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Open questions in Cosmology

How did the Universe begin?
Inflation or alternatives

What fills the Universe today?
Dark Matter / Dark Energy

¤ vs Quintessence vs ModGrav

How do we observe it?
Bias, cosmic variance, lensing, RDS...
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Observables in Cosmology
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Inflation (?)
Cosmological
perturbations

CMB

Non-linear
clustering

Galaxy
formation

Bias,
lensing,
RDS...

Matter
perturbations



Halos evolve 
from critical 
overdensities

They trace
primordial
distribution and
energy content 

Formation of structures



Halo Mass Function and Bias

How many halos of given mass (mass function)

Correlation of halo counts with underlying matter field (halo bias)
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Analytical halo statistics reproducing (heavy!) N-body simulations

Information on initial conditions and matter/energy balance from data

GOALS:



Expected Signatures

Inflation predicts nearly (not completely!) Gaussian perturbations

More (less) Dark Energy results in less (more) structures
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Tiny but distinctive deviations due to non-Gaussian initial conditions 
(on top of a heavily non-linear process!)

Redshift dependence from small time variation of ¤



Why bother?

CMB physics is nearly linear, but errors are now dominated by cosmic 
variance and foregrounds

LSS has highly biased tracers with boosted signals

Structure formation is recent, more sensitive to changes in ¤

Independent probe that breaks degeneracies

But it is highly non-linear: need to understand the biases

Bias: not observational problem but theoretical opportunity

Provides a handle on galaxy formation (very interesting per se)!
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Part ONE

The excursion set approach (remembering your steps)

Analytical progress for mass functions: the UPWARDS 
approximation (it's always good to step up!)

Part TWO

Bias from excursion sets (a simple way!)

Outline of the talk
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Halos from “dense enough” patches in the initial matter distribution ±in

Different locations realize different random walks:

Excursion set theory
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±s  

b 

s»R{1

CORRELATED STEPS!
No known solution

NEED BETTER MATHS

CORRELATED STEPS!
No known solution

NEED BETTER MATHS

FIRST PASSAGE PROBLEM!FIRST PASSAGE PROBLEM!



An excursion set dictionary
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Abundance n(M )  ⟷ first crossing probability f(s)  at scale s (M )

Barrier b(s,z ) = ±c(s )/D(z )  ⟷ physics of gravitational collapse 
and background cosmology (only through D) 

Power spectrum P(k )  ⟷ statistics of the initial matter distribution

Filter WR(x)  ⟷ definition of Dark Matter halo

… let's be as general as possible!



First crossing distribution

Press & Schechter (1974)

Bond et al. (1991)
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Probability of ANY crossing at s :

Not any, but FIRST crossing (cloud-in-cloud problem); solution only 
for Gaussian uncorrelated steps with constant or linear barrier

Can perturb around known solution Maggiore & Riotto (2010)
Corasaniti & Achitouv (2011)



First crossing distribution

However: strongly correlated walks are less affected (less zig-zags)

Paranjape, Lam & Sheth (2011)
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Can relax FIRST into simply UPWARDS:  ± = b ; ± ' ≥ b    '

MM & Sheth (2012)

old PS result



First crossing distribution
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b = ±c + ®s



Upward mobility, back-substitution
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Upcrossing captures f(s) for all power spectra, filters and barriers



Upward mobility, back-substitution
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IT'S ALWAYS GOOD TO STEP UP!



Back to Cosmology !
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Halos form near density peaks 

Off-peak walks must have lower 
threshold

Rescaled “mean” barrier:

HOWEVER:

IT WORKS!!

Does this f(s) reproduce N-body mass function? Not really... 



full NG pdf

Gaussian structureold PS result

Non-perturbative in NG parameters: p(±;s) is the exact NG pdf! 

Residual NG corrections are perturbative, sometimes not there at all 
(e.g. NG from shear field)

Small!
(computed)
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Adding non-Gaussianity: MF

Marcello Musso

MM & Sheth (2014)

MM & Sheth (2013)

Same formalism for non-Gaussian initial conditions:
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Light vs Mass: Halo Bias

Relation between halo abundance ±h and underlying DM density: 

Usually, computed from p(±h;s|±0;s0) . Is there a better way?

Yes, there is! Expanding halo correlation functions in terms of DM 
correlation functions



Light vs Mass: Halo Bias

Bias functions

Bernardeau et al (2008); Matsubara (2011)...

Take the most generic dependence on the matter field:

Compute connected correlation functions of ±h and ± :
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±h acts as an effective vertex for ± :



Halo Bias from Excursion Sets

MM, Paranjape & Sheth (to appear)
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Use the UPWARDS approximation. Only two variables!

The real space bias functions become easy:

Mass function n(M ) is the generator of the bias coefficients (not 
specific to excursion sets)



Adding non-Gaussianity: Bias

Excursion sets with UPWARDS approximation:
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+ + ...

+ + ...

Expand halo-matter n-point functions in matter polyspectra

MM, Paranjape & Sheth (to appear)



Adding non-Gaussianity: Bias
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MM, Paranjape & Sheth (to appear)



Profile, assembly bias, merger trees
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Work in progress...

Bias depends on parameters other than ±S at S < s :

While ± is not Markovian, V  nearly is. No other variables are relevant, 
nor other scales! At fixed concentration, formation history does not  
depend on the environment 

Insight on halo profile (actually, on the full pdf of matter around the 
halo) by reversing the perspective:

Analytical merger trees including halo concentration are also 
straightforward:

MM and Sheth (2014)



Full understanding of the random walk problem for any barrier

Rescaling the spherical collapse barrier reproduces the N-body  mass 
function

Straightforward inclusion of NG of any type

Self-contained prediction of bias functions, new strategies to measure 
them in simulations

To do: check bias against N-body simulations, study space correlation 
between walks (peaks?)

Interesting possibilities (?) for primordial non-Gaussianity

Applications to RDS, merger trees, 21-cm from reionization, finance...

Conclusions

Thanks!!
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