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“The evolution of linear perturbations of FRW models has been discussed by a large
number of authors and is very nearly a closed book.”

George Efstatiou (1989)
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Introduction

Covariant (1 + 3) formulation

ADM (3 + 1) formulation

Background world model

Newtonian cosmological perturbations
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“The theory of linear (i.e., small) perturbations of the expanding, isotropic, and ho-

mogencous Friedmann cosmology springs into existence virtually full-grown with the
work of Lifshitz (1946).”

Press and Vishniac (1980)
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Introduction



History

e Background: spatially homogeneous and isotropic world model

— Static world model (Einstein 1917)
— Relativistic (Friedmann 1922)
— Newtonian (Milne 1933)

e Structures: general linear perturbations

— Relativistic (Lifshitz 1946)
— Newtonian (Bonnor 1957)
— CMB anisotropy (Sachs-Wolfe 1967)

e Observations:

— Expansion (Hubble 1929)

— CMB (Penzias-Wilson 1965)

— 3d large scale structure (mid 80’s -), 2dF, SDSS, ...

— 2d anisotropies in CMB (COBE 1992 -), WMAP, Planck
— Acceleration (SN teams 1998)



Theoretical World Models

Four ingredients (assumptions):

1. GraVity: Einstein gravity or generalized gravity

2. Spatial geometry: homogeneous and isotropic, or

more complicated geometries + perturbations

3. Matter contents: dust, radiation, dark matter, dark
energy, fields, and others

4. Topology (global geometry): undetermined in the
gravity level



Introduction

Gravitation:

e Newton’s gravity

— Non-relativistic (no ¢)

— Action at a distance, violates causality

— No strong pressure allowed

— No strong gravity allowed, Static nature
— No horizon

— No gravitational wave

— Incomplete and inconsistent in cosmology

— ¢ — oo limit of Einstein’s gravity
e Finstein’s gravity

— Relativistic gravity, Simplest

— Strong gravity, dynamic
e Generalized gravity

— Brans-Dicke theory

— Quantum corrections

— Low energy limit of unified theories (e.g., string theory)



Methods:

1. Newtonian:
(a) Hydrodynamic equations
2. Relativistic:

(a) Einstein’s equation (Lifshitz 1946)

(b) Covariant equations (Fluid-like, @,; Hawking 1966),
(¢) ADM equations (3 + 1, fn,; Bardeen 1980, 1988)

(d) Action (Lukash 1980; Mukhanov 1988)

3. Energy-momentum content:

(a) Hydrodynamic fluids
(b) Scalar fields



Three modes:

L. Scalar-type: Density condensation
2. Vector-type: Rotation

3. Tensor-type: Gravitational wave
e Decouple to the linear-order in spatially homogeneous-isotropic background.

— In anisotropic background world model (e.g., Bianchi type I) the non-vanishing shear
in the background will couple all three-types of perturbations.

— To the second order in perturbations the linear order perturbations of all three-types
will source (thus, couple) three-types of perturbation in the second order.

Classical Evolution:

1. Scalar-type: super-sound-horizon scale conservation
2. Rotation: angular momentum conservation

3. Gravitational wave: super-horizon scale conservation
e (1,2): independently of horizon crossing.

e (1-3): independently of changing equation of state, changing potential, changing gravity
theories.



Origin:
1. Topological defects

2. Quantum fluctuations + inflation

Three stages:

1. Quantum generation (becomes macroscopic by inflation)
2. Classical evolution (super-sound-horizon, linear, conserved)

3. Nonlinear evolution (far inside horizon, Newtonian simulation)
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conserved evolution Distance between
two galaxies
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Origin and evolution of LSS

d Quantum origin

- Space-time quantum fluctuations from uncertainty pr.
- Become macroscopic due to inflation

 Linear evolution (Relativistic)

- Linear evolution of the macroscopic seeds
- Structures are described by conserved amplitudes

d Nonlinear evolution (Newtonian)

- Nonlinear evolution inside the horizon
- Newtonian numerical computer simulation



Einstein’s equation

Action:

S = / [16;(; (152 - 2A) + im] V—gd'z,

where § = det(§u) and 6(v/—GLy,) = %\/—gf“bdgjab.

Einstein’s equation:

~

Gy = 8TGTh, — AGap.
Energy-momentum conservation:

T(?;,b — 0.

Latin indices a, b, ¢, - - - = spacetime; Greek indices «, 3,7, - - - = space.

Tildes indicate covariant quantities.
Signature convention: (—1,41,+1,41).
We set c=1=h.

Curvature convention:

~ ~ — ~ pd
Ug;be — Ua;ch = udR abes

Ha _ Ta a ne Ta ne Ta
Reyd = Uhae = Thed + Tpal'ce = Toel ges

Rab = RC

~ ~ ~ 1 ~
R = RZ: Gab = Rab — §R§ab7

ach?

1. 5 N -
he = §gad (Gbd.c + Gdes — Goe.d) -



143 Approach
Covariant
Formulation

Ehlers, J.,, 1961 Proceedings of the mathematical-natural science of the Mainz academy of science and literature, Nr.
11, 792 (1961), translated in Gen. Rel. Grav. 25, 1225;

Ellis, G. F. R,, 1971 in General relativity and cosmology, Proceedings of the international summer school of
physics Enrico Fermi course 47, edited by R. K. Sachs (Academic Press, New York), p104, republished
in Gen. Rel. Grav. 41, 581;

Ellis, G. F. R., 1973 in Cargese Lectures in Physics, edited by E. Schatzmann (Gorden & Breach, New York), p1;
Bertschinger, E., 1995, astro-ph9503125.



1+3

u Time-like four vector
a
h Spatial projection tensor
ab

d Ehlers et al (1961)
d Spacetime covariant
d Useful in cosmology



Kinematic quantities:

Four vector Projection tensor
' a __ s
u,u’ = —1 hy = gap + U, Uy

¢ 1,d - _ .
ha hb Ue.g = Wygp + Hab = Ugp + U, Uy

Shear tensor Expansion scalar

eab o %ahab ’ 0 = ua;a :

Acceleration vector

Jab

l

1
ua;b = Wgp + Oab + 39hab = Qg Uy ,

Vorticity tensor Vorticity vector

— b a abcd
a, = Uy, = Uy, u° w® = 1in

— C
ub wcd ’ wab - "abcd W u

d

2



Energy-momentum tensor:

Four vector

Tab = HU, Uy + phab + qaUy + U, + Tab

Energy density Pressure Flux vector Anisotropic stress tensor

=T ,u’u’ p= %Tabh“b ¢, = =1, u’h? 7w = T.ghChE — phy,.



Covariant (1+ 3) Formulation

See Ehlers (1961), Ellis (1971,1973) [8, 35, 51].

Introduce time-like normalized (i, = —1) four-vector field @, in every spacetime point.
The projection tensor:

Lo o— ~ o~ ~b La _

hap = Gab + Uatip;  haptt’ =0, h; = 3. (6)
Decomposition:

Teid~ T id s~ cFd ~ o~ 7] ~ -
hahiyUesa = il e, + R Ny tie.d = @ab + Oah = Ugp + Aalin,

- = ~ T
Oab = Ogp — g‘gh(lb; 0=u qqy Qa = Ug = UgpU

aa:b — (Z}ab + &ab + géﬁab - fbafbb. (7)

0 = expansion scalar

a, = acceleration vector
wWap = Totation tensor
0. = shear tensor

Introduce

5 1

1 . - - b~
abed d s 52 = 50_(1.60_(167 (8)

~ 0 — ~ ~ ~ € ~2
W= 571 UpWedy  Wab = NabedW U, W™ =

where ﬁabcd — ﬁ[abcd] with 771234 — 1/\/__§
Indices surrounded by () and [ ] are the symmetrization and anti-symmetrization symbols.



The energy-momentum tensor is decomposed into fluid quantities based on u*:

Tab = ﬁﬁaﬂb + 15 (gab -+ r&aﬂb) + Cjar&b + Qbﬂa + 7”{—ab: (9)
where
WG, =0 = W' Tapy,  Tap = Tpa, 7Ty = 0. (10)
Thus
~ _ m_~a~b ~ 1~ 7.ab ~ n ~cpd ~  _m jcnd ~7
H = Twu P = §Tabh s Qo = —LdU ha, Tab = Tcdhahb - phab- (11)
i = energy density
p = (isotropic) pressure

. = fux vector

)

Tap = anisotropic pressure (stress)

Frame choice:

We have /i (1-component), p (1), g, (3), Tap (5), and 1, (3), thus total 13 components to fix T,
which has only 10 independent components.
Thus, we have freedom to choose frame vector:

Energy-frame: G, =0
Normal-frame: U, = ng with n, =0




Covariant equations:

Raychaudhuri equation:

T

9+§92 —a", +2(6° — &%) +4nG (fi+ 3p) — A = 0.
Vorticity propagation:

~ T 2 1

hib + geaﬂ — b + §ﬁabcdabac;d.

Shear propagation:

= a (= e 24 . o .
hghgl (ch — G(c;d)) — Ay + ey + Oqc0p, + §Haab — §hab (w2 + 262 — acgc)

+ By — 4nGig = 0.

Three constraint equations:

1 ~be ~bc 25 ~ ~ ~ ~
hap (wb = &Y .+ §O’b> + (Dap + Fap) @° = 871G,

~a L ~ b~
W, = 2w ay,

Fla = 2aaiin — Rt (3, + 5,7 figer@.
The energy and the momentum conservation equations:

i+ (B4 D)0+ 760+ ¢, + " = 0,

I I 2 z . s 4~ \ _
(fi+ P) aq + he (p,b + Tpe + Qb) + (wab + Oap + gehab) §’ = 0.

(12)

(13)



In the normal-frame, thus %, = n, with n, = 0, we have @0, = 0.
The trace part of the GGauss equation give:

- 1-
R® =2 (—592 + &% + 8nGji + A) . (20)

R®) is the scalar curvature of the hypersurface normal to 7i,.



