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Theoretical World Models
Four ingredients (assumptions):

1. Gravity: Einstein gravity or generalized gravity

2. Spatial geometry: homogeneous and isotropic, or 
more complicated geometries + perturbations

3. Matter contents: dust, radiation, dark matter, dark 
energy, fields, and others

4. Topology (global geometry): undetermined in the 
gravity level
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scale Horizon 
(~3000Mpc)

Distance between 
two galaxies
(~100Mpc)

Relativistic linear stage
conserved evolution

Newtonian 
Nonlinear evolution 
in the small scale

Macroscopic (~10cm)

time
accelerating Radiation era Matter era

Quantum 
generation

recombination

Microscopic (~10-30cm)

Macroscopic (~10cm)

(~10-35sec)
radiation=matter
(~380,000yr)

present (~13.8Gyr)

DE era?

?



Origin and evolution of LSS

q Quantum origin
- Space-time quantum fluctuations from uncertainty pr.

- Become macroscopic due to inflation

q Linear evolution (Relativistic) 
- Linear evolution of the macroscopic seeds

- Structures are described by conserved amplitudes

q Nonlinear evolution (Newtonian) 
- Nonlinear evolution inside the horizon

- Newtonian numerical computer simulation
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1+3 Approach
Covariant 

Formulation 

1+3 Approach
Covariant 

Formulation 
Ehlers, J., 1961 Proceedings of  the mathematical-natural science of  the Mainz academy of  science and literature, Nr. 

11, 792 (1961), translated in Gen. Rel. Grav. 25, 1225;
Ellis, G. F. R., 1971 in General relativity and cosmology, Proceedings of  the international summer school of  

physics Enrico Fermi course 47, edited by R. K. Sachs (Academic Press, New York), p104, republished 
in Gen. Rel. Grav. 41, 581; 

Ellis, G. F. R., 1973 in Cargese Lectures in Physics, edited by E. Schatzmann (Gorden & Breach, New York), p1;
Bertschinger, E., 1995, astro-ph9503125.



u
a

1+3

Time-like four vector

h
ab 

q Ehlers et al (1961)
q Spacetime covariant
q Useful in cosmology

Spatial projection tensor



Kinematic quantities:

Shear tensor Expansion scalar

Four vector Projection tensor

Acceleration vector

Shear tensor Expansion scalar

Vorticity vectorVorticity tensor



Energy-momentum tensor:

Energy density Pressure Flux vector Anisotropic stress tensor

Four vector

Energy density Pressure Flux vector Anisotropic stress tensor











Magnetic part
Electric part

Magnetic part
Electric part

Anti-symmetrization symbol

Corrections in eq. (4.80) of  Bertschinger (1995)





3+1 Approach
ADM Formulation 

3+1 Approach
ADM Formulation 

Arnowitt R, Deser S and Misner C W, 1962 in Gravitation: an introduction to current research, edited by  L. 
Witten (Wiley, New York) p. 227.



3+1

n
a

h
αβ

q Arnowitt-Deser-Misner (1962)
q Canonical quantization
q Useful in numerical relativity, cosmology

Time-like normal four vector

Spatial metric tensor



Lapse function Shift vector Three-space metric

http://bh.knu.ac.kr/~jchan/paper/2004-PRD-Second-order.pdf

Extrinsic curvature Covariant derivative based on h
αβ



Intrinsic curvature



Energy Momentum

Normal four-vector

Pressure Stress







(0,0) component 

(0,α) component, G0
α

(α,β) component, trace

(α,β) component, tracefree(α,β) component, tracefree





Background 
World Model 
Background 
World Model 



Friedmann equations
Nonlinear order

Spatial gradient

ADM  E constraint

E conservation

Raychaudhury eq.

JH ApJ 380, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)

Spatial gradientRaychaudhury eq.

