral of Eq. (31). This is particularly convenient as the derivative
of a spherical Bessel function is a spherical Bessel function.
The third-order expansion gives:5

F
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∑
1° (k

2¬2+`°`2)¢¬2
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∏
+k¢¬2

12¬
j`+1(k¬). (39)

This approximation is good for modes smaller than kcut, which
we take as half of the largest wavenumber across the shell,
2º/¢¬. The asymptotic form of Eq. (A.1) can be used for k ¿
`/¬, that is, ncut =O(10). We found that one obtains a good ac-
curacy and speed for ncut = 5. For the remaining k range one
has to use the exact expression, which is O(10) slower as com-
pared to the others.

4 Actually, the first-order expansion gives the same result.
5 The zero- and first-order expansions both give j`(k¬), and the sec-
ond and third order expansions both give Eq. (39).

4. LTB angular power spectrum

In the silent limit of Section 2.1, the angular power spectrum
relative to the LTB background is (Zibin 2008):
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with the LTB transfer function for density perturbations:
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where ai and Hi correspond the FLRW background at the time
ti during the matter-dominated (EdS) era (zini = 49).

It it important to stress that the decomposition into wave
numbers k has been done at the early time ti , so the harmonic
expansion is valid: the argument of the spherical Bessel func-
tion is k¬ and ¬ º r at early times. In particular, the descrip-
tion of the primordial perturbations via ¢2

R(k) is meaningful;
equivalently, the parameters As and ns do not depend on r ,
even if a large LTB inhomogeneity is formed at later times.

As we consider a finite selection function, the angular
power spectrum becomes:
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where, because ¢¬/¬ ø 1, we took out of the integral the
slowly varying LTB transfer functions.

4.1. Local FLRW approximation

In the local FLRW approximation of Section 2.2, the LTB trans-
fer function for density perturbations reduces to:

TLTB,Ω(t ,¬,k,`) = c
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where ±m(t ,r ) is the solution of Eq. (15), and:
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so that:
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It is a good approximation to adopt C
Limber
`

for ` > 10`c .
Note that, by using the Limber approximation, we are ne-
glecting/averaging out the oscillations of the spherical Bessel
functions. In other words, the small scale contribution is sup-
pressed. Eq. (35) performs the integral on ¬ via a zero-order
Taylor expansion of the power spectrum.4 One can improve
on this by considering the second-order expansion so that:
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Furthermore, LoVerde & Afshordi (2008) obtained the second-
order correction to the Limber approximation, which in the
case of the selection function of Eq. (32), gives:
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which, however, is a negligible correction (1% at ` = 3) and
it does not improve the convergence to the exact result.
[VM: typo in their paper? wrote to them, no answer..]

As we consider thin shells, `c ¥ ¬/¢¬ ¿ 1, one could
be tempted in taking the Dirac-delta limit ¢¬ ! 0, so that
F¬,`(k) = j`(k¬). The corresponding expression for C` is, how-
ever, not useful because the convergence is very slow: one
should take shells so thin that shot noise would dominate the
results. Physically, the thin-shell limit includes perturbations
that are instead averaged out when computing the angular
power spectrum for a thin but finite shell: this causes an excess
of power for any `. Mathematically, the convergence is slow
because the spherical Bessel function is squared. We discuss
this in detail in Appendix A.

A useful approximation to evaluate F¬,`(k) is then:
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where the use of kmin is justified by the fact that, for ` > 20,
j`(k¬) ª 0 for k¬< `°20. The approximation F

3rd
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by Taylor expanding j` around k¬ before carrying out the inte-
gral of Eq. (31). This is particularly convenient as the derivative
of a spherical Bessel function is a spherical Bessel function.
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This approximation is good for modes smaller than kcut, which
we take as half of the largest wavenumber across the shell,
2º/¢¬. The asymptotic form of Eq. (A.1) can be used for k ¿
`/¬, that is, ncut =O(10). We found that one obtains a good ac-
curacy and speed for ncut = 5. For the remaining k range one
has to use the exact expression, which is O(10) slower as com-
pared to the others.

4 Actually, the first-order expansion gives the same result.
5 The zero- and first-order expansions both give j`(k¬), and the sec-
ond and third order expansions both give Eq. (39).

4. LTB angular power spectrum

In the silent limit of Section 2.1, the angular power spectrum
relative to the LTB background is (Zibin 2008):
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where ai and Hi correspond the FLRW background at the time
ti during the matter-dominated (EdS) era (zini = 49).