Weyl parts:

The Weyl (conformal) curvature:

~ ~ | o~ - o~ 1 ~ N

Cabcd = Rabcd - 5 (gacRbd + gbdRac - gbcRad - gadec) ER (gacgbd gadgbc) . (21)
The electric and magnetic parts of the Weyl curvature:

- - o ~ 1~ o

By = Compgtia®, Hyp = 5lac I, FpaliCu? (22)

C*.. = R™, — 291t Ry + $Ryi2 g4 ,
— . Cabr:d u u Hac = "abghc hcd u u
AV
Cabcd - (”abpq ncdrs o gabpq gcdrs)upur E4s _I_ (nabpq gcdm + gabpq ncdrs)upur Hqs ,
Gabcd = Yac Ipa — GaaPpc » N0 = n“’”"‘”\ n'3* =(—g)~ 12,

Anti-symmetrization symbol

Corrections in eq. (4.80) of Bertschinger (1995)



Four quasi-Maxwellian equations:

divE:
hhG ™, — 75,6 Hye + 3H{ Q"
_ 47TG(§hab~ — Rt 83p0gt + 50 + weab — %ég )
divH:
hahc Hbd ~abcd~ ~ eEde 3E~‘au~}b
— 47TG{ (o +p)w” + n“b“l [qu + Tee (@ s 5ed)] }
T ot (HC{ A — 20,1 ) %, + h'6 Eog + 0E™ — B° (35” + @“C)
- 47TG[ — (i +p) & — 2ag? — Rl ((f?d + %Cd) - (w (@ &ga) 7o)
—%éﬁ‘“’ + % (§°.c + @G + 75 a) Fﬂb] .
H:

BaiLZHCd o (E&feh( . 2adE( ) ~b)cde~c + hab cdH + HHab I;]( (3~b)c + @b)c)

— 4rG | (@8] — 7R ) P a4+ R - 301

(23)

(24)

(25)

(26)



3+1 Approach
ADM Formulation

Arnowitt R, Deser S and Misner C W, 1962 in Gravitation: an introduction to current research, edited by L.
Witten (Wiley, New York) p. 227.



3+1

/
/

' n Time-like normal four vector

L a
h Spafial metric tensor
B

J Arnowitt-Deser-Misner (1962)
[ Canonical quantization

(] Useful in numerical relativity, cosmology



(_EU[]: _N—Z: gﬂa:N—ZNaj
gP=p*P—N2NANB,

1

Kap= 2N

_ |
K“BEKQB_ ?hﬂ.’BK'«‘

00— — NZ NaNaf:- gﬂaENafn

(N B+N;3’af {IB;U).&

gafﬁ’ a3

K=h"PK .z,



h)a _ 17 (he h)a h)e h)a
R B?*ﬁ:r( ) 5 —r 5y ot () Bﬁr( ) e

0,y

h)e h)a
—17 B?r( ) 5

(h— RN (h= jaBR(M
RU=RM7 .. RM=pFRY),

Y8

|
p(h) — p(h) _ _ (h)
RﬂB RﬂB 3hﬂR .
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ADM (3+ 1) Formulation

Arnowitt-Deser-Misner (1962), Bardeen (1980, 1988) [3, 4, 5, 51].
The metric:

ds® = —N*(da")? + has (da® + N°da") (dz” + N7da") .

N = lapse function

N, = shift vector

has = three-space metric

h*? = inverse three-space metric, h*’hg, = 69

ADM variables are based on h.s as the metric.
Metric and inverse metric tensors:

L(N]OO = _NQ + NOINOJ gOa == Na‘: gad = hfa,@:
gOO _ _ZV—Q7 gOG _ ]\[—2]\7(}7 ga;ﬁ _ h(l@ . ]\/'—Qj\folj\/iﬁ7

The extrinsic curvature:

K.3 = % (Naws + Noo — hapo); K =h""Kas, Kup=Kas— éhGSKa
The intrinsic curvatures based on hgg:

R(h)aws _ F(h)gm B F(h)gwS N F(h); T ple ?’F(h)g-ﬁ

RY =R, RY =R RY = R Lh RO,

NG 3y = %hms (hgs~ + hey s — haqs) .

(27)

(31)



The normal vector n,:
fin=—N, f,=0; a’=N"1' @a*=-NIN“ (32)

The fluid quantities:

~ ~ 1
E=igiyT,  Jy=—mT0, Sap=Tas; S=h""Sas Sag = Sap — FhasS. (33)

E = energy density
J, = flux vector
S = 3 xpressure

Sap = anisotropic stress

The ADM fluid quantities correspond to the covariant fluid quantities based on the normal-
frame vector:

E = [La S = 315: Ja — gom Sozﬁ — ﬁ-aﬁ~ (34)



ADM equations:

Energy constraint equation: (0,0) component

- 2
RMW = KK, 5 — gK2 + 167GE + 2A. (35)
Momentum constraint equation: (0,¢) component, G,
_ 2
K, - 3 Ko = 87G . (36)

Trace of ADM propagation equation: (@,p) component, trace
. — a = 1
KoN'— K NN '+ N N1 - KK, — §K2 —47G (E+ S)+A=0. (37)
Tracefree ADM propagation equation:  (@,p) component, tracefree

K§oN™' = K§ N'N™' + K3 N“IN~' — K*N7 ;N

_ _ 1 . _ Py _
= KK - (N'O‘ﬁ = 55%-3) N7t R 87GSY. (38)

Energy conservation equation:

1 -
EoN'—E,N°N!' - K (E + 38) — SYK,5+ N2(N*JY) =0. (39)

Ned
Momentum conservation equation:

JaoN ™' = JagNONT' = JuN? N7V — K J,+ ENoN ™'+ 8+ SINgN™' = 0. (40)



Multi-component case

In the multi-component situation:

Tab — Z T(k)ab3 T(i)(i);b
k

Liyar Y e =0. (41)
k

Based on the normal-frame vector:

P= . B= By Ga= Y Ane Tao=Y T (42)
k ; ; k

In ADM notation E = i, S = 3p, Ju = Gay Sas = 7ag, thus
E= Z Egy, S= Z Stky, Ja= Z Jkyar  Sap = Z St)as- (43)
K k K K

(41) gives the energy and momentum conservation equations for individual component:

1 o
1 anr—1 af —2 2 T
EwolN " — E@oN"N — K (E(iﬁg%) — S Ko + N (N J(i))
1

— —— (I, —IMNO‘), 14
N(()O (0 (44)

Nei

TiaoN ™" = JyaigN' N = Js NP N = K Jyo + By No N7
g B -1 _ 7
+S(i)a:ﬂ + S(i)aNﬁN - I(i)a- (45)

(35-40,44,45) provide a complete set of equations.



Background
World Model




Friedmann equations

8nG K A 1 | )
H2=—3—u—?+5"+§(tr‘——}‘),

f= —3H(u + p) — g,

. 4nG A 1 2
H+Hz=-——-’-f,,—(u+3p)+—+—/\74—§(auw2),

3 2

Spatial gradient

1
Tt hV,p + V. 13)

87G K A 0(x,t) = 3H(x,t),
% e i T
e 6 (x. 1)

Q
8
I

R (x,t) =
ft=—3H(u + p),

: dnG A :
H+H' = - —(u+3p)+5, H=-".
a

JH ApJ 880, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)



Newtonian
Pert. Theory




Newtonian Cosmological Perturbations

Hydrodynamic equations:

Continuity (mass conservation), Euler (momentum conservation), and Poisson’s equations:

0+ V- (ov) =0,

1
V+VVV:—;vp—vq:),

&

V2P = AnGo.

Uniform background:

_ i

v = Hr where H = -
(46-48) give:

0+ 3Ho =0,
H 4+ H? = E = ——4TFGQ.
a 3
2nG
o = or-.
3 <
From these we have
‘ @G 2F
H2 = " 0+ —5
3 a*

where I/ is an integration constant.

(51)

(52)



Perturbations:

Introduce perturbations:
o=0+d60=0(1+0), p=p+dp, v=Hr+u,
Perturbed parts of (46-48) give:

0
—dp+ Hr -Viop+3Hbéo+ oV -u+ V- (dpu) =0,

ot
§u+Hr-Vu+Hu+u-Vu: __V(Fp — Voo,
ot 0+ dp
V2P = 4nGéop.
Introduce the comoving coordinate x
r = a(t)x,
thus
1
V =V, =-Vjg,
a
0 0 0 0 0
_ = — - — —_— . X —_ - - H * X
9t~ Dtlr ﬁtx+(8trx) Ve = gl XV
Neglecting the subindex x, we have
.1 1
d+-V-u=—-—-V-(6u),
a a
1 1 1
u+ Hu+ —Vid = ___Lc?p — —u- Vu,
a apl+9d a

1
—V?6® = 4nG 0.

a

b=+ 5.

(58)

(59)
(60)

(61)



We introduce

1 1
f=-V -u, w=-Vxu
a a
By applying +V- and 2Vx on (60) we have:
: _ 1 Vop 1
0+2HO+ 471Gy = ——V - | —— | — =V - (u-
+ +4nGo azév (1+5) a2V (u-Vu),
w+2Hw:G2é (e —?Vx(u-Vu).

Combining (59,61,63)

a<p 1+6) a2

a
(59-65) are valid to fully nonlinear order.

o | . 1
5+ 2H§ — 4GS = V. (M) 0V - (5u)] + =V - (u- V).
a



To the linear order, using dp = v2dp
(66)

. A
5+ 2HS — (47TG§—1— 0 )5 — 0.
; —~—

ravit
gravity pressure

Expanding in a Fourier series § o e’¥* where k is the comoving wavevector, Jeans criteria

becomes
2ma s
A= — = — 67
/ k;y Us Gpo ( )
A> Ay —  gravity wins —  grow + decay

A< Ay — pressure gradient wins —  oscillate

“But if the matter was evenly disposed throughout an infinite space, it could never
convene into one mass; but some of it would convene into one mass and some into
another, so as to make an infinite number of great masses, scattered at great distances

from one to another throughout all that infinite space.”
I[saac Newton (1692)



Rel./Newtonian
Correspondence



Relativistic/Newtonian correspondence:

Background order:

)

a 87 G const Ac?
- — o — + ,
3 e a? 3

I~

da

Friedmann (1922)/Milne and McCrea (1934)

Linear perturbation: 5(x,1) = o(x,t) —

/ o(t)

54225 — 4nGos = 0.
d

Lifshitz (1946)/Bonnor (1957)



“It 1s curious that 1t took so long for these dynamic models
to be discovered after the (more complex) general relativity
models were known.”