Mom conservation



Newtonian 
Pert. Theory
Newtonian 

Pert. Theory











Rel./Newtonian 
Correspondence
Rel./Newtonian 
Correspondence



Relativistic/Newtonian correspondence:

Background order:
Spatial curvature/Total energy

Cosmological constant

Friedmann (1922)/Milne and McCrea (1934)

Density

Linear perturbation:

Lifshitz (1946)/Bonnor (1957)

Density contrast



“It is curious that it took so long for these dynamic models 
to be discovered after the (more complex) general relativity 
models were known.”

G. F. R. Ellis (1989)

vIn fact, the known “Newtonian cosmology” is a version 
guided by Einstein’s gravity!

“It is curious that it took so long for these dynamic models 
to be discovered after the (more complex) general relativity 
models were known.”

G. F. R. Ellis (1989)

vIn fact, the known “Newtonian cosmology” is a version 
guided by Einstein’s gravity!

Ellis, G. F. R., 1989, in Einstein and the history of  general relativity, ed. D. Howard and J. Stachel (Berlin, 
Birkhauser), 367;

Layzer, D., Astron. J. 59, 268 (1954);
Lemons, D. S., Am. J. Phys. 56, 502 (1988);
Noh & JH, GRG 38, 703 (2006).





Perturbed 
World Model

Perturbed 
World Model









COBE (1992)

http://lambda.gsfc.nasa.gov/product/cobe/dmr_image.cfm



WMAP (2003)

http://map.gsfc.nasa.gov/media/121238/index.html



Planck (2013)

http://www.esa.int/Our_Activities/Space_Science/Planck



WMAP
Temperature-
polarization 
anisotropies

cosmic variance



Pure observation: 
independent of 
cosmological theory!

From cosmological theory

Planck 2013 results. I. Overview of  products and scientific results [astro-ph/1303.5062]



2dF
d = v/H = cz/H

= 300h-1Mpc

245,591galaxies
Limiting magnitude : 19.45



SDSS

z ~ 0.06
d ~ 200h-1Mpc

z = v/c   ~ 0.03
d = v/H ~ 100h-1Mpcde Lapparent etal. (1986)

Gott, J. R., et al., astro-ph/0310571 (2003)



= r

z ~1.7, r~4.7

SDSS in comoving scale

z ~∞
rparticle horizon

zrec~1089

r =19Gpc
revent horizon

z ~2., r~5.2

z ~1., r~3.3

z ~.5, r~1.9

Gott, J. R., et al., astro-ph/0310571 (2003)

proper 
distance



SDSS in look-back time scale

Gott, J. R., et al., astro-ph/0310571 (2003)



Gott, J. R., et al., astro-ph/0310571 (2003)



SDSS DR7 LRG

Baryonic Acoustic 
Oscillation (BAO)

Reid et al, arXiv:0907.1659v2



Density power spectrum

Blue line: 5%atom, 25%DM, 70% DE Tegmark et al (2002)



0=η

gab gbc=δa
c

A straightforward 
but hard way



In maximally symmetric space:
see Weinberg (1972)







A much easier way
through ADM formalism





Basic EquationsBasic Equations



ADM energy-constraint

Trace of  ADM propagation

Hard way

ADM energy-conservation

Easier way
Does not even need 
the connection!



ADM energy-constraint

ADM momentum-constraint

Trace of  ADM propagation

Trace of  extrinsic curvature

Much Easier way

Hard way

Trace of  ADM propagation

Tracefree ADM propagation

ADM energy-conservation

ADM momentum-conservation



ADM momentum-constraint

Tracefree ADM propagation

ADM momentum-conservation

Easier way
Hard way

Tracefree ADM propagation















Gauge IssueGauge Issue

















Hawking (1966)







Hydrodynamic 
perturbations
Hydrodynamic 
perturbations



Bardeen (1980)







See JH, Noh & Park, PRD 82, 043525 (2010)

Due to incomplete gauge fixing,  
there is a remnant gauge mode, and 
we have third order differential 
equation .



notice the only difference

effectively, we may











Later we will show that this variable is 
conserved independently of  changing 
equation of  state, changing field potential, 
and changing gravity theories.

