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Introduction : the problem in a nutshell

Electromagnetism provides a simple example in which one can
illustrate the main ideas.

The question is : what are the asymptotic symmetries of
electromagnetism?

Studies at null infinity show that these are the
infinite-dimensional angle-dependent u(1) transformations,

δAµ = ∂µϵ , ϵ=O (1) ⇔ ϵ= ϵ(xA) .

(xA = angles on the sphere)

How can one see that at spatial infinity ?
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Maxwell theory in 4D

The canonical variables are Ak and πk (electric field).

[We shall introduce later the canonical pair (A0,π0).]

The standard boundary conditions are

Ak =
a(1)

k (n)

r
+

a(2)
k (n)

r2 +o(r−2)

for the spatial components of the connexion and

πk =
pk

(1)(n)

r2 +
pk

(2)(n)

r3 +o(r−3)

for the electric field.

These conditions imply

Fik =
f (1)
ik (n)

r2 +
f (2)
ik (n)

r3 +o(r−3)

for the magnetic field.
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Maxwell theory in 4D

Problems :

(1) The kinetic term
∫

d3xπk(x)dAk(x) is in general
(logarithmically) divergent.

(2) The generator of boosts
(∼ ∫

d3xr(E2 +B2)
)

is in general
(logarithmically) divergent.

One needs to strengthen the boundary conditions.
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Maxwell theory in 4D - Standard parity conditions

One imposes that the first coefficients in Ak and πk have definite
parity properties :

a(1)
k (−n) = a(1)

k (n), pk
(1)(−n) =−pk

(1)(n).

It follows that
f (1)
ik (−n) =−f (1)

ik (n)

These conditions eliminate the above divergences.

These conditions are also invariant under Lorentz
transformations

because the leading orders of Lorentz parameters are parity-odd
(boosts and rotations).
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Maxwell theory in 4D - Standard parity conditions

These parity conditions are thus fulfilled by the Liénard-Wichiert
potentials (up to a gauge transformation).

They are also fulfilled by the electromagnetic field of a magnetic
monopole (up to a gauge transformation).

From the point of view of containing the known solutions, these
boundary conditions seem therefore acceptable.
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Asymptotic symmetries and charges

We now turn to the computation of the asymptotic symmetries.

The physical asymptotic symmetry algebra is the quotient of all
the gauge transformations preserving the boundary conditions
by the ideal of “trivial" asymptotic symmetries, which have zero
charges for all configurations obeying the boundary conditions.

We must therefore both determine the asymptotic gauge
transformations that preserve the boundary conditions and
compute the value of their generators.
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Maxwell theory in 4D

The generator of gauge transformations is

G[ϵ] =
∫

d3xϵ(x)
(
−πk

,k

)
+Q[ϵ∞]

(Gauss’ law + surface term) with

Q[ϵ∞] =
∫

S2∞
ϵπkd2Sk.

Since πr is even, the charges G[ϵ] reduce on-shell to (in polar
coordinates)

G[ϵ] ≈
∮

d2xϵevenπ
r .

The odd part ϵodd of the gauge parameter ϵ gives a zero
contribution to the charges G[ϵ].
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Maxwell theory in 4D

It follows that the gauge transformations with ϵodd are proper
gauge transformations that do not change the physical state of
the system.

By contrast, the gauge transformations with ϵeven are improper
gauge transformations that do change the physical state of the
system.
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Asymptotic symmetries and charges

The boundary conditions are invariant under gauge
transformations δϵAk = ∂kϵ,

where ϵ behaves asymptotically as

ϵ= ϵ0 +λ(n)+o(r0).

Here ϵ0 is a constant and λ(n) is parity-odd,

λ(−n) =−λ(n).

This seems to be an infinite-dimensional global symmetry with
angle-dependent gauge transformations...
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Charges

... but all charges are in fact zero except the charge associated
with ϵ0,

G[λ(n)] = Q[λ(n)] =
∫

S∞
λ(n)πk dSk = 0

so that the quotient algebra is just u(1),
with generator

G[ϵ0] = Q[ϵ0] = ϵ0

∫
S∞
πk dSk.

The asymptotic symmetry is therefore one-dimensional.
Where is the infinite-dimensional algebra of angle-dependent
u(1) gauge transformations discovered at null infinity ?
Is this clash with the null infinity analysis due to a bad choice of
boundary conditions?
Can one devise a “more liberal” strengthening of the original
boundary conditions?
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The answer is affirmative...

and surprisingly simple !