G. . R. Ellis (1989)

“*In fact, the known “Newtonian cosmology” is a version

guided by Einstein’s gravity!

Ellis, G. F. R., 1989, in Einstein and the history of general relativity, ed. D. Howard and J. Stachel (Berlin,
Birkhauser), 367;

Layzer, D., Astron. J. 59, 268 (1954);
Lemons, D. S., Am. J. Phys. 56, 502 (1988);
Noh & JH, GRG 388, 703 (2006).



Lecture 2

Perturbed world model
Basic equations

Gauge issue

Hydrodynamic perturbations
Covariant approach

Scalar field perturbation

S Grds Lo o =

“Our ability to describe the universe with simple, elegant models stems in large part
from our lack of data, our ignorance.”

J. Horgan (1996)



Perturbed
World Model




Perturbed World Model

Background metric:

Spatially homogeneous and isotropic Robertson-Walker metric:
ds* = a* [—dng + gfﬁ%dﬁcadmﬁ] .

n = conformal time, cdt = adn.
a(n) = cosmic scale factor.

Several representations:

2
ds’ = a” | —dn* + —— + 17 (d6” + sin” 9d¢2)] ,

L
ds® = a* | —dn* + — (da* + dy* + dz*)

i

e
| 2
ds* = a* |—dn? + dy* + Wice sin (\/E)O) (d@Q + sin’ 9d¢2)] :
where
’T‘EL, F= a4y + 22 XE/F dr .
14 572 | V1—Kr?

Three cases depending on the sign of the spatial curvature, K.

(68)

(69)

(70)



Perturbed metric:

Introduce perturbations:
ds* = —a® (1 + 2A) dif* — 2a* Bydndz® + a” (ggg - 2C’aﬁ) dxda”.
Decomposition:

A=a,
By = 4+ BY,

3 v
Cap = 045) + Vs + Cfafﬁ) +Cll),

B, and C,3 etc, and vertical bar are based on ggg

Scalar-type: a, 3,7, @ 4 (2)
Vector-type: BY, ¢V transverse B(U)am =0= C(U)aa 4 (2)
Tensor-type: C’(% transverse-tracefree  C (WZ 5= 0=C (t)g

(73)

(74)

The (scalar, vector, tensor)-type perturbation has (4, 4, 2) independent components and (2, 2,

0) components are affected by the coordinate transformation.

Linear perturbation assumes all perturbation variables are small. Thus, ignore any quadratic

and higher-order combination of perturbation variables.

To linear order the types of perturbation decouple in the homogeneous-isotropic background.



Why linear theory?:

1. The CMB temperature and polarization anisotropies are very small %T ~ 107°.

2. The large-scale clustering of galaxies are approximately linear as the scale becomes large.
Our own homogeneous and isotropic background world model relies on this assumption.

Observations are not inconsistent with the assumption.

If the fluctuation is on ~ 107° level, Taylor’s series theorem guarantees the non-linear terms
are negligible ~ 1019

Still, considering that the basic equations are fully nonlinear, it is matter of whether we can
ignore (or tolerate) the level of nonlinearities.

It looks we may currently assume linearity in the early universe and in the large-scale in the
present era.

If the situation is linear, then we can handle both physics and mathematics very reliably.



http://lambda.gsfc.nasa.gov/product/cobe/dmr_image.cfm
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Planclc (2013

http://www.esa.int/Our_Activities/Space_Science/Planck
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Angular scale

90° 18° 1° 0.2° 0.1° 0.07°
6000 | | g
5000 “—— Pure observation: |
independent of
4000 } cosmological theory! |
(@\
X From cosmological theory
3000 | :
S
Q i
2000 -
1000 1
s
0 Ll i R | I ] I ]
10 50 500 1000 1500 2000 2500

Multipole moment, ¢

Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter ACDM theoretical model (the model plotted is the one labelled [Planck+WP-+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to £ = 50, and linear beyond. The vertical scale is £(¢ + 1)C;/2x. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-¢ region.

Planck 2013 results. I. Overview of products and scientific results [astro-ph/1308.5062]
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Figure 8. Points with errors show our measurement of P4, (k). We show +/C; as error bars; recall that the points are positively correlated. We plot
the best-fitting WMAP5+LRG ACDM madel (€2,,, Qp, Qp, ns, o8, k) = (0.291, 0.0474, 0.709, 0.960, 0.820, 0.690) with best-fitting nuisance parameters
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significance of the BAQ detection in the P, (k) measurement is Ay 2 = 8.0,
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Connection and curvature: A strai g htforwa rd

0=n
Metric:
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goo = —a> (14 24), §Goa = —a°Ba, Jap = d° gaﬂ +2C,3) - (75
Inverse metric: / gab 8pc—07
~ ]- ~Ocx 1 e ~ 1 (04 «
0= - (1-24), P =—— B, 3= = (y0F —aced). (76)
a a a
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! / !
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a a
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Do o a’ ’ «
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a a
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B%5y = B% 5 — B 55, B% Bajgy = Bapys + B 5, B,
N | 1
r® 56 = R® (5a gé%> 58 (3)) ng -3 R® ggg’ R® — 6K (81)
Time derivativ%iomentionéA In maximally symmetric space:
A=—om A= oy Cdt = adn. see Weinberg (1972) (82



In decomposed form Ricci and scalar curvatures are:
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Energy-momentum tensor:

Perturbations:

Tab(Xv t) = Tab(t) + 6Tab(x: t)a /NL = U + 6/% ﬁ =P + 6p7 (ja. = @Qm ﬁ-ad’ = 0’2]:[(15'

(85)
Four vector:
io=—-a(l+4), d,=a(V,—B,); @ = %(1 —A), = éva, (86)
Fluid quantities:
Iy = —p—0u, Ty =(u+p)ve. T5=(p+dp)ds +1I5. (87)
Decomposition:
Vo = Vo + ufj’% v, =V, — B, + (o :
' H+p
oy = o (1Lags = gallatr) + 211, 118 55)
(3)

Vi, Qa, 11,5 etc are based on 9o
These variable are frame independent.

The frame choice:
The normal-frame vector n, sets n, = 0, thus V,, = B,,.
The energy-frame vector sets g, = 0, thus @), = 0.




ADM formulation:

Useful ADM variables to the linear order:
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aQBa: ha?—ga? —(1 ( (3 +QCQ3)

—B°,

(hyy  _ By Y
L By L By + C'*,'Lﬂ‘

A+ 3K

a8 o 6K .
-0, 3) 2 —4 2 7

2 (87 f() ”r|‘5
— 209 (C = O)]

C“

A
—3H +3Ho — 3o — =X

. 1 | a o Lo (1,
Ky=—— ( “I5 T lel) — Y+ §55 (EBJH + Cﬂ;)

2a
1 e 1 o 1 U)o V)| () o
— —? (V V3 - 353A) X — % (\I}( ) E; ‘I—\IJ(a ) ) — C( );‘\31 (89
1

E = —Tg =p+op, Jo= ﬁofg =aqa (;L -|—‘p) Vg, JO= E ('u —|—p) v,

Saﬁ = T&ﬁ = (12 [(p + 5})) (3) + QPCQR + Ha3:|

ao’
S=3(p+dp), S;=15 S§=15+ (p+dp)dj, (90,
‘o 1 « =L = a 1 \
]VO'} - Eal 3 K;:ﬁ = K(iH J o _E (/‘L +p) AU% S‘I — 5]) at HQI% (91



Kinematic quantities:

Metric quantities:

N = a (1 + «a) = lapse function,

N, = —a’ (ﬁ"a + Bc(f")) = shift vector,

has = a” [9((130)’ +2 (999((3 + Yap+C

Kinematic quantites in the normal frame:

0=—K =3H — k,

. = T v
Oap = —f\ap = X,Oi|5 T gg((lj)AX + GJLIJEG)
(-DCI:IB — 07
o = (InN) , = .,
1 - _
h (
R = = [6K — 4 (A +3K) ¢,

where we introduced

(v
(@|5)

X=a(f+ay), ‘I!g) = Bc(f") + CLO((}“),

Thus
Y = shear
x = perturbed expansion
@ = perturbed curvature

+ ng)] = three space metric.

15)

2 A1)
+a Oaﬁ?

(91)

(92)

(93)



Basic Equations



Basic Equations:

Background:

/Hard way

GY and G° — 2GY:

"2 87;@ . g %7 ADM energy-constraint (94)

a ArG A

P (1 +3p) + 3 Trace of ADM propagation (95)
Té);b =

ft+3H (it +p) = 0. ADM energy-conservation (96)
(96) follows from (94,95). \

Easier way

Does not even need
the connection!



Scalar-type perturbation: (Bardeen 1983) [5, 13]

Much Easier way

Definition of k: /
k=3Ha—3p — é2)(- Trace of extrinsic curvature (97)
a Hard way
G, G0, G4 — 154G and G2 — G
Hr + = +23KS0 = —4nGop, ADM energy-constraint (98)
a
K+ A :;))KX = 127G (,u + p)av, ADM momentum-constraint (99)
- A
k+2HK + (BH + 2) a = 4rG (dp + 3dp) , Trace of ADM propagation (100)
a
X+ Hx —¢—a=38rGIL Tracefree ADM propagation (101)

Fh Th
TD;b — 0 and Ta;b =

) 1
51“ + 3H (5“ + 5]9) — (/u + p) (’f —3Ha + aAU) y ADM energy-conservation (102)

la*(u+pl] 1 1 ( 2A + 3K ) ,
= —a+——— | dp+ — 1I11. ADM momentum—conservatm@ 03
dptp)  a  awrp \" 3 a )

(97-103) provide a complete set for scalar-type perturbation.



Vector-type perturbation:

Easier way

G9, G and T, = 0: « Hard way /
= ; 22 K\PSJ) = —SWG(H + p)vav), ADM momentum-constraint
a
\ngv) + QH\IJS:&U) = SWGH&U), Tracefree ADM propagation
'+ s CA+2K .

