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if we add to Gle] the surface term $ A2 Siert,

€] :[d3xe(§+fd28ieni,

one gets dy Gle] = fd?’xaiedvﬂi and thus 1y, Q = —dy G[e] with
Semi=0and 5.A; = die.

Gle] (with surface term included) is a well-defined Hamiltonian
generator even if € does not vanish at infinity (Regge-Teitelboim
criterion (Regge-Teitelboim 1974)).

10/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Symplectic form
and surface terms

11/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

It turns out that a more complete description of
electromagnetism needs Ay and its conjugate 7°

Marc Henneaux

Symplectic form
and surface terms

11/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

It turns out that a more complete description of
electromagnetism needs Ay and its conjugate 7°

Marc Henneaux

Symplectic form Wlth

and surface terms A 1 1
Aozﬂ‘f'@(—z), 7'[0:@(—]{).
r r

r

11/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

It turns out that a more complete description of
electromagnetism needs Ay and its conjugate 7°

Marc Henneaux

Symplectic form Wlth

and surface terms A 1 1
Aozﬂ‘f'@(—z), 7'[0:@(—]{).
r r

-
The symplectic form is

Q= f & x(dynidyA;+ dyn®dyAg) - f & x\/ydy A, dyA,.

11/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

It turns out that a more complete description of
electromagnetism needs Ay and its conjugate 7°

Marc Henneaux

Symplectic form Wlth

and surface terms A 1 1
Aozﬂ‘f'@(—z), 7'[0:@(—]{).
r r

-
The symplectic form is

Q= f & x(dynidyA;+ dyn®dyAg) - f & x\/ydy A, dyA,.

There is a surface term in the symplectic form!

11/26



Hamiltonian generators

The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Symplectic form
and surface terms

12/26



Hamiltonian generators

The asymptotic —
tructt f . - . —
S Consider L{u] = [ d®xun® with u = L: +0(r 2).
Part I: General
Considerations

Marc Henneaux

Symplectic form
and surface terms

12/26



Hamiltonian generators

The asymptotic m
£ 9 T i -
slr;rcal‘l;ilt‘;o COHSlderL[[l]:fdsxﬂnomthll:l_:+@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Symplectic form
and surface terms

12/26



Hamiltonian generators

The asymptotic
tructt f . —
S Consider L{u] = [ d®xun® with u = +@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Symplectic form Indeed dVL ”] f d3 xlidvﬂ Whlle
and surface terms [,X” Q= f d3 x(éﬂﬂo dVAO dvﬂ 6[1A0) + ‘¢' dZXﬁdVZraﬂzo

12/26



Hamiltonian generators

The asymptotic
tructt f . —
S Consider L{u] = [ d®xun® with u = +@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Smlect Indeed, dyLiu] = [ d®xudyn® while

yymplectic form _ _

and surface terms LX”Q f dsx(éﬂno dVAO dvﬂ 6I1A0) 4L f d2x\/f)=/dVAr6‘uA0

The bulk term in 1y, Q = —dyL[u] implies §,7° = 0 and §,A =
(= 64Ay = 1) but there is a mismatch in the surface term if i does
not vanish.

12/26



Hamiltonian generators

The asymptotic
tructt f . —
S Consider L{u] = [ d®xun® with u = +@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Smlect Indeed, dyLiu] = [ d®xudyn® while

yymplectic form _ _

and surface terms LX”Q f dsx(éﬂno dVAO dvﬂ 6I1A0) 4L f d2x\/f)=/dVAr6‘uA0

The bulk term in 1y, Q = —dyL[u] implies §,7° = 0 and §,A =
(= 64Ay = 1) but there is a mismatch in the surface term if i does
not vanish.

One must add a surface term to I[u]. The correct generator is

12/26



Hamiltonian generators

The asymptotic
tructt f . —
S Consider L{u] = [ d®xun® with u = +@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Smlect Indeed, dyLiu] = [ d®xudyn® while

yymplectic form _ _

and surface terms LX”Q f dsx(éﬂno dVAO dvﬂ 6I1A0) 4L f d2x\/f)=/dVAr6‘uA0

The bulk term in 1y, Q = —dyL[u] implies §,7° = 0 and §,A =
(= 64Ay = 1) but there is a mismatch in the surface term if i does
not vanish.

