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The BMS group is infinite-dimensional and contains the
Poincaré group as a subgroup.

It was first found at null infinity by Bondi and Metzner, and Sachs.

In order to better understand its role in the quantum theory,
where physical states are usually defined on spacelike (Cauchy)
hypersurfaces,

it is desirable to understand its action on spacelike (Cauchy)
hypersurfaces, and thus, at spatial infinity.
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For that reason, it was sometimes stated that the BMS group was
intrinsically connected with gravitational radiation and could
only be seen in formulations adapted to null infinity.

But if a transformation is a symmetry of a theory, it should be
visible in any formulation!

So : which picture should be trusted?
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: resolved in the last years

p— through a reconsideration of the boundary conditions at spatial
Reminder in ﬁni ty.

New, consistent boundary conditions at spatial infinity have
been proposed, which are invariant under the full
infinite-dimensional BMS group.

Analyses at null infinity and at spatial infinity can furthermore be
shown to completely agree.

The purpose of this last lecture is to explain how the
infinite-dimensional BMS group appears at spatial infinity.
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BMS=% &, o

The supertranslations are parametrized by functions on the
sphere,

which can be expanded in spherical harmonics.

The ¢ =0 and ¢ = 1 harmonics correspond to the ordinary
translations;

the higher harmonics are the pure supertranslations.
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(Universieibre A central role in the analysis will thus be played by the

T gravitational action
which reads, in Hamiltonian form,

Hamiltonian

formulation Slgy, 77, N,N'] = f dt{f dgx(nijatgij —-N' 75" - N]fgm”) - Boo}
where B, is a boundary term at infinity and where
O = _ JeR+ - (- Sn?) =0, ATV = _2viai~0
_\/g\/gnnljzn~, N ;= 0.

(Dirac, Arnowitt-Deser-Misner, Regge-Teitelboim)
The definition of phase space must be completed by boundary
conditions on the canonical variables (g;; and ).
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de Bruxelles and These asymptotic conditions should restrict the asymptotic
: deviations from the background metric (Minkowski space) in
such a way that :

@ They contain all known solutions which are asymptotically flat
gﬁﬁ:ﬁ: (Schwarzschild, Kerr...).
© They make the action finite.
© They are invariant (and the action is invariant) under at least all
(asymptotic) Poincaré symmetries, which are then canonical
transformations.

[In the anti-de Sitter case, one would have similar conditions,
with the background metric replaced by the AdS metric and the
Poincaré group replaced by the AdS group.]
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properties under the antipodal map,
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(Université Libre
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By 1 _
hij= gij— 8= ———+0(=), hy(-n")=hyn®)
and _—
Asymptotic .. 7Y 1 . .
conditions 7l = L;l) +0(=), 7/(=n* =-7nk).
r r

But these strict parity conditions leave no room for the BMS
group.

The asymptotic symmetry reduces to the Poincaré group (and
not more), with no sign of the supertranslations.

This can be seen by following the general prescriptions given in
the first lecture.
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The strict parity conditions are too strong because they kill the
pure supertranslations found at null infinity.

One must relax these parity conditions... but not completely if
one wants to maintain finiteness of the action.

J— The idea is to allow a “parity-twisted component” of a specific
conditions form in the leading orders in the asymptotic expansions of the
metric and its conjugate momentum.

This parity-twisted component takes the form of a variation of
the fields generated by a @' (1) diffeomorphism (rewritten in
Hamiltonian form).
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hij = gij— 6 = jij + Uyj,
) (71 yeven (nk) 1 _ B
Ji= L S + O(ﬁ)’ (hij)even(—nk) — (hij)even(nk)

1 . . . .
Uij=0ij+0i¢i=0(-), {'=¢mhH=001), {(-nH=¢mb,

(i=0;0U), Um"=00)=-U(n", U;=20,0,00)

Ui is the contribution that twists the strict parity condition on
the metric by an @' (1)-diffeomorphism (to leading order) and can
be assumed to be odd ({; even, U odd).