ADM momentum-conservation

ap+p) 2> ptp
For vanishing anisotropic stress:

Angular momentum ~ [a?’ (p+p)-a- o | ~ conserved.

Tensor-type perturbation:

AW L apgo®) A- QKO(t) _ sxa? Tracefree ADM propagation
ap T oH a5 2 Cap T ST ag
For K = 0:

1 : - A
— (a‘o’C’é%) Cé% — stress.

a’ a?

t) . : .
C’ég is conserved in the super-horizon scale.

(104)
(105)

(106)

(107)

(108)



Derivation of (101,105,107):

~

G5 — %5};‘@1 or (38) gives:

1 1 |
" (Vavg - gggA) (X + Hx — ¢ —a—8rGI)
L og® Y 30
t (‘1 q’(aﬁ)) — 8rG Il
; o A 2K
+C 4+ BHC — ==L — 87GIL, = 0, (109)

We can decompose (109) to three different types of perturbations:

First, by applying V* on (109) we can derive an equation.

Second, by applying V*V* on (109) we can derive another equation.

From these three equations we can show that the three perturbation types decouple from each
other and give (101,105,107).



Scalar field:

Action:

. 1~ ~ -\
Top = @,a@b,b — (§¢’C¢3,c + V) Gab-

(110)

(111)

(112)



Perturbation:

d(x,t) = o(t) + dop(x, t). (113)

Equation of motion:

Background:

¢+ 3Ho+Vy=0. (114)
Perturbation:

56 + BHOG — —06 + Vipodd = & (1 + @) + (2¢ + 3H¢)) a. (115)

Fluid quantities:

_1'2 _1'2

op = ¢dp — P’ + Voo,  O6p = pdp — ¢ — Vg,  (u+ p)v = 5¢5¢,
ol =0, T,s=0. (116)
Notice that

d¢ =0 1implies v =0. (117)



Derivation of (115,116):

(112) gives:

a5 = Dastie )

— oo, 0) + 9" (~ Fa“g@q(} — fﬁlﬂ%)

0(95) =V5(0) + (V3).006 = Vs(0) + Vo0, (118)
Using (76, 77) we can derive (114,115)

<:ac>

From (87,111) we have:

8 = 0= b — | 570+ V)| = 307600~ V(D)

11

T 92 (1—2a) (o + 5¢),0 (¢ + 5@),0 — V() = Voo

1. . :
= =50 —V(9) — 600 + g’ — V06, (119)
Thus we have p and 0 in (116).



Multi-component case:

Energy-momentum tensor in (41) gives:

= Zﬂ(k)a pP= Zp(k)
k k

5#2}2&%» &ﬁ:z}bw,(u+mv:§zmm+pmww7
k k

(p+ p)ol) = Z(M(k) + p(k))v((g, .5 = Z Uir)as:
k P

P — (v) (Wa
I( Ja = z)a + 5[ 61(@')0; = 5[(@-)’04 + 51( 6[(1) a = 0.

Energy and momentum conservations (44,45) give:

. 1
fuiy + 3H () +py) = =L,

: 1 1
Ofu) +3H (5,u (i) T 5;0(@-)) = (/J(z') —HD(Z-)) (R —3Ha + GAU@) — E(U(-

[a* () + pey)va) 1 1 (5 | +2A+3K

a*(pi) + Py a  alpp +pa) L

' +pa)uinl Avaorx T, 1 0L
a*(p) + pp) 27 gt pa) A+ Pe

(97-103,123,124) provide a complete set for scalar-type perturbation.

(120)

(121)

(122)

(123)

(124)

(125)



Scalar fields:

Equation of motion:

e o
%0y ¢ = Ve
Perturb:

Oy (X,1) = Py (£) + i) (%, 1), (127)

(126)

Equations of motion:
65(@) + 3H<Z>(z') + Vi, =0, (128)
. . A . :
5¢(z) + ?)Hdd)(z) - 5 @) + Z V¢( k) 5¢ = d) () (KJ + Oé) (2d)(z) + 3H§Z’)(z)) . (129)

Fluid quantities:

1 : 1 :
N:§Z¢%k)+v7 p:§z¢%’€)_v
op = Z ( oy + Vo, 000 )
op = Z ( DOP) — Pl — V¢(k)5¢(k)) )

(1 +p)v = 52%5%, o) =0, T =0. (130)
k




Gauge Issue



Gauge Issue

Einstein gravity has spacetime covariance.

Coordinate invariance — more variables than equations.

= Gauge freedom: freedom to choose some conditions.

“A gauge transformation can be thought of as a coordinate transformation induced
by a change in the correspondence between the physical perturbed spacetime and the
fictitious background spacetime introduced to define the perturbations.”

J. M. Bardeen (1988)
Spatial gauge freedom: trivial in Friedmann background
Temporal gauge freedom: affect scalar-type mode

Exist several fundamental temporal gauge conditions.
Except for the synchronous gauge, the other gauge completely removes the gauge mode

— gauge-invariant!

Fixing gauge — lose no generality.

Physics is gauge invariant, ¢.e., does not depend on the gauge condition we choose.
A known solution in a gauge — all solutions in every gauge.

Practically, important to take a gauge which suits the problem.

Usually, we do not know the suitable condition, a priori.



Gauge transformation:

Transformation between two coordinates x* and z%:
é\ta = g;a +£&(I€)
Tensor transformation property between x* and z“ spacetimes.

- 2 ol . -~ 0z¢ 0z »

B = 00), 0ala) = SoBE), wla?) = 5o hli)

tab(xe) — tab( ) 2t afc b) ~ab céc'

From the gauge transformation property of gu:
A ~ a’ ~
A=A- (§0’+§0) ,
a
By = By — fo,af + 5&:
: a'z (3)
Caﬁ - Caﬁ - E’/g gaﬁ gaﬁ f)/émy é‘ )8)

Thus, even the Friedmann background (111 x® coordinate with A =

(131)

(132)

(133)

(134)

= Cuhp = 0) looks

perturbed in z“ coordinate, and we do not want to confuse such effects from real perturbations.



From the gauge transformation property of Ty

Ojt = 0p — Hflgoa op = 0p — plgoa Qoz = Qo+ ([L + p)goja: ﬂaﬁ - Haﬂ- (135)
Decompose:
- 1 - 1 V)
==, L==t.+&; & =0 (136)
a a
We have

. . - 1 ' . 1 .
b=a-—¢, ﬁﬁ——§t+a(a), ¥ ==k ¢ =¢p—HE,

1 - . :
Ofp=0p—p&', dp=30p—p¢, v=v—-=¢, T=I, p=20dp— o,
a
BT B o, O =GP - €0, W0 =W, a9, T
(T t (T t
Y =cl, nl=n, (137)
Scalar-type: affected by & and €

Vector-type: affected by (v)
Tensor-type: gauge-invariant




Derivation of (133,134,137):

For v,:
- 35?31): A aiUb—l‘Nbs =~ - S sz
(at) = 0 = a8 = (480, [la) +
— ;50,(356) + gb,a@b + 5&,656 - 5&(556) + gb,aﬁb + 6&,6567 (138
thus,
0 () = Ta(2) — Tup” — B’ . (139
For gooi

Joo(a®) = —a’ (1 + 2121) = oo — 2§c(0§c,0) — GoocE"
= —a’ (1 + 24) — 25006" ) — Goo.0€"- (140

To the background order we have a = a, and the perturbed order:

a a’

A:A_EO’O_C,LOEO:A_EOI_EgO

= — (lét) - illﬁt —a— ¢ (141
a aa



Gauge conditions:

Spatial gauge conditions:

“Since the background 3-space is homogeneous and isotropic, the perturbations in
all physical quantitics must in fact be gauge invariant under purely spatial gauge
transformations.”

J. M. Bardeen (1988)

We have two natural spatial gauge fixing conditions:

B-gauge: (=0, BYV=0 — £&xt) xa, EV(x), (142)
C—gauge: ~=0, CY=0 — ¢=0 ¢&¥Y=o (143)

The C-gauge conditions (C5 = gpg((]j; + C((f;) successfully remove the gauge modes.

The B-gauge conditions (B, = 0) fail to fix the spatial and the rotational gauge modes com-
pletely, thus, even after imposing the gauge conditions we still have the remaining gauge modes.
For 8 we have considered a situation where the temporal gauge condition already completely
removed &'

. . . v v v .
To the linear-order, the variables y = a(8+ a%) and 7Y = BY 4 a0 are natural and unique

spatially gange-invariant combinations. In the C-gauge we have y = a8 and ") = B\



Temporal gauge conditions:

Temporal gauge condition fixes &°.
We can impose any one of the following temporal gauge conditions to be valid at any spacetime
point:

synchronous gauge: a=0 — £H(x)

comoving gauge: v=0 — &=0
zero-shear gauge: =0 — =0
uniform-expansion gauge: k=0 — &=0
uniform-curvature gauge: =0 — &=0
uniform-density gauge: o =0 — & =0
uniform-pressure gauge: op=0 — £=0
uniform-field gauge: 0o =0 — & =0

Except for the synchronous gauge condition, each of the other temporal gauge fixing conditions
completely removes the temporal gauge mode.

In the multi-component situation:
Additionally we can impose any one of the following as the temporal gauge condition:

opy =0, dpiy =0, vy =0, d¢y =0. (144)




Introduce systematic notations for gauge-invariant combinations:

b= —Hx=¢p—-H&—H(x €] =p—Hx =y, (145)

Gauge-invariance means its values is independent of coordinate.

We have:

Pox = ¢ — Hx = ¢ly=0.
® o, is the same as ¢ variable in the zero-shear gauge where we set x = 0.
e © in the zero-shear gauge (x = 0) is the same as a gauge-invariant combination ¢, .

Temporally gauge-invariant combinations:

. 1
Oy = 0pp — frav, @y = — Hy, V=V X
H H
Lo — @ — GLHU, 905¢ = QY — gdﬁb = —gdgbsm ce (146)

These are completely (i.e., both spatially and temporally) gauge-invariant.