The new boundary conditions that do not suffer from the above
drawback are simply the above ones...

up to a gradient !

That is, one demands that the leading order of Ak be even up to
∂kΦ for someΦ (of order 1)

a(1)
k (−n) = a(1)

k (n)+∂kΦ, pk
(1)(−n) =−pk

(1)(n).

“Parity-twisted boundary conditions” with a twist given by a
gauge transformation.
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Twist is generically an improper gauge
transformations

One might think that one could setΦ= 0 by a gauge
transformation...

but this is generically an improper gauge transformation

with a non-vanishing charge.

It does change the physical state of the system

and it would be wrong to take the quotient by such
transformations.
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Polar coordinates

In polar coordinates, the conditions read

Ar(−xB) =−Ar(xB), πr(−xB) =πr(xB)

(because the leading order Ar is gauge invariant), and

AA = Aeven

A +∂AΦ, πA(−xB) =−πA(xB)

with
Aeven

A (−xB) = Aeven

A (xB)

with no parity conditions onΦ.
With these new boundary conditions, the potential possesses, in
addition to the even part characteristic of the previous boundary
conditions, an odd part (equal to a pure gradient), which is called
the “parity-twisted component”.
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Symplectic structure

Are these conditions acceptable?

Is the symplectic form finite ?

The radial part is clearly ok,

but what about the angular part
∫

d3xπAȦA ?

For this term to be finite,
∫

d2xπAȦA should vanish.

We impose ∂Aπ
A = 0, which is equivalent to the request that the

leading order O(r−1) in ∂iπ
i be absent.
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For this term to be finite,
∫
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Difficulties with boosts

It is clear that these boundary conditions are invariant under
gauge transformations with both even and odd parts.

We have thus succeeded in giving boundary conditions that have
a non trivial infinite-dimensional symmetry.

However, they suffer from two difficulties.

First, we have only “half” of the asymptotic angle-dependent u(1)
transformations, namely those described by an even ϵeven. Where is
the other half?
Second, as soon as one includes in the potential an odd
component, the boosts cease to be canonical transformations.

To cure these problems, one needs to introduce the field A0 and
its conjugate π0.
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Difficulties with boosts

LetΩ be the symplectic form and X be a vector field.

The transformation defined by X is canonical if dV (ιXΩ) = 0
(symplectic structure invariant). One then has ιXΩ=−dV F ,
where F is the canonical generator of the transformation.

In our case, if one performs the computation for the boosts, one
finds

d (ιbΩ) =
∫

d3x∂m

(p
gξdV Fmi

)
dV Ai =

∮
d2x

√
γdV Ar DA(bdV AA) ̸= 0.

This term would be zero if AA would be even, but we have seen
that we must allow an odd part if we want non-trivial asymptotic
u(1) transformations.

It is this odd part which is the source of the difficulty.

The failure to be a canonical transformation is entirely due to a
non-vanishing boundary term.
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Temporal component of the vector potential

We cure the problem by re-introducing A0, with

A0 = Ψ
r
+O (r−2) .

and its conjugate π0. (Note that ψ≡ A0.)

We add to the symplectic 2-form the surface term

−
∮

d2x
√
γdV Ar dVΨ

in addition to the standard bulk part
∫

d3xdVπ
0dV A0.

The transformation law δbA0 =LbA0 implies thatΨ transforms
under boosts as

δbΨ= DA(bAA)+bAr ,

which makes the boosts canonical.
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Temporal component of the vector potential

Because Ar is odd, only the odd part ofΨ occurs in the
symplectic form −∮

d2x
√
γdV Ar dVΨ and is physically relevant.

The pair (A0,π0) does not correspond to new degrees of freedom
in the bulk because the conjugate momentum π0 is contrained to
vanish (as it follows from Maxwell’s action).

The constraint π0 ≈ 0 is first class and can be used to shift A0,

δµA0 ≡ [A0,G[µ]] =µ , G[µ] =
∫

d3xµπ0 ≈ 0.