Later we will show that this variable is 
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Covariant 
approach
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approach



Without any 
assumption!

JH ApJ 380, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)
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JH ApJ 380, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)



Scalar field 
Perturbations

Scalar field 
Perturbations











Quantum 
Generation
Quantum 

Generation









Scale
Horizon

Time

Pert. Amplitude

1st horizon crossing 2nd horizon crossing

radiation=matter present

Seeds generation from 
quantum fluctuations, 
go outside the horizon 
and becomes classical

Remains constant while 
in super-sound horizon for φυ
and in super-horizon for GW 

recombination
CMB fluctuation

GW starts oscillating

Provide initial conditions 
for Newtonian simulation

Time

Scale
Horizon
Distance between 
two galaxies

accelerating Radiation era Matter era

Quantum 
generation

Relativistic linear stage
conserved evolution

Newtonian nonlinear 
evolution in the small scale

recombination

Microscopic (~10-30cm)

Macroscopic (~10cm)

Inflation ends 
(~10-35sec) radiation=matter present

DE era?

?

Jeans scale



Inflationary 
Spectra

Inflationary 
Spectra



Harrison-Zel’dovich spectrum













CMB 
Anisotropies

CMB 
Anisotropies







Physics at recombination 
Sensitive to world model 

1degree

Theoretical predictions of  temperature 
and polarization anisotropies

angle<1degree

Super horizon scale
Window to early 
universe temperature ------

polarization ------
------

lmlmYaTT åº/d

angle>1degree

Cl≡(2l+1)-1∑m<|a lm|2>







Integrated Sachs-Wolfe



Multi-component 
case

Multi-component 
case









Generalized 
Gravity case
Generalized 
Gravity case









SummarySummary





even to the second order











Perturbation method:
v Perturbation expansion
v All perturbation variables are small
v Weakly nonlinear
v Strong gravity; fully relativistic
v Valid in all scales
v Fully nonlinear and Exact perturbations

Post-Newtonian method:
v Abandon geometric spirit of  GR: recover the good old 

absolute space and absolute time
v Newtonian equations of  motion with GR corrections 
v Expansion in strength of  gravity

v Fully nonlinear
v No strong gravity; weakly relativistic
v Valid far inside horizon 
v Case of  the Fully nonlinear and Exact perturbations

Excluding TT perturbation
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Fully
Relativistic

Relativistic vs. Nonlinear Pert.

Terra Incognita
Numerical Relativity

Cosmological Nonlinear (NL)
Perturbation (2nd and 3rd order)

Fully NL and Exact Pert. Eqs.

Weakly
Relativistic

Newtonian
Gravity axis

Fully
Nonlinear

Weakly
Nonlinear

Linear Perturbation

Cosmological 1st order 
Post-Newtonian (1PN)

Background World 
Model axis



Nonlinear 
Pert. Theory

Nonlinear 
Pert. Theory

















Linear-order:

Second-order:

Third-order: Pure Einstein's gravity effect

Noh & JH, GRG 38, 703 (2006)







Fully NL & Exact 
Pert. Theory

Fully NL & Exact 
Pert. Theory

HJ & Noh, MNRAS 433 (2013) 3472
Noh, JCAP 07 (2014) 037



The linear perturbations are so surprisingly simple that a 
perturbation analysis accurate to second order may be 
feasible using the methods of  Hawking (1966). … One 
could then judge the domain of  validity of  the linear 
treatment and, more important, gain some insight into the 
non-linear effects.

Sachs and Wolfe (1967)

Covariant (1+3) approach

The linear perturbations are so surprisingly simple that a 
perturbation analysis accurate to second order may be 
feasible using the methods of  Hawking (1966). … One 
could then judge the domain of  validity of  the linear 
treatment and, more important, gain some insight into the 
non-linear effects.

Sachs and Wolfe (1967)



Convention: (Bardeen 1988)

No anisotropic stress

Decomposition, possible 
to NL order (York 1973)

No TT-pert!