“Many gauge-invariant combinations of these scalars can be constructed, but for the
most part they have no physical meaning independent of a particular time gauge, or
hypersurface condition.”

J. M. Bardeen (1988)

Compared with notation in Bardeen (1980):

A
€m = O/ 1ty P = @y, ,Ug(J) = kv, pwg)) = op, pﬂ'(TO) = ——IL (147)
a



Spatial gradient variable: (Olson 1976; Ellis and Bruni 1989; Woszczyna and Kutak 1989) [52, 35]

N

Hawking (1966)
ﬁgﬁ,b = (Sg + ﬁbﬂ&) fp = Opt o + F’J,Oﬂoﬂa = (op — /:La?}),a + /:LCLU&U)
= Ofly,a + ﬂavgf),

iLZéb = 00y 0 + éafu((f), (148)
where, in the energy frame (91,93,90)
1
" ==(1-a), i,=a(—v,+ o). (149)
a

The spatial gradient variable ﬁgﬁ,b (or ﬁgéb) is a combination of du, (or 66, = —k,) and the
rotational perturbation.

The gauge-invariant combinations du, and 06, can be regarded as spatial gradients of density
and expansion rate.



Gauge-ready method:

e There exist several (in fact, infinite number of) temporal gauge conditions available, and all
of which have corresponding gauge-invariant counterpart. For example, for o we have:

Ofhpy Oflp, Oy Ofly, Ofs =0, ..o (150)

“While a useful tool, gauge-invariance in itselt does not remove all ambiguity in phys-

bl

ical interpretation, ...

J. M. Bardeen (1988)

e Often, mixed usage of different gauge invariant combinations is needed.
e Use the available temporal gauge conditions as the advantage.

“The moral is that one should work in the gauge that is mathematically most conve-
nient for the problem at hand.”

J. M. Bardeen (1988)

e Start without fixing the temporal gauge condition.
e Design equations for easy implentation of gauge conditions.
e Our notation of the gauge invariant combination shows systematically which gauge-invariant
combination we are using, and allows algebra among different gauge-invariant combinations:
0 0

——Wsp, Yy =@ —aHv=—aHv,, ... (151)

5gb¢z(5gb—ﬁgpz T



Applications:

e Formulation [13]

e Ideal fluid [16], Zero-pressure fluid [18, 24]

e Scalar field [19, 17]

e Anisotropic universe [49]

e Coherent scalar field (axion) [21]

e CMB anisotropy (geodesic) [25, 34]

e CMB anisotropy (kinetic theory), collisionless particle [28]
e Multiple fluids and fields [26]

e Generalized gravity [12, 13, 20, 22, 31]

e Gravitational wave in generalized gravity [23]
e String theory correction terms [27, 31]

e Tachyonic correction term [30, 31]

o RYRy, gravity [50)]

e Through non-singular bounce [29]

e Second-order perturbations [51, 32

e Third-order perturbations [33]



Hydrodynamic
perturbations




Hydrodynamic Perturbations

From (98,99), (99,102,103), (101,103), (100,103), (99), (101) and (97,99,101) we can derive:
A 1+ 3K Bardeen (1980)

. A+ 3K
Oty +3Hp, = — la(p + p)vy, +2H1], (153)
1 Py, 2A+3K 11
Uy + Hu, a(Qx+u+p+3 " Mer) (154)
1 A+3K 2 : A
: v 2H v — 4 G(S v 6 v - 3H Y H 9 155
fio + 2H by = ATGOpt + - [p 3( +a2> ] (155)
A+ 3K
Ky = i Uy (156)
o |
Py +ay = =8nGll, (157)
o+ Ho, = —4nG(p + p)av, — StGHIL (158)

Notice the mixed usage of different gauge conditions. (Bardeen 1980)
(152) ~ Poisson’s equation
(153) ~ Mass conservation (Continuity) equation
(154), (155) ~ Momentum conservation (Euler) equation
Correspondences:

Oy, ©ys Uy (Ky) ~ Newtonian dp, 6P, u




Derivation of (153,156):

(102) in the comoving gauge gives:

Ofty + 3H (6)“1} + 5pv) — (u’ +p) (KJU - 3Hav) . (159
(99) in the comoving gauge gives
A+3K A+ 3K A+ 3K
Ky — —TXU — —T (X - G/U) — TUX. (160

This gives (156).
(103) in the comoving gauge gives

1 2A+ 3K
ay = ———— (5pv + E— H) : (161

Combing these equations give (153).



Density fluctuation:

From (152-154) we can derive (¢? = % and w = %) (Nariai 1969; Bardeen 1980):
0y + (24 3¢2 — 6w)Ho, + _ 22 4G — 66 + 8w — 3u?) + 12(w — A
v s v SCLQ /'L( Cs + Sw w ) + (w Cs)az
+(3c2 — 5w)A] 0, = stresses. (162)
This can be written in a compact form for general K, A, and p(u) [24]:
14w H? au \T LA
H [a(ﬂ ) ( i 0y — CSE&J = stresses. (163)
In super-sound-horizon scale without stresses we have a general solution:
H "a(p +p)

e ((x) and d(x) are two integration constants.
e (' and d are relatively growing and decaying solutions in expanding phase, respectively.

e ('(x) encodes the spatial structures of the relatively growing solution.



Newtonian vs. Relativistic:

(66,162) give:

0+ 2H6 + 5 =0, (165)

A
— ?)g? —47Go

ae

: A K
b0+ (2 + 3¢2 — 6w)H 6, + —

— A=~ 4nGp(1 — 62+ 8w — 3u?) + 12(w — )

IS

+(3c% — 5w)A] 6o = 0. (166)
Coincide in the zero-pressure case.

Compact form:

1+ w H? Au \T A
2H [ (i + p) ( H Oy - 02_2511 = 0. Due to incomplete gauge fixing, (167)
_ a alpb+p . . a there is a remnant gauge mode, and
Valid for general K, A, and time varying p = p(u). we have third order differential
equation .

Incorrect one in the synchronous gauge (o = 0) (for w = const., K = 0 = A):

. . A
6 +2H6 + | — cig — A7 Gpu(1 4+ w)(1+ 3w) |8 = 0. (168)

Weinberg (72), Peebles (93), Coles-Lucchin (95,02), Moss (96), Padmanabhan (96), Longair (98), Peacock (99), ...

Apparently, this is a popular error in textbooks. For corrections see [15, 24].
See JH, Noh & Park, PRD 82, 043525 (2010)



Curvature fluctuations:

For K = 0, we can show (next page) [31]:

H? a : 11
— — + 2H*——, 169
o AnG(pu+p)a (HQ'DX) p+p (169)
Hch H 2 A
— - ——11 170
('IO’U 47TG(LL+p)a2(70X /,L+p (€+ 3@2 ) bl ( )
where 0p = c26u +e.
Ideal fluid:
We have e = 0 = II, thus 2/ notice the only difference
H? a : He
= — L Yy = . 171
o 4G (1 + p)a (H(PX) o 4G (1 + p)a 17
Scalar field: )
We have (next page) e = —ZE; Sy and IT = 0,
H? a
_ el A , 172
P 4G+ p)a (ngx) P 4G (p + p)a? Px (172)

effectively, we may

Thus, in the case of a field, simply set ¢ — 1.




Derivation of (169,170):

We have:
=y —aHv=yp, —aHv, = s H 8TG HII
o =@ —aHv = ¢, —aHv, LPX+47TG(u+p)(¢X+ @y + 8T )
H? ' II
= (g‘:@x) +2H*——, (173
4rG(p+pla \H p+p
where we used (158) and background equation with K = 0.
We have:
. . o . H
oo = (p —aHv) = (py —aHuvy) =, —aH |0, + H+ﬁ Uy | - (174

Using (152,157,154,158) we can show (170).



Derivation of (172):

A minimally coupled scalar field can be regarded as a fluid with the fluid quantities in (116):
L.y L.y
= - V. p==2-V
M 2d) + ) p 2¢ ?

We have

L 39 .
: p 30"V p_o-V
p+p=¢°, ’UJE—:%-T, =t = 2 (175
Koot +V meoo+V,
Using the gauge-invariance of e we have:
- 1—-cA
e=0p—ciop=(1-c)(—dass) = (1 — ) duse = — 2P (176

In the last step we used dpuss = dp,, and (152).
Thus, egs. (169,170) give :

B H? (a ) . HA
Po = 4G(p+ p)a ) = 477G (p + p)a? P
which is (172).



Equations in two gauges:

In an ideal fluid (169,170) give:

B H? (a; ) . Hch
Spv_47r(}'(,uj+p)ab HYX) %_47TG(M+p)a2(pX'

Combining these (Field-Shepley 1968; Lukash 1980; Mukhanov 1985, 1988) [9, 42, 44, 45, 31]:

H22 3 . A H "
c2 [(u+p)a %] 2 _%[U"_<Z+C§A) U}—O,

(u+pad | H?*A Tt T a’\/p+p 2
p+pl H’ (a ) , A VieFp [, (/2)"
_ — — A =0
H [(u—i—p)a HY Cs gz tx a2 | 1/z e fu ’
where
B _la _a\u+p
V=2 U=y GE= o =7

Large-scale solutions:

k2 [T dn H [, H
gva—dlmG/ wr gpx47rGC’a/zd77+da.

Small-scale solutions:

| 1 |
v =20 oc ey = o e,
VHEDP

In the case of a field, simply set ¢2 — 1.

(177)

(178)

(179)

(180)

(181)

(182)



Exact solutions (K =0 = A w =constant) [51]:

2
1+ 3w

2 2
aO(t3(1+w) 0(771-0-3107 aan:

)

thus z < z « a, and

2 21-3w) 1l (1/2)" 6(1+w) 1

= (1+3w)?n?  (1/2)  (1+3w)?n?

Thus
v J,(x Y., (x
po=" = a2 ¢ oy )
2 T T
B - 3(1 4 w) () Yi(z)
o= Vit =1 (a0 0+ am )
where
(1 —w) 5+ 3w
= = = 1= .
v=cklnl v=onTmey YRV T g
(152) gives
1 2
50:—( + 3w) 3:2ch.