One must add a surface term to I[u]. The correct generator is

Liyl :fd3xuﬂo —jgdzxﬁﬁﬁr,

12/26




Hamiltonian generators

The asymptotic
tructt f . —
S Consider L{u] = [ d®xun® with u = +@(r 2).
Part I: General

Considerations It does not contain derivatives of the fields and yet, it is not a well
Marc Henneaux . .
defined Hamiltonian generator :

Smlect Indeed, dyLiu] = [ d®xudyn® while

yymplectic form _ _

and surface terms LX”Q f dsx(éﬂno dVAO dvﬂ 6I1A0) 4L f d2x\/f)=/dVAr6‘uA0

The bulk term in 1y, Q = —dyL[u] implies §,7° = 0 and §,A =
(= 64Ay = 1) but there is a mismatch in the surface term if i does
not vanish.

One must add a surface term to I[u]. The correct generator is
Liyl :fd3xuﬂo —jgdzxﬁﬁﬁr,

and involves a surface term even though the bulk term contains
no derivative! (Beyond RT)

12/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Gauge symmetries and constraints

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

Marc Henneaux

Asymptotic
symmetries

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

e We work in the Hamiltonian formulation. The phase space
variables (fields and their conjugate) obey definite asymptotic
conditions at infinity, which are part of the definition of the
theory.

Asymptotic
symmetries

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

e We work in the Hamiltonian formulation. The phase space
variables (fields and their conjugate) obey definite asymptotic
conditions at infinity, which are part of the definition of the
theory.

Asymptotic

symmetries According to Dirac, systems with a gauge invariance are
characterized in the Hamiltonian formulation by (first class)
constraints, which we denote by

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

e We work in the Hamiltonian formulation. The phase space
variables (fields and their conjugate) obey definite asymptotic
conditions at infinity, which are part of the definition of the
theory.

Asymptotic

symmetries According to Dirac, systems with a gauge invariance are
characterized in the Hamiltonian formulation by (first class)
constraints, which we denote by

G (x) = 0.

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

e We work in the Hamiltonian formulation. The phase space
variables (fields and their conjugate) obey definite asymptotic
conditions at infinity, which are part of the definition of the
theory.

Asymptotic

symmetries According to Dirac, systems with a gauge invariance are
characterized in the Hamiltonian formulation by (first class)
constraints, which we denote by

G (x) = 0.

The first class property is

13/26



Gauge symmetries and constraints

The asymptotic . 0 .
structure of We consider from now on gauge theories on a manifold R x M3,
gravity . . a .
Part : General where M3 has an asymptotic region "at infinity".

Considerations

e We work in the Hamiltonian formulation. The phase space
variables (fields and their conjugate) obey definite asymptotic
conditions at infinity, which are part of the definition of the
theory.

Asymptotic

symmetries According to Dirac, systems with a gauge invariance are
characterized in the Hamiltonian formulation by (first class)
constraints, which we denote by

G (x) = 0.

The first class property is

{gar(gﬁ} ~0.

13/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Gauge symmetries and constraints

14/26



Gauge symmetries and constraints

The asymptotic

structure of Asymptotic symmetries are gauge transformations that leave
- invariant not only the boundary conditions, but also the action
Considerations up to terms at the time boundaries #; and #,. They are thus

canonical transformations with well-defined generators.

Marc Henneaux

Asymptotic
symmetries

14/26



Gauge symmetries and constraints

The asymptotic

e Asymptotic symmetries are gauge transformations that leave
PartT: General invariant not only the boundary conditions, but also the action
Gonsiderations up to terms at the time boundaries # and f,. They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

Marc Henneaux

Asymptotic
symmetries

14/26



Gauge symmetries and constraints

ot Asymptotic symmetries are gauge transformations that leave

structure of

PartT: General invariant not only the boundary conditions, but also the action

E“:““’ up to terms at the time boundaries # and f,. They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

Asymptotic According to Dirac, the bulk part of these generators are

symmetries
proportional to the (first class) constraints functions %,

14/26



Gauge symmetries and constraints

The asymptotic

e Asymptotic symmetries are gauge transformations that leave
PartT: General invariant not only the boundary conditions, but also the action
Gonsiderations up to terms at the time boundaries # and f,. They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

ok According to Dirac, the bulk part of these generators are
proportional to the (first class) constraints functions %,

i.e., take the form [ d®xe® ()9, (x).

Marc Henneaux

14/26



Gauge symmetries and constraints

The asymptotic

e Asymptotic symmetries are gauge transformations that leave
- invariant not only the boundary conditions, but also the action
Considerations up to terms at the time boundaries #; and . They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

ok According to Dirac, the bulk part of these generators are
proportional to the (first class) constraints functions %,

i.e., take the form [ d®xe® ()9, (x).