Spatial gauge condition

Spatial gauge:

Complete spatial gauge fixing. 
Remaining variables are spatially gauge-invariant 
to fully NL order! ∴ Lose no generality!

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037

Temporal gauge still not taken yet!



Metric:

Energy-momentum tensor:

Four-vector:
Coordinate three-velocity of  fluid

Internal energy

: Lorentz factor

Scalar- & vector-type decomposition:

Fluid three-velocity measured by Eulerian observer

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Metric convention:

Inverse metric:

Exact!

Using the ADM and the covariant 
formalisms the rest are simple algebra.
We do not even need the connection!

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037

Exact!



Fully Nonlinear Perturbation Equations 
without taking temporal gauge condition:

Noh, JCAP 07 (2014) 037



Tensor-type
to linear order 

Noh, JCAP 07 (2014) 037



with

To Background order:

ADM energy-constraint Trace of  ADM propagation Covariant E-conservation

To Background order:

Noh, JCAP 07 (2014) 037



To linear order without taking 
temporal gauge condition: (Bardeen 1988)

Definition of  kappa, Ki
i

ADM energy-conservation, G0
0

ADM momentum-conservation, G0
i

ADM propagation, trace, Gi
i

ADM propagation, tracefree, Gi
j - …

Energy-conservation, Tc
0;c

Momentum-conservation, Tc
i;c

Extrinsic curvature

Definition of  kappa, Ki
i

ADM energy-conservation, G0
0

ADM momentum-conservation, G0
i

ADM propagation, trace, Gi
i

ADM propagation, tracefree, Gi
j - …

Energy-conservation, Tc
0;c

Momentum-conservation, Tc
i;c



For derivation, it is convenient to have:

Noh, JCAP 07 (2014) 037



Noh, JCAP 07 (2014) 037



Noh, JCAP 07 (2014) 037



Noh, JCAP 07 (2014) 037



Lapse function:

Intrinsic curvature:

Trace of  extrinsic curvature:

Meaning of variables:

Perturbed curvature

Lapse

Acceleration Shear tensorExpansion

Trace-free extrinsic curvature:

Rotation tensor

Perturbed expansion

Shear

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037 



Fluid velocities:
(I) Naïve one:

(II) Three-velocity measured by an Eulerian observer:

(III) Coordinate three-velocity:
Based on ADM metric

Relations:

(III) Coordinate three-velocity:

Lorentz factor:
Post-Newtonian (Chandrasekhar 1965)

HJ & Noh, MNRAS 433 (2013) 3472



Temporal gauge (slicing, hypersurface):

v = 0 from third order in 
the presence of vector –type 
perturbation

Nonlinear order

Complete gauge fixing. 
Remaining variables are gauge-invariant to fully 
NL order!

Applicable to NL orders!

HJ & Noh, MNRAS 433 (2013) 3472



Gauge Issue:

HJ & Noh, MNRAS 433 (2013) 3472



Minimally coupled scalar field:

Equation of  motion:

Comoving gauge + no vector-type

Shift vector

Fluid quantities:

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Energy-conservation to NL order:

Covariant energy-conservation

Energy-conservation

Conservation equations:

= 0

ADM energy-conservation
Energy-conservation

Covariant energy-conservation:

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Zero-pressure 
Irrotational Fluid

Zero-pressure 
Irrotational Fluid

HJ & Noh, MNRAS 433 (2013) 3472
Noh, JCAP 07 (2014) 037



Covariant energy-conservation:

Comoving gauge + irrotational (vi = 0) + zero-pressure:

Comoving gauge + irrotational Zero-pressure

Comoving gauge + irrotational (vi = 0) + zero-pressure:

To 12th-order perturbation, say:

= 0, Background order

Exact!



Zero-pressure fluid in the comoving gauge

ADM momentum constraint:

Covariant energy-conservation:

Trace of  ADM propagation:

Exact equations (flat backround):

ADM momentum constraint:

RHS = pure Einstein’s gravity corrections,
starting from the third order, all involving 

Definition of  kappa + ADM momentum constraint:

Identify:



Linear-order:

Second-order:

Third-order:
Pure relativistic correction 
appearing from third order.