6w

(183)

(184)

(185)

(186)

(187)

(188)



In the large-scale limit (z < 1) we have

oy o< O, da 207,
_ 543w

oy o C,da 2,

é(l—w) 2(143w)

— _3(—w)
6, o  Ca™ da2

1

The well known solutions in the matter (w = 0) and radiation (w = 3

) eras:

mde: 9, o« Ca, da™? o C’tg, dt o Cr?, dn >,
rde: 6, o Cd? dat? o« Ct, dtr o Cn?, dn~L.

ox  Ct3ite) dt- T o Cn?, dn~ Trw .

(189)
(190)

(191)

(192)

If we consider only the C-mode which is the relatively growing-mode in an expanding phase:

pu(X,t) = C(x), < Later we will show that this variable is
3+ 3w conserved independently of changing
px(x,t) = 5t BwC(X). equation of state, changing field potential,
C(x): and changing gravity theories.

e Integration constant of the growing mode.
e Every variable contains it.
e Characterizes the large scale evolution.

e Eincodes the spatial structure which is preserved.

(193)
(194)



Comparison with other notations:

Oy = Oy Bardeen (1980)
05 = ¢ Bardeen (1988)
y = P 4 Bardeen (1980)

P Mukhanov et al (1992)
Oy = Oy Bardeen (1980)

—U Mukhanov et al (1992)
Oy = Om Bardeen (1980)

R Liddle and Lyth (2000)

“The advantages of ®r and P4 as variables are the advantages of working in the
zero-shear gauge, no more and no less, which ... are not overwhelming.”

J. M. Bardeen (1988)



Covariant
approach



Covariant approach

In the energy frame, g, = 0, (20,18,12,19) give [14]:

~ 8t K A 1
H=—ji—=+=+=5 195
3 Mm@ T3 (195)
R AnGG A 1= 2
H+ A= -2 (i43p) + =+ =Vaa" — = (62— &?) (196)
) 3 3 3 3
ji=—3H (ji +p) — 764, (197)
1 - /- -
Gy = ———R? (Vbﬁ + v(ﬁc) | 108
o : (198)
where we introduced
L o 6K
3 =0=V,i" RY=—. (199)
a2
In Friedmann background:
By simply imposing the symmerty:
- St K A
H*=—[i——+— 200
3 a? - 3’ (200)
A ArG A
H4 0= —”T(ﬂ%ﬁ) +3, (201)
o= —3H (i+p). (202)

Perhaps, this is the simplest way to derive these cosmological equations.
JH ApJ 880, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)



To linear order in Friedmann world model:

(195-197) give:

H? = ?ﬁ — g + % (203)

i+ - 4G (ji + 3p) + Al lva@a, (204)

) 3 33

jL=—3H (fi+p). (205)
Combing these:

% - —gﬁ%aa _9 (H _ %) g (206)

Since (195) is valid in the normal-frame n, = 0, together with ¢, = 0, it implies that we are
already in the comoving gauge.
In the large scale and near flat case

K=0 — K=K(x). (207)
Thus

., 8tG . K(x) A

H? = Y + . 208
3 - a2 3 (208)
In the la}‘ge—scale, perturbed Friedmann universe evolves like Friedmann background with per-
turbed K(x) [43, 14].

JH ApJ 880, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)



Fluid flow approach:

Now we perturb (195-198). We take the comoving gauge.
Using (149)

1 . . .
H=H,i" = Hyil' + Bz0" = (H + 6H) ~(l—a)=H+0H0 - Ha. (209)

Proper-time derivative along u® is related to coordmate—time derivative corrected by lapse-
function o which is related to pressures: (103) in the comoving gauge condition gives:

1 2A+ 3K
o= —— (sp+ 2220 (210)
1+ p 3 a?
Ignoring the anisotropic stress (195-197) give:
&G 5K
QHSH = — 61 — — (211)
3 a’
A 1 A :
0H + 2H6H = ———(§ 30 H o 212
+ o 30p) — (o 1) o 212
Opp+3Hop = —3(p+ p)oH. (213)

Combining (212,213) we can derive equation for 4, in (162).
Combining (211-213):

.2 Ho
5K == (A +3K) —= — 2K§H. (214)
3 p+p
In large scales where the pressure gradient term can be neglected, and in a near flat model:
0K (x,t) = constant. (215)

JH ApJ 880, 307 (1991); JH & Hyun, ApJ 420, 512 (1994)



Scalar field
Perturbations




Minimally coupled scalar field

Derivation: [17]

In the uniform-curvature gauge ¢ = 0 (thus d¢ = d¢,, etc), assuming K = 0, (115) give:

565+ BHIG, + | = =+ Vi |06, = & (r, + ) + (26 +3H06) a. (216)

N
from metric fluctuation

(97,99,116), (98,116) give the metric perturbation in terms of the field fluctuations:
47TG

4
iy, = ZG (gbdgb + qsd@ + Vb0, ) (218)
Combining these:
. . A i, H ('5

"
from metric fluctuation

This equation is simplest compared with equations in other gauge conditions [19].



Compared with quantum field in curved space:

Equation: [17]

: : A H H ¢
without I;l;tl"ic pert. from metri?:rﬂuctuation
6+ 3H) ~ 01V, =0. (221)
quantum ﬁeld‘i;l curved space
Exponential a o< e/’t, or Power-law a oc P expansions:
56, +3HOG, — 06,=0 & QFCS. (222)
Compact form:
3¢2 1 A
" [ ( ; 5%) ~ 509, =0. (223)
Large-scale general solution:
5 ———5 =C(x / —dt. 224
Vi p Py L ’ (224)
transmnt

Proper choice of the gauge is important!



Correspondences: |24, 17]

Ofbs, Py, Uy (Ky) ~ Newtonian dg, 6P, u

5¢r, ~ ¢ in QFCS

©y = P54 ~ super-sound-horizon conservation

Iy = 0y — frav = perturbed density du in the comoving gauge (v = 0).
py = @ — Hy = perturbed three-space curvature ¢ in the zero-shear gauge (x = 0).

Uy =V — %X = perturbed velocity v in the zero-shear gauge (y = 0).
Ky = Kk + (3H + %)(MJ = perturbed expansion scalar x in the comoving gauge (v = 0).
@y, = ¢ — aHv = perturbed three-space curvature ¢ in the comoving gauge (v = 0).

Psp = © — %&b = perturbed three-space curvature ¢ in the uniform-field gauge (d¢ = 0).
S, =0¢ — %cp = perturbed scalar field d¢ in the uniform-curvature gauge (¢ = 0).

These are all gauge invariant.



Lecture 3

Quantum generation

Inflationary spectra

CMB anisotropies

Multi-component case

Generalized gravity theories
Cosmological perturbations: Summary

S s Lo o =

“The universe was brought into being in a less than fully formed state, but was gifted
with the capacity to transform itself from unformed matter into a truly marvellous
array of structure and life forms.”

Saint Augustine (354-430)



Quantum
Generation



Quantum Generation: 17

Action:

o [ LA i ]

Perturbed action: (Mukhanov 1988)

528 = 3 f a’ {mj — a%é@;‘aqsw + % [(13 (%) ] 5¢j} dtd>x.
- a:

Semiclassical decomposition:

O(x,1) = 6(1) + 60(x, 1), 50, =00 —

Mode expansion:

ﬂ
i

i d%k A / z X —L ‘X
56u(x,1) = ] s [andon ()€™ 1 aai (e ]
i, aie] = 0, Ja),al] =0, [ak, ab] = 6% (k — k'),

Mode evolution equation:

(5g;gk + 3H5g/5k +

H H

k? H H &
) | e

(225)

(226)

(227)

(228)

(229)

(230)



Equal-time commutation relation:

Bo(x, 1), 07(x', )] = i6°(x — x'), om = IL/(D5)) = a9,
SOy — ddidon = ia >,

Power spectrum:

Vacuum expectation:

3

. . . ‘ kS
Péo(k f) -9 /<5¢(X + r, t)é(/b(xv t)>\"‘d(‘eil’k.rd3’r — 2—71_2 |6¢k(t)|2 :

A

Spatial average:

k.‘% ' ‘ k:’% .
Psp(k,t) = — /{(5@(){ +1,1)00(x, 1))xe K dr = — |0o(k, )7,
’ 2m 2m=
where ()v.c = (vac||vac) with ax|vac) = 0 for every k, and, (f)x = [ fd*z/ [ d*x.

Ansatz:

Psok,t) & Psg(k,t).

Spectral index:

ng—1
Py, ox k™77,

where @, = Y5y = _%5¢¢7 thus Py, = Py, P()()

ﬂ
Yo )

(231)
(232)

(233)

(234)

(235)

(236)



Large-scale Structures

from Quantum Fluctuations

Quantum Fluctuations

I <— accelerated expansion
7)5&%.0
[} <— become macroscopic during acceleration phase, classicalize
Pso,,
() < acceleration era ends @, = @54 = —%&zﬁ@
P,
() <— fluid eras begin
Psao, 735#, Psvy - «— follows from conserved P,

Fluctuations in CMB, Large-scale Structures

In MDE, K =0=A:

3 So 2/ k\? 5T 1
—_— @ _— —— _ = — _ _— = —— .
o, =C, & 50, 5( ) C 50




Pert. Amplitude

Remains constant while

in super-sound horizon for @,

and in super-horizon for GW /"

Provide initial conditions
for Newtonian simulation

Seeds generation from

quantum fluctuations, CMB ﬂuctuatlon

go outside the horizon recombination

and becomes classical .

y : Time
radiation=matter present
Scale .
i Relativistic linear stage Horizon
) Distance between

conserved evolution

/‘\ Jeans scale

two galaxies

Newtonian nonlinear
evolution in the small scale

> Time

Quantum v
generation Macroscopic
P Microscopic
accelerating Radiation era Matter era
Inflation ends recombination

radiation=matter

DE era?

present



Inflationary
Spectra



Inflationary Spectra

Exponential expansion: [17]

Background:
a = ape’'"10) [ = constant, gb =0, V = constant.

Equation:

. : L2
0Pk + 3HO ¢k + ?&bk = 0.