It it important to stress that the decomposition into wave
numbers k has been done at the early time ti , so the harmonic
expansion is valid: the argument of the spherical Bessel func-
tion is k¬ and ¬ º r at early times. In particular, the descrip-
tion of the primordial perturbations via ¢2

R(k) is meaningful;
equivalently, the parameters As and ns do not depend on r ,
even if a large LTB inhomogeneity is formed at later times.

As we consider a finite selection function, the angular
power spectrum becomes:
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where, because ¢¬/¬ ø 1, we took out of the integral the
slowly varying LTB transfer functions.

4.1. Local FLRW approximation

In the local FLRW approximation of Section 2.2, the LTB trans-
fer function for density perturbations reduces to:

TLTB,Ω(t ,¬,k,`) = c
2

k
2

a
2
i

H
2
i

±m

°
t ,r (t ,¬)

¢

ai

j`(k¬) , (45)

where ±m(t ,r ) is the solution of Eq. (15), and:

T`(t ,¬,k) = c
2

k
2

a
2
i

H
2
i

±m

°
t ,r (t ,¬)

¢

ai

F¬,`(k) , (46)

so that:

C`(t ,¬) = 4º
Z

dk

k
¢2(k, t ,¬)F

2
¬,`(k) , (47)
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Fig. 3. Binning strategy. We compute the angular power spectrum in
the spherical shells delimited by the dotted circles. The actual num-
ber of bins is larger, see Section 5.1 for details.

where ¢2(k, t ,¬) is the power spectrum relative to the shell ¬:

¢2(k, t ,¬) =¢2
R(k)T

2(k)k
4

"
2c

2±m

°
t ,r (t ,¬)

¢

5a
3
i

H
2
i

#2

=¢2(k, t )
±2

m

°
t ,r (t ,¬)

¢

±2
m(t )

. (48)

where we used H
2
0≠m,0 = 8ºGΩm,0/3, H

2
i
= 8ºGΩm,i /3 and

Ωm,0/Ωm,i = (ai /a0)3 so that a
3
i

H
2
i
= a

3
0 H

2
0≠m,0. Therefore:

C
LTB
` (t ,¬) =C`(t ,¬)

±2
m

°
t ,r (t ,¬)

¢

±2
m(t )

, (49)

that is, as expected, the LTB correction does not show any `
dependence in the local FLRW approximation.

5. Measuring the angular power spectrum

5.1. Strategy for binning the simulation box

In order to measure the growth of structure from the simu-
lations we must respect the spherical symmetry of the LTB
metric. Consequently, we focus on the angular power spec-
trum. We exclude the inner region of the inhomogeneity for
two reasons. First, because of strong projection effects, it does
not make sense to compute the angular power spectrum for a
radial bin that includes the origin. Second, due to the chosen
inhomogeneity profile, the inner region (¬ . rb/4) is basically
homogeneous (see Fig. 1), that is, it is a curved FLRW island
for which the growth of perturbations is known.

Figure 3 shows the binning strategy that we adopt. The
solid lines describe the inhomogeneity boundary and the sim-
ulation box, while the dotted lines mark the bins. We adopt

bins of constant width:

b0 = 0,

bi+1 = rb/4+ i
L/2° rb/4

nr °1
with i = 0, . . . ,nr °1, (50)

where L is the size of the simulation box. We use a value of nr

that is sufficiently large so that we can probe the local effect of
spatial gradients. Specifically, we adopt nr = 17 so that for, e.g.,
Box 4 (see BEHOMO I) the width is 50Mpc/h. The bin centers
are:

¬̄0 = rb/8,

¬̄i = rb/4+ (i °1/2)
L/2° rb/4

nr °1
with i = 1, . . . ,nr °1. (51)

As the bins are thin, the bin centers approximately coincide
with the average radius of the particles in the bin:

¬̃i =
1

Nb,i

X

¬i2[bi ,bi+1[
¬i , (52)

where {¬i ,µi ,¡i } are the spherical coordinates of the particles
with respect to the center of the simulation box and Nb,i is the
total number of particles in the bin [bi ,bi+1[.