The generator G[µ] is well-defined and defines a proper gauge
transformation provided µ vanishes at infinity (at least) as O (r−2)
(which implies in particular δµA0 = 0).
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New symmetry

However, if µ= µ
r +O (r−2) with µ ̸= 0, the bulk integral

∫
d3xµπ0

is not a well defined Hamiltonian generator and must be
supplemented by the surface integral −∮

d2x
√
γµAr ,

G[µ] =
∫

d3xµπ0 −
∮

d2x
√
γµAr .

When the constraints hold, G[µ] =−∮
d2x

√
γµAr ̸= 0. It generates

therefore an improper gauge transformation.

The new symmetry is just a shift by the arbitrary odd function of
the angles µ of the coefficient A0 of the leading term in the
expansion of A0.

δµA0 =µ .

This transformation is a non trivial symmetry and A0 a non-trivial
"boundary field".
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Comparing with null infinity

To summarize, the asymptotic symmetries at spatial infinity are
characterized by two functions of the angles ϵeven and µ

odd
, one

even and one odd.

In order to compare these symmetries with the angle-dependent
u(1) symmetry found at null infinity, one must integrate
asymptotically the equations of motion from spatial infinity
(initial data on a Cauchy hypersurface) all the way to null infinity.

This yields surprises because even though the initial data contain
no logr-terms in the asymptotic expansion near spatial infinity,

the expansion of the fields near null infinity is polylogarithmic
(terms of the form logr rk appear) (something overlooked by
many authors).

One can show that the leading logarithmic term (which is r2 logr
for the field strengths) is eliminated by our parity conditions, but
subdominant logarithms will be present.
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Comparing with null infinity

In spite of the logarithmic terms,

one can compare the angle-dependent symmetries at spatial
infinity and null infinity.

One finds by integration that

ϵeven and µ
odd

combine to yield the angle-dependent u(1)
symmetry found at null infinity. The asymptotic symmetry
algebra is just described in two different bases.

There is complete agreement between spatial infinity and null
infinity.

The parity conditions on the initial data also provides a
justification of Strominger’s matching conditions.
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Algebra

The Poincaré transformations and the new angle-dependent u(1)
symmetry have the algebra :

{Pξ1,ξi
1
,Pξ2,ξi

2
} = Pξ̂,ξ̂i ,

{Gµ,ϵ,Pξ,ξi } = Gµ̂,ϵ̂, {Gµ1,ϵ1 ,Gµ2,ϵ2 } = 0,

ξ̂= ξi
1∂iξ2 −ξi

2∂iξ1, ξ̂i = ξj
1∂jξ

i
2 −ξj

2∂jξ
i
1 +g ij(ξ1∂jξ2 −ξ1∂jξ2),

µ̂=∇i(ξ∂iϵ)−ξi∂iµ, ϵ̂= ξµ−ξi∂iϵ.

The algebra of the symmetries is a semi-direct sum of the
Poincaré algebra and the abelian algebra parametrized by µ and
ϵ.
The action of the Poincaré subalgebra characterising this
semi-direct sum is :

δ(Y ,b,T ,W )µ= Y A∂Aµ−DA(bDA
ϵ), δ(Y ,b,T ,W )ϵ= Y A∂Aϵ−bµ.
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Angular momentum ambiguity

The Poisson bracket {Gµ,ϵ,Pξ,ξi } = Gµ̂,ϵ̂

shows that the generators of the angle-dependent u(1)-gauge
transformations transform under the Lorentz group.

The same bracket indicates that the generators of the Lorentz
transformations transform under angle-dependent u(1)-gauge
transformations.

This is known as the "angular momentum ambiguity" (for
Maxwell).

One can provide an ambiguity-free definition of the angular
momentum by enlarging further the symmetry and introducing
"logarithmic gauge transformations".

(Not developed here for lack of time.)
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Conclusions and comments

In order to reveal the action of the angle-dependent u(1)
symmetry at spatial infinity (electromagnetism),

one needs to include a twist in the parity conditions imposed in
standard treatments.

This twist has the form of an improper gauge transformation that
changes the physical state and hence cannot be set to zero.

One must also keep A0 "at infinity", which cannot be set to zero
for the same reason.

Once this is done, one finds a match with the results obtained at
null infinity.

It is because this twist and A0 were set to zero in earlier
treatments that there was no sign of the angle-dependent u(1)
symmetry in previous treatments of spatial infinity.

[Note : other boundary conditions (in particular, more flexible
ones) are possible.]

End of Part II
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