Solution:
‘ 9 2
S (t) = 41{7)‘3/2 [cl(k)H,ﬂl)(kn) + CQ(k)HTSQ)(k'T])} L V= ;3—2,
ea(R)[* = Jer(R)]* = 1.
Large-scale power spectra:
1/2 H9 n 1
Pk, t) = lca(k) — cy(k x k"
ST
2
73/( (k n) 167G ) — ce(k) ok
Bunch-Davies (adiabatic) vacuum: Harrison-Zel'dovich spectrum

cok)=1, c1(k)=0. /

Simple vacuum choice = ngs~1, nr~0 <« CMB, LSS Observations.

(237)

(238)

(239)

(240)

(241)

(242)



Power-law expansion: [17]

Background with a oc t2/313%) o P with w = constant [41]
(1 —w) —\/ 247G (1+w) e 1
— T w = Int. 243

V)= oGl + wi e T R (243)

We have
H H ¢ H| ()

Vs + f{(é 7t ¢) ‘ﬁ¢[a (H) (244)

Equation:
. . k2

0k + 3HOdK + ?&bk =0, (245)
Solution:

36(0) = —5 [ k) xR P )| = ot =

ea ()" — [es (k)" = 1. (246)

Large scale limit:

3/2—v
1/2 - I'(v) k[n| . ns—1
Pa(@@(k’t) = ol ( : lco(k) — 1 (k)| o< K™, (247)

1/2 H T'(v) p—1/( 2 N ? nr
P/t)(kﬂ?) = V167G (’“7) \/5 Zg: ‘ng(k) — (k)| o E"T.(248)

o 2arT(3/2) p

For large p and simple vacuum choice = ng~1, np~0.



Slow-roll inflation: [31]

Slow-roll parameters:
_H )
= Hz, €y — H¢

For ¢; = 0 and |¢;| < 1: [57]

€1

Power-spectra: (y1 =vg +1In2 - 2= —0.729.

2
1/2

Do

L 2m|d|
1/2
P@é’“}? LS

Spectral indices:

_ 0InP,,

Olnk

Classical spectra:

For Harrison-Zel’dovich (ng — 1 = 0 = ny) spectra with K =0 = A:

™

=P

(a3) = (a3)s + (az)r o0
Thus

o = (a3)7/{a3)s = 13.8]e1| = 6.9n7.

)

13
+T7.T4S P

532

BlnPC

nS—lz :2(261—62), nr =

dlnk

o)

«

{1+a+ n+mEm))Ca—a)f o

:\/lGWG%{l—i—El—}—[fyl—i—ln(khﬂ)}q} x k"7,

(t)
@ — 261 .

(249)

(250)

(251)

(252)

(253)

(254)



Gravitational wave: 3
For K = 0 we have:

1 : : 1
20 3 () ()3 B ~(t)p 3

We consider Hilbert space operator C ( g and expand [2]:

i &k &k
t _ t ) 4
cgg(x,t)_/(%)mc;g(x tk) = / PR [§ TR (t)ane ) (k) + he.
14

G, &E,k,] — 606°(k — X'),  zero otherwise, (256)

where { = +, x; e&? and 6(02)) are bases of plus (4) and cross (x) polarization states with

egg(k)e(gl)aﬁ(k) = 260yp. Using

)

~ 1 dSk' dSk 1k-x1 A
he(x,t) = 5/ o )3/205)2()( t; k) (k) = f 2m)3 [ek hoc(t)an + h.c.}, (257)

(255) becomes
S =2-a / Z (hg 2h£=%g,a) dtd®z. (258)
The equation of motion becomes (v, = 2,k and z, = a):

X R A R 1 1
he+ 3Hh, — —Zhg = — [Ug — (Z—g + A) Ug] = 0. (259)
a

3
a g



Equal time commutation relation:

1

3:\
——a’hy.
477Ga ¢

mdxtyapaﬂ]:4myiﬁ@c-fy §7n,(x,1) = OL/Ohy —

~ ~ ~ )
hoc(t) by (1) — by (2 )hﬁk( ) = 47TG$~

For z)/ /2y = ng/n* with n, = constant (259) has an exact solution:

- 1
o) = Vo N ey () B ki) + e (R) D D VARG, vy = [y 1
a9 ~ lealk)f = 1

Power spectrum:
3

o2

with ag|vacy = 0 for all k. We can show

P (k 2§:¢> kt-—2§:2 Jh&

Palt) = 5z [(CH0x+ 000 () e,

(260)

(261)

(262)
(263)

(264)

(265)

Each hy in Eq. (258) can be corresponded to a minimally coupled scalar field without potential

with a normalization hg vV 47TGQ5 Assuming equal contributions from each polarization:

Pls = 2P, 1” vﬁ@?ﬁpV?
B

(266)



Summary

e Taking suitable gauge condition is essential for proper handling.
e Gauge ready approach is practically convenient.

e Large scale evolutions: characterized by conserved quantities.

— , : conserved in the super-sound-horizon scale.
From C(x) follows every perturbation variable.

t : .
— C((y 23, . conserved in the super-horizon scale.
— Rotation mode : angular momentum is conserved.

— Conserved independently of changing equation of state, potential, and gravity theories.
Assuming: near flat model, negligible stresses, and ignoring the transient solutions.

e Quantum fluctuations magnified by inflation mechanism provide plausible seeds for the
large scale structures.

e Unified analyses of quantum generation and classical evolution in generalized gravity.

e These results are based on linear analyses.

In linear theory, we have no ‘structure formation’, though!

e The original equations, both classical and quantum, are highly nonlinear.



CMB
Anisotropies




CMB Anisotropies:

Large angular scale (0 > 1°):

Superhorizon scale at recombination.

Photon geodesic equation [37, 54] (Sachs-Wolfe 1967)
F = 0= i,
To _ (k%q)0

Ty (k) e

Fluctuations reflect the initial conditions.
= Window to the early universe (Inflation era).

(267)

(268)



Small angular scale (6 < 19):

Subhorizon scale at recombination: local physical processes at recombination are important.
Thompson scattering couples radiation and dust.
Boltzmann equation [40]:

df %, 0 -
e A P el

B V=gt

Ty = papif
[po
~ oT 1 f S fqPdg
_ o 269
F=t40t = g (269)

Polarizations (f;, I,Q,U, V) are important as well.
Fluctuations are sensitive to local physics thus, sensitive to cosmological parameters [7, 6]:
Qb: Q"m QC’DM; QU) Ql/ma Qqﬁa Ha K: Aa

Gauge-ready formulation in generalized gravity [28]
Code based on:
e synchronous gauge (CMBFAST) = CDM comoving gauge (CAMB):
CDM is pressureless, thus vepy = 0 (comoving gauge)
implies o = 0 (synchronous gauge).
e uniform-curvature gauge
e uniform-expansion gauge
e zero-shear gauge (in trouble)



Theoretical predictions of temperature
and polarization anisotropies

1 f0+47 &
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Sens}_i\tive to world 1
B i | angle<ldegree]
ldegree; -
| Super horizon scale
- Window to early
__universe
| L e
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(b) log 1




Sachs-Wolfe effect:

Introduce the photon four-velocity (e“ and de” are based on g&?):

kozl(z/Jréz/), l%az—z(eaerea);

a a
l~€0:—CLI/<1+6y+2A—Ban‘>, E:—av(ea+5ea+Ba+2C’we) (270}
v
We have
d ox® 0 - % v
_ — 09, =2 (9 — 8, + X, — 6e°8, ) . 271
Y a(ao ¢ 0o 700 = 0¢ ) (271}
Thus,
i_ao_ea (272)
dy

is a derivative along the background photon four-velocity.
The null and geodesic equations give:

1%

g 0
k', = 1 [eo‘ea — 142 (eo‘éea ¥4 + B,e" + Cageaeﬁ) =0, (2731

2 ! ! / / /
RO =2 [(‘“’) + (5—”) Lol a0 eadea—J—A'—Q A

2| av v v v v

= 0. (274)

!
+(Ba5+0'5+2 C’aﬁ)ee —Q(A —ZBa)e&



To the background order:

een =1, voca . (275)
Using eqs. (272,273), eq. (274) becomes
1 [0
- ( C A) — A" — (Bys + Cy) e%e’, (276)
dy ’
Thus
o) o
ov Q / a B
— + A = [A,ae - — ( ol + Co ) } dy, (277)
E
E

where the integral is along the ray’s null-geodesic path from £ the emitted event at the inter-
section of the ray and the last scattering surface to O the observed event here and now.

The temperatures of the CMB at two different points (O and £') along a single null-geodesic
ray in a given observational direction are [37, 54]

To 1 (/f“ ta)o
Tk 1+ 2z (kbub)]g
where 1, at O and E are the local four-velocities of the observer and the emitter, respectively.
Using eqs. (86,270) we have

(278)

N 5 1
k', = —v (1 + or + A+ —Q&“) . (279)
v o+ p
Thus
6T 6T 1 O 0
| == —0,e" Ao — (Bys + C ) e’ d 280
| =T o+ | e = (B Cl) e’ (280)




The most general expressions: [25]

6T 5T o ¢ 1
Tlo=Tlp ™ v oe" . +/E (—gpl + a0’ — ngaﬁeaeﬁ) dy
1) @] O
+olVe? —/ ! |ge&eﬁdy —] C(gﬁ) e“e’dy. (281)
b E E
0T o is gauge independent because it is a difference between different directions.
For the scalar-type we have: Integrated Sachs-Wolfe
1) O /
5T‘ 5TX‘ |+ ‘ +/ ( ) d (282)
—| = —==| —vy.€ o y, — :
T lo T lg % g Me PR x)
In matter dominated era with X' = 0 = A, in the large angular scale:
oT 1
A 283
Tlo~ 37Xz (283)
It is a straight relativistic result [34].
Angular anisotropies:
5T
(e;xR) Zalm xg)Yim(e), (a?) = {Jamm(xp)|*)x,- (284)
For K =0=A, in matter dominated era [1]:
4 , 2
(@h)s = o ] P (W), o= (285)
I T(1+3) [~ 2 (" ja(kn) ji(kno — k), |°
2
= P (k) |— kdn| dInk. 286
ai)r 4 F(l—l)/o C,ig( ) W/n kn  (kno — kn)? g " (286)




Multi-component
case



Multi-component Case

Fluids:

(169,170) give:
Hc; Fu+m@¢]' ) A

T C_N,Dz

,. “a?