5.2. Power spectrum computation and covariance matrix

To compute the angular power spectrum we use healpy
(Zonca et al. 2019), the Python implementation of the
HEALPix6 code (Górski et al. 2005). First, we produce a map
with Nside = 2048, corresponding to 12 N

2
side pixels. Then, we

compute the power spectrum up to `max = 2 Nside = 4096 us-
ing pixel weights:

C` =
X
m

|a`m |2
2`+1

. (53)

In the full-sky setup of the present analysis and assuming that
the a`m spectra are Gaussian distributed, the C` measure-
ments are uncorrelated and the uncertainty is:

VarC` =
2

N`

µ
C`+

1
ns

∂2

, (54)

N` = 2`+1, (55)

where N` is the number of modes used to estimate C` and ns

is the number of objects per steradian. In the limit ns ! 1,
the expression above reduces to the cosmic variance contri-
bution (error on variance of a`m). We make publicly available
the angular power spectrum and its covariance matrix for all
the shells and simulations.

5.3. Shot noise and pixel window function

As described in Section 5.1, we adopt a tomographic approach.
We now describe how we model theoretically the angular and
spatial clustering, starting with the more familiar FLRW case.

[VM: fitting shot noise? ...]

6 healpix.sourceforge.io
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one obtains:

±̈(t ,r )+2Hloc(t ,r ) ±̇(t ,r )° 3
2

H
2
loc(t ,r )≠loc

m
(t ,r )±(t ,r ) = 0, (15)

where, for convenience sake, we introduced:

Hloc(t ,r ) ¥ µ(t ,r )
3

, (16)

≠loc
m

(t ,r ) ¥ 8ºGΩm(t ,r )

3H
2
loc(t ,r )

. (17)

The latter is the local matter density parameter and is different
from the averaged one, shown in Fig. 1, that enters the equiv-
alent of the Friedmann equation, see BEHOMO I. Eq. (15) is
the perturbation equation for some curved local FLRW model
with matter and cosmological constant and can be solved with
initial conditions at the matter-dominated era:2

±(ti ,r ) = aloc(ti ,r ) , ±̇(ti ,r ) = ȧloc(ti ,r ) , (18)

where the scale factor aloc is relative to the local FLRW model
and ± is normalized to match the scale factor in the matter-
dominated epoch. We normalize, instead, the growth function
D to unity today:

D(t ,r ) = ±(t ,r )
±(t0,r )

. (19)

For r ∏ rb , there is not spatial curvature and Eq. (15) has the
following exact solution (Chernin et al. 2003; Demianski et al.
2005):

±(t ) = a(t ) 2F1

µ
1
3

,1,
11
6

,°
≠§,0

≠m,0
a(t )3

∂
. (20)

Alternatively, one may solve for the potential, again in
the approximation of no coupling between scalar and vec-
tor/tensor modes (February et al. 2014):

©̈(t ,r )+4H?(t ,r )©̇(t ,r )°
"

2k(r )

a
2
?(t ,r )

°§
#
©(t ,r ) = 0. (21)

It is quite involved to connect © to ± via the equivalent of the
Poisson equation in LTB (Clarkson et al. 2009). However, as we
are under the approximation that °ø 1, one can check that
plugging ±/ a?© in Eq. (15) with µ º 3H? returns Eq. (21).

In this case the LTB transfer function is trivially T
LTB
ΩΩ =

±(t ,r )/±(ti ,r ). Nonetheless it is useful to consider the ratio
with the transfer function in the background FLRW model:

F
LTB
Ω =

T
LTB
ΩΩ

T
FLRW
ΩΩ

= ±(t ,r )
±(t )

, (22)

where the denominator is given by Eq. (20).
[VM: cite all papers in pert folder]

3. Clustering

3.1. Strategy for binning the simulation box

In order to measure the growth of structure from the simula-
tions we must respect the spherical symmetry of the LTB met-
ric. Consequently, we focus on the angular power spectrum

2 We adopt zini = 49, which we used to set the initial conditions for
the simulations.
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Fig. 2. Binning strategy. We compute the angular power spectrum in
the spherical bins and the 3D power spectrum in the inner sphere.
The actual number of bins is larger, see Section 3.1 for details.

and two-point angular correlation function. We make an ex-
ception to this methodology for the inner region of the inho-
mogeneity. The reasons are two. First, because of strong pro-
jection effects, it does not make sense to compute the angular
power spectrum for a radial bin that includes the origin. Sec-
ond, thanks to the chosen inhomogeneity profile, the inner re-
gion (¬ . rb/4) is basically homogeneous (see Fig. 1), that is,
it is an FLRW island inside the LTB inhomogeneity so that we
can meaningfully compute the 3D power spectrum.