When the gauge parameters ¢* do not go to zero at infinity, this

bulk integral must be supplemented by a surface term Ba,

evaluated on the 2-sphere at infinity,

Marc Henneaux

14/26



Gauge symmetries and constraints

The asymptotic

e Asymptotic symmetries are gauge transformations that leave
- invariant not only the boundary conditions, but also the action
Considerations up to terms at the time boundaries #; and . They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

ok According to Dirac, the bulk part of these generators are
proportional to the (first class) constraints functions %,

i.e., take the form [ d®xe® ()9, (x).

When the gauge parameters ¢* do not go to zero at infinity, this

bulk integral must be supplemented by a surface term Ba,

evaluated on the 2-sphere at infinity,

Marc Henneaux

Gle*] = f dx¢“Gy + B, Bea = fz d*S;b',
RS

14/26



Gauge symmetries and constraints

The asymptotic

e Asymptotic symmetries are gauge transformations that leave
- invariant not only the boundary conditions, but also the action
Considerations up to terms at the time boundaries #; and . They are thus
canonical transformations with well-defined generators.

What are the canonical generators Gle®] of the gauge

transformations?

ok According to Dirac, the bulk part of these generators are
proportional to the (first class) constraints functions %,

i.e., take the form [ d®xe® ()9, (x).

When the gauge parameters ¢* do not go to zero at infinity, this

bulk integral must be supplemented by a surface term Ba,

evaluated on the 2-sphere at infinity,

Marc Henneaux

Gle*] = f dx¢“Gy + B, Bea = fz d*S;b',
RS

that is necessary to make Gle®] a well-defined Hamiltonian
generator.

14/26



Gauge symmetries and constraints

The asymptotic
structure of Example N
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity

Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

Asymptotic
symmetries

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity

Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity

Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

(Gauss’law because 7’ is the electric field).

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity
Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

(Gauss’law because 7’ is the electric field).

The gauge transformations are generated by,

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity
Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

(Gauss’law because 7’ is the electric field).

The gauge transformations are generated by,

Gle] Ifd3x6%+f2 dZSieni,
S0

15/26



Gauge symmetries and constraints

The asymptotic

structure of Example 5
gravity

Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

(Gauss’law because 7’ is the electric field).

The gauge transformations are generated by,
Gle] = f A xed + fz dZSieni,
Soo
which is such that § Gle] = [ @®x0;e67 (with no surface term)

15/26



Gauge symmetries and constraints

The asymptotic
structure of Example 5
gravity

Part I: General

cartl: General For electromagnetism, where the dynamical variables are the
Marc Henneaux vector potential A; and its conjugate momentum n’, the
constraint is

— i
Asymptotic (g = _6177: ~ 0

symmetries

(Gauss’law because 7’ is the electric field).

The gauge transformations are generated by,
Gle] = f A xed + fz dZSieni,
Soo

which is such that § Gle] = [ @®x0;e67 (with no surface term)
yielding 6.A; = 0;e.

15/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Proper and improper gauge transformations

16/26



Proper and improper gauge transformations

The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

If the gauge parameters decrease fast enough at infinity, in a way
that makes the boundary term B.« equal to zero, the generator
Gle®] weakly vanishes, G[e%] = 0.

Asymptotic
symmetries

16/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Proper and improper gauge transformations

If the gauge parameters decrease fast enough at infinity, in a way
that makes the boundary term B.« equal to zero, the generator
Gle®] weakly vanishes, G[e%] = 0.

The corresponding transformation is called “a proper gauge
transformation". It gives a true redundancy in the description of
the system (Benguria-Cordero-Teitelboim 1977).

16/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Proper and improper gauge transformations

If the gauge parameters decrease fast enough at infinity, in a way
that makes the boundary term B.« equal to zero, the generator
Gle®] weakly vanishes, G[e%] = 0.

The corresponding transformation is called “a proper gauge
transformation". It gives a true redundancy in the description of
the system (Benguria-Cordero-Teitelboim 1977).

If the boundary term Bea does not vanish, G[e%] generates “an
improper gauge transformation" with physical content,

16/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Proper and improper gauge transformations

If the gauge parameters decrease fast enough at infinity, in a way
that makes the boundary term B.« equal to zero, the generator
Gle®] weakly vanishes, G[e%] = 0.