All involving φ.

Relativistic/Newtonian  correspondence 
to second order. 
This equation is valid to fully nonlinear 
order in Newtonian theory.

Pure relativistic correction 
appearing from third order.

All involving φ.



Relativistic/Newtonian correspondence:
By ignoring      :

Exact correspondence to the second order!



Newtonian Limit
Chandrasekhar, ApJ (1965): 0PN, Minkowski
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: as a limit of FNL&E PT
JH & Noh, JCAP 04 (2013) 035



Infinite speed-of-light Limit in ZSG & UEG:

Covariant energy-conservation: 1ZSG1

1

Subhorizon limit

ADM momentum-constraint:

Tracefree ADM propagation:



Covariant energy-conservation:

Covariant momentum-conservation:

Equations in Newtonian limit:

Trace of  ADM propagation:



With Relativistic 
Pressure

With Relativistic 
Pressure

Infinite speed-of-light limit, 
except for pressure
JH & Noh, JCAP 10 (2013) 054



Case with Relativistic Pressure:

Covariant energy-conservation:

Covariant momentum-conservation:

Previous works were not successful in guessing the correct forms. 
(Whittaker 1935; McCrea 1951; Harrison 1965; Coles & Lucchin 1995; 
Lima et al. 1997; … ; Harko 2011)

Trace of  ADM propagation:

Covariant momentum-conservation:

No pressure!

JH & Noh, JCAP 04 (2013) 035



Post-Newtonian 
Approximation

Post-Newtonian 
Approximation

Chandrasekhar, ApJ (1965): 1PN, Minkowski
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: as a limit of FNL&E PT
Noh & JH, JCAP 08 (2013) 040



1PN convention: (Chandrasekhar 1965)

Identification: PT 1PN

~Shear

Covariant E-conservation:

1PN equations! (JH, Noh & Puetzfeld , JCAP 2008)

JH, Noh & Puetzfeld , JCAP (2008); Noh & JH, JCAP (2013) JH, Noh & Puetzfeld, JCAP 03 (2008) 010



Trace of  ADM propagation:

Covariant energy-conservation:
Tracefree ADM propagation:

Covariant momentum-conservation:

Basic 1PN Equations:

Fourth-order in perturbation!

ADM momentum-constraint:

Trace of  ADM propagation:

JH, Noh & Puetzfeld , JCAP (2008); Noh & JH, JCAP (2013) JH, Noh & Puetzfeld , JCAP 03 (2008) 010; Noh & JH, JCAP 08 (2013) 040 



1PN Gauge conditions:

JH, Noh & Puetzfeld , JCAP (2008)JH, Noh & Puetzfeld, JCAP 03 (2008) 010



Propagation speed issue
Under the general gauge:

Trace of  ADM propagation:

Propagation speed is gauge dependent!

JH, Noh & Puetzfeld, JCAP 03 (2008) 010

of the potential



Resolution using Weyl tensor:

Eij, Hij equations:
. .

JH, Noh & Puetzfeld, JCAP 03 (2008) 010



Fully NL and exact cosmological pert.: 
1. Formulation MN 433 (2013) 3472
2. Multi-component fluids , fields arXiv: 1511.01360
3. Minimally coupled scalar field JCAP 07 (2014) 037
4. Newtonian limit  JCAP 04 (2013) 035
5. with relativistic pressure JCAP 10 (2013) 054
6. 1PN equations JCAP 08 (2013) 040

Future extentions:
1. Anisotropic stress ⇒ Relativistic magneto-hydrodynamics
2. Light propagation (geodesic, Boltzmann)
3. 2 and higher order PN equations
4. Gauge-invariant combinations
5. TT perturbation should be handled perturbatively

Applications:
1. Relativistic NL perturbations
2. Fitting and Averaging
3. Backreaction
4. Relativistic cosmological numerical simulation
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