Figure 2 shows the binning strategy that we adopt. The
solid lines describe the inhomogeneity boundary and the sim-
ulation box, while the dotted lines mark the bins. For the an-
gular power spectrum we adopt bins of constant width:

b0 = 0,

bi+1 = rb/4+ i
L/2° rb/4

nr °1
with i = 0, . . . ,nr °1, (23)

where L is the size of the simulation box. We use a value of
nr that is sufficiently large so that one can neglect projection
effects, whose remaining bias is factored out when compar-
ing with the corresponding§CDM simulation. Specifically, we
adopt nr = 17 so that for, e.g., Box 4 (see BEHOMO I) the width
is 50Mpc/h. The bin centers are:

¬̄0 = rb/8,

¬̄i = rb/4+ (i °1/2)
L/2° rb/4

nr °1
with i = 1, . . . ,nr °1. (24)

As the bins are thin, the bin centers approximately coincide
with the average radius of the particles in the bin:

¬̄i =
1

Nb,i

X

¬i2[bi ,bi+1[
¬i , (25)

where {¬i ,µi ,¡i } are the spherical coordinates of the particles
with respect to the center of the simulation box and Nb,i is the
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BEHOMO papers

• paper 1: The BEHOMO project: ΛLTB N-body simulations; Marra et al 2203.04009

• paper 2: The BEHOMO project: linear-scale evolution on a ΛLTB background

• paper 3: 3D PLC analysis

• paper 4: nonlinear perturbations, lensing

• paper 5: halo abundances, bias (linear and secondary) and clustering

• paper 6: halo profile, concentrations (properties), merger trees

• paper 7+: ..., dipole/bulk motion (off-center observer), fractal dimensions, genus, Minkowski 
functionals, ..., you name it!
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Early-FLRW cosmologies (cont'd)

spacetime inhom: LTB
justification: 
[ΛLTB model: ΛCDM endowed with a 
spherical over/underdensity]

observer: at the center
justification:
- if nonlinear, observer is constrained 

near center by CMB
- if linear, observer’s observations 

averaged over angles
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Early-FLRW cosmologies (cont'd)

spacetime inhom: LTB
justification: 

observer: off-center
missing: off-center ray tracing module

important constraints from CMB
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lacement
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Fig. 2 Sketch of an exact
swiss-cheese model

this implies that if there is an underdensity, there must be a compensating overdensity
(see Ref. [13,14] for more details).

Thanks to the matching, an observer outside the holes will not feel the presence of
the holes as far as local physics is concerned (this does not apply to global quantities,
such the luminosity-distance–redshift relation for example). So the cheese is evolving
as an EdS universe while the holes evolve differently. Independent of how many holes
we put in, we will still have an exact solution of the Einstein equations. Again, this
is due to spherical symmetry. We can imagine placing holes in order to satisfy the
bare cosmological principle. We therefore see that, by construction, in an exact swiss-
cheese model the scale factor of the ABS evolves as the one of the EdS model, which
describes the evolution of the swiss-cheese on scales larger than any spherical hole.
In other words, in this special case, a cheese-only model and the swiss-cheese model
have the same volume evolution in spite of the inhomogeneities. This tells us that the
swiss-cheese model is just by construction the wrong model to study the impact of
inhomogeneities on the ABS, that is, to study strong backreaction.

The swiss-cheese model is, however, a useful toy model with which to study the
GBS and the PBS. In the following we will discuss some swiss-cheese models together
with other examples found in the literature. As we will see, the backreaction proposal
can act through different ways. We would like to stress that a combination of the
possible effects might be necessary to explain away dark energy.

5.1 The GBS does not describe the spacetime

As we have seen, independently of the inhomogeneities, in swiss-cheese models the
ABS evolves as the EdS model. Moreover, the curvature inside the holes is small
(quadratic in hole-radius/Hubble-radius) as far as metric quantities are concerned, and

123

Early-FLRW cosmologies (cont'd)

spacetime inhom: LTB

justification: swiss-cheese universe, 
bypassing the limitations of the LTB 
monotonic spherical profile

construction: trivial thanks to 
matching conditions in model and 
simulations

any siz
e, co
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umber 

& observer placement



Early-FLRW cosmologies (cont'd)

Time to retire the LTB metric? 

Szekeres is interesting (dipole 
inhom), but is it worth the trouble?



Early-FLRW cosmologies (cont'd)

Exact GR solutions are useful for nonlinear departures from 
ΛCDM. However, nonlinear structures are ruled out at large 
scales and linear modeling can be tested consistently a posteriori.

The next step could be a perturbative modeling of large-scale 
deviations from FLRW; Newtonian codes could be tested against 
GR codes for the background evolution.
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