(The particular form {; = 0;(rU) is needed to ensure that the
boosts are canonical transformations - see literature for technical
derivations.)
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. ijyodd (4 k 1 . .
: pl] = w + O(ﬁ)’ (ﬁl])Odd(—nk) — —(ﬁl])Odd(nk)
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conditions

where V is a function of the angles which can be assumed to be
even.

V¥ is the contribution that twists the strict parity of 7¥ (at leading
order) by a diffeomorphism (written in Hamiltonian form).

The twisting is thus characterized by two functions of the angles,
one odd (U) and one even (V).
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conditions

where T is even and W is odd.

The terms b;x’ and b’ jxf describe respectively boosts and spatial
rotations.

The zero mode of T and the first spherical harmonic component
of W describe translations.
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Asymptotic subleading with our twisted parity conditions and do not invalidate

conditions the existence of the BMS symmetry.

e The even function T and the odd function W describing the BMS
algebra at spatial infinity combine to form the single arbitrary
function of the angles that appear in the null infinity description of
the supertranslations.

o The “matching conditions” of Strominger, which involve the
antipodal map, are a consequence of the asymptotic conditions at
spatial infinity fulfilled by the initial data.

There is thus complete agreement with the null infinity results
once the twist in the parity conditions is allowed.
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BMS Algebra i B
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where T; and S, are respectively the generators of the standard
translations and of the pure supertranslations.
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representation of the Lorentz group (R, l.] ).

Modulo the ordinary translations, the pure supertranslations
transform in an infinite-dimensional representation of the

Lorentz group (Gmﬁ ).

RAERlath e There are intriguing physical features resulting from the structure
of the BMS algebra

which are somewhat uncomfortable.

These features originate from the fact that the Poincaré
subalgebra is not an ideal.
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Marc Henneaux

This non-invariance comes on top of the familiar non-invariance
of the angular momentum under ordinary translations, but there
one knows how to define an intrinsic angular momentum in
terms of Casimirs of the Poincaré algebra, which amounts to
compute the angular momentum with respect to the center of
mass worldline.

BMS Algebra

A similar construction for supertranslations appears to be more
intricate for the full BMS algebra.

Can one provide a definition of the angular momentum free from
this supertranslation ambiguity?

Not within the original BMS algebra (this is a theorem due to
Sachs).
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Can one relax even more the boundary conditions in a useful
way?

The answer is positive. One can enlarge the symmetry by further
twisting. The extended algebra includes “logarithmic
supertranslations”. Within it, one can eliminate the
supertranslation ambiguity.

o s To exhibit the logarithmic supertranslations, one must allow
supertranslations

i terms in the asymptotic expansion of the canonical variables that
result from diffeomorphisms that grow like In r at infinity.

The logarithmic supertranslations are diffeomorphisms that
grow like In r at infinity and which preserve by construction the
new boundary conditions.
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The (allowed) logarithmic supertranslations are then canonical
transformations with a well-defined, finite charge.

They depend on a single function of the angles, but the ¢ = 0 and
¢ =1 harmonics define proper gauge transformations : they have
Logarithmic zero charge.

supertranslations

The physical logarithmic supertranslations are thus
parametrized by the same class of functions as the pure
supertranslations. We denote them L.
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{L%, T} =0.

They also commute with the pure supertranslations, but up to an
invertible central term,

Logarithmic

supertranslations { La’ S ﬁ} = 6 % .

[The simplicity in form of the central term results from the
redefinition L% = g%F Lg.]
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Mg, L%} = =G, 1F,
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One can also check

Mo, Mp} = fo, M., Mg, T} =R ]T;. (5.4)

so that the Poincaré algebra is unchanged.
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The new Lorentz generators are supertranslation invariant
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transformations is not an issue since we are working with the
generators throughout.
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