The corresponding transformation is called “a proper gauge
transformation". It gives a true redundancy in the description of
the system (Benguria-Cordero-Teitelboim 1977).

If the boundary term Bea does not vanish, G[e%] generates “an
improper gauge transformation" with physical content,

which should not be factored out.

16/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Algebra of asymptotic symmetries

17/26



Algebra of asymptotic symmetries

The asymptotic
structure of
gravity

cartl: General Because the constraints are first class, the Poisson bracket of the

Marc Henneaux generators of two asymptotic symmetries is the generator of an
asymptotic symmetry

Asymptotic
symmetries

17/26



Algebra of asymptotic symmetries

The asymptotic
structure of
gravity

cartl: General Because the constraints are first class, the Poisson bracket of the

Marc Henneaux generators of two asymptotic symmetries is the generator of an
asymptotic symmetry

(coming with the correct surface term).

Asymptotic
symmetries

17/26



Algebra of asymptotic symmetries

The asymptotic
structure of
gravity

cartl: General Because the constraints are first class, the Poisson bracket of the

Marc Henneaux generators of two asymptotic symmetries is the generator of an
asymptotic symmetry

(coming with the correct surface term).

Asymptotic These generators fulfill the following schematic algebra :

symmetries

17/26



Algebra of asymptotic symmetries

The asymptotic
structure of
gravity
Part I: General

e Because the constraints are first class, the Poisson bracket of the
Mare Henneaus generators of two asymptotic symmetries is the generator of an
asymptotic symmetry

(coming with the correct surface term).

Asymptotic These generators fulfill the following schematic algebra :

symmetries

{Proper, Proper}

Proper

{Proper, Improper} Proper

{Improper, Improper} = Proper+Improper

17/26



Algebra of asymptotic symmetries

The asymptotic
structure of
gravity

cartl: General Because the constraints are first class, the Poisson bracket of the

Marc Henneaux generators of two asymptotic symmetries is the generator of an
asymptotic symmetry

(coming with the correct surface term).

Asymptotic These generators fulfill the following schematic algebra :

symmetries

{Proper, Proper} = Proper
{Proper,Improper} = Proper
{Improper, Improper} = Proper+Improper

The set of proper gauge symmetries form therefore an ideal.

17/26



The asymptotic
structure of
gravity
Part I: General
Considerations

Marc Henneaux

Asymptotic
symmetries

Algebra of asymptotic symmetries

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

Asymptotic
symmetries

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

The resulting algebra is what is called the “asymptotic symmetry
algebra".

Asymptotic
symmetries

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

The resulting algebra is what is called the “asymptotic symmetry
algebra".

_ Two generators Gle®] and G[e'*] that differ by constraint terms,
symmetries i.e., which are weakly equal,

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

The resulting algebra is what is called the “asymptotic symmetry
algebra".

_ Two generators Gle®] and G[e'*] that differ by constraint terms,
symmetries i.e., which are weakly equal,

Gle*] = G[e'Y]

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

The resulting algebra is what is called the “asymptotic symmetry
algebra".

_ Two generators Gle®] and G[e'*] that differ by constraint terms,
symmetries i.e., which are weakly equal,

Gle*] = G[e'Y]

generate transformations that coincide at infinity and differ only
in the bulk, by proper gauge transformations. They are thus
physically equivalent.

18/26



Algebra of asymptotic symmetries

The asymptotic
structure of

gravity It follows that one can take the quotient of the algebra of all the

Part I: General

Considerations asymptotic symmetries by the ideal of the proper ones.

Marc Henneaux

The resulting algebra is what is called the “asymptotic symmetry
algebra".

_ Two generators Gle®] and G[e'*] that differ by constraint terms,
symmetries i.e., which are weakly equal,

Gle*] = G[e'Y]

generate transformations that coincide at infinity and differ only
in the bulk, by proper gauge transformations. They are thus
physically equivalent.
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captured by their asymptotic behaviour, hence the terminology.
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may be non-linear, or centrally extended.
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This is why the energy and the other Poincaré charges are
observables in gravity, even though they are not invariant under
all diffeomorphisms.
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constant of the motion but it is clearly not independent from p
even though not a multiple of p.]
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and nonlinear There exist theorems that generalize Darboux theorem.
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[If fap in {Q4, Qp} = fap(Q) is invertible, one can go to Darboux
coordinates where fyp = 6 4p.]
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