H?c? a’ 2 A A

= — | 5= e+ 2SI _op? — L (287)
S lesH 3 a? [+ pa

where (ignoring direct interactions among components in the background) [36, 13, 26]

f)E(Sp—((S,u—Z(Sp gli Z(S

1 +p(} 1o + 0w, 9
= Z 7 i) S + €1 s
3 2 1 p (¢ = €ty St %:<>

5 (i Ofi(i
Sy = —tL_ P (288)
fiaoy T Pay M) TPG)
e (o, is conserved in the large-scale limit when:

) single ideal fluid (e = 0 = 7))

2)  multiple pressureless ideal fluids (:%Z.) =0
3)  multiple ideal fluids with ¢, = ¢,
4)  multiple ideal fluids with adiabatic perturbation, Stij) =0



Curvature(adiabatic) and isocurvature:

Assuming ideal fluids, and ignoring direct interactions among fluids (123,124) give [13, 26]:

prp H? ’p \'T | o K2 —3Ke
% 0y = =, 289
a’Hp [a(u+p) (H )] +68a2 a2 p (289)
G 3.2 2 : 3.1 9 2 Hik) + Py (¢ :
Sti) + [2 — 5y + C(j))] HS i) — 5 H(cly) — <) Zk: Wt p (S(z'k) + S(jk))
L PR Fk) T P(k)
a9 S 1 2- - 2 S i S .
2 a2 (C(z) + C(ﬁ)) (i) T+ (C(Z) C(j)) zk: Lt p ( (ik) T (Jk))
K 2 o\ Oy
A 290
pe CORE) s (290)



Fields:

In the uniform-curvature gauge (129) gives [56]:

i i G i |
56 + 3HEH +- 5¢ )= v - — ( D ) ]csgbgf). (291)
k
Curvature and isocurvature: [13, 26]
H? (1 + p)a® . k> 2H? .
o| + 50 = V. 5 292
(1 + p)a® g2 f 27 W+pMBl%H? E: m¢ 1)¢m (292)
y .k O O
0d(ij) + ( —3H + 2) 66 = (V< 072081 = V)05 00
a ; b o)
3 - Kk + Pr)
_§H (c%z-) + c%j))éqb(ij) + (c%i) - c%j)) Z o (&b iRy + 00 )
k
Op
_ 2 2 v
where
00 _ 99() ptp 2 T
0ij) =~ — =2, Oy =—| e — —— Y Ve ddu |- (294)
ORIt H HEPo

® i, is conserved in the large-scale when:
(1) single component, (2) ;) =0, (8) V = constant,
(4) Vi) x gb (D BHgb @)+ Vi) = 0, slow-roll).



Generalized
Gravity case




Generalized f(¢, R) gravity:

Introduce [12]:
T

~ 1, - Ta ‘
L= 346, 7) = 50(6)6"0. = V(6) + Lu

2

. ] _Of e )
Special cases: I' = &5, ignoring tildes

(295)

Minimally coupled scalar field
Nonminimally coupled scalar field
Brans-Dicke theory

Generalizes scalar-tensor theory
Induced gravity

R? gravity

F(¢)R gravity

f(R) gravity
Low-energy string theory

I —
I —
I —

o~
Il

~
|

|’dk

LR~ 16", — V(0)

L(h72 = €6°) R— 1600 — V(0)
R — it

OR —w(@)e = Vi)
%€¢2R %QD‘(I'CD(; . %/\ (/52 . 1/,2)2
LF(¢)R — 5w(¢)dda — V(9)
3F(R)

%8_@ (R+0%0,)

Conformally equivalent to Einstein’s theory [12, 22, 28|.



Unified Analyses in Generalized f(¢, R) gravity: [31]

/dmﬁ[ (6, R) —%w(o)@ é.(tv(é)]-

Action 525 =3 [a*Q (Ci)Q — a%@*“@ﬂ) dtd>x
T ‘ oA Y _ wOHBF?/2F
Scalar-type: D = sy, Q) (H+F/2F)2
Tensor-type: o = C(t)f;, Q=F
Equation 1 (a*Qd ) B A(I) =0
Large scale ¢ = C(x) fo (a®Q) Ldt
Quantization  [(x, 1), b(x, )] = =76 (x — x')
Mode func. For av/Q o< n?  (include many inflation models)

7] 1 2
Du(n) = X |er () HL (k) + ca(k) HE (ko)
where v =3 —¢q, |ea(k)]? = |a(k)P =1

e In super-horizon scale, ignoring transient one, ®(x,t) = C'(x).
e Conserved independently of changing gravity theory.
o Unified analysis allows us to handle transitions among gravity theories.



More generalized Gravity Theories

1. Generalized f(¢, R) gravity: |20, 22, 31]

2 2z

§= [ [5£6.R0 - 0@, - v(©) + Lo | Vi

2. Tachyonic generalization: [30] X = %qg‘cgc

5 1 - "
Sf lzf(@ R X) + L. ] V—gd'z.

3. String corrections: [27]
f‘((,’:) — g((/;) [Cl (Rab(:d_éabcd — 4Eabéab e RZ)

+2G™h a0 p + €307, D s+ a(670 )2]
4. String axion coupling: [27]
1

[N/(C) — gl/(gg) N(lbmiRabFfR(d(

We can always derive a unified form: [31]

f 1 [ . : 1. .
628 = 5 f a*Q (cb? — c?M(Ia-acb@) dtdz.

(1.—

% Perhaps “surprisingly simple” indeed!

(296)

(207)

(208)

(299)



Summary



Cosmological Perturbations: Summary

Methods:
e Relativistic:
1. Einstein equations (Lifshitz 1946)
2. Covariant equations (1 + 3, i,; Hawking 1966)
3. ADM equations (3 + 1, n,; Bardeen 1980)
4. Action formulation (Lukash 1980; Mukhanov 1988)
e Newtonian:
1. Hydrodynamic equations (Bonner 1957)
Relativistic-Newtonian correspondence in the zero-pressure case.

* True even to the second order!

Three perturbation types:
1. Scalar-type: density fluctuations
2. Vector-type: rotation
3. Tensor-type: gravitational wave
To linear-order, decouple in Friedmann background
* Couple to the second order!

Classical Evolution:
1. Scalar-type: super-sound-horizon scale conservation

2. Rotation: angular momentum conservation
3. Gravitational wave: super-horizon scale conservation
* True even to the second order!




Correspondences: |24, 17]

Ofbs, Py, Uy (Ky) ~ Newtonian dg, 6P, u

I I
even to the second order

5¢r, ~ ¢ in QFCS

©y = P54 ~ super-sound-horizon conservation

Iy = 0y — frav = perturbed density du in the comoving gauge (v = 0).
py = @ — Hy = perturbed three-space curvature ¢ in the zero-shear gauge (x = 0).
Uy =V — %X = perturbed velocity v in the zero-shear gauge (y = 0).

ko = K+ (3H + %)(MJ = perturbed expansion scalar x in the comoving gauge (v = 0).
@y, = ¢ — aHv = perturbed three-space curvature ¢ in the comoving gauge (v = 0).
Psp = © — %&b = perturbed three-space curvature ¢ in the uniform-field gauge (d¢ = 0).

S, =0¢ — %cp = perturbed scalar field d¢ in the uniform-curvature gauge (¢ = 0).

These are all gauge invariant.



Perturbed action: (Lukash 1980; Mukhanov 1988)

. 1 .- ;¢ g 1 ;
628 = 5 / a*Q (@2 — cj?@“@\a) dtd’x.
where
(& =, Q=1L & —c  (fluid)

¢ D=y ) = % G — 1 (field)

P = c@j Q=5 A —1 (GW)

Oy =@ —aHv and @5y = @ — %c&b: gauge-invariant combinations.

4

* Ceneralized gravity theories as well!

1 g N 5 A 1 " ;
— (aﬁ@@) — =P = — [v” - (Z— + ciA) U] = .
a? 2

a*(Q) a2z

Large-scale solution:

(x.1) = O(x) — D(x) /U N



Structure of the Theory

Components: baryon (b), photon (7), massless neutrinos (v), massive neutrinos (v,,), CDM
(c), K, A, fields (¢, quintessence, dilaton, ...), ...

éﬂb:Sﬂ-GZTé?? gzb,“/,y,(jal/m,gb’,,,
£

( (i + P)ligliy + Phap + 7oy fuid (b, ¢, A)

G G

oo Paly f kinetic (v, v, vy)

| .a®b — (5000 + V)i  field (¢) — or GGT

B . ~(£):b .
fuid: Ta(b) =0 — energy, momentum conservation

"

kinetic: & f=C|[f] — hierarchy

| field: ¢, —V;=0 = or GGT

Fluids and kinetic components feel the generalized nature of gravity only through metric per-
turbations and background evolution.



Summary

e Taking suitable gauge condition is essential for proper handling.
e Gauge ready approach is practically convenient.
e Large scale evolutions: characterized by conserved quantities.

— o, : conserved in the super-sound-horizon scale.
From C'(x) follows every perturbation variable.

— (5 : conserved in the super-horizon scale.

— Rotation mode : angular momentum is conserved.

— Conserved independently of changing equation of state, potential, and gravity theories.
Assuming: near flat model, negligible stresses, and ignoring the transient solutions.

e Quantum fluctuations magnified by inflation mechanism provide plausible seeds for the
large scale structures.

e Unified analyses of quantum generation and classical evolution in generalized gravity.

e These results are based on linear analyses.

In linear theory, we have no ‘structure formation’, though!

e The original equations. both classical and quantum. are highly nonlinear.



Lecture 4

Nonlinear perturbation theory

Fully nonlinear and exact perturbation theory
Zero-pressure case

Newtonian limit

Newtonian limit with pressure

Cosmological post-Newtonian approximation

S Crds oo =

“the linear perturbations are so surprisingly simple that a perturbation analysis accu-
rate to second order may be feasible ... One could then judge the domain of validity

of the linear treatment and, more important, gain some insight into the non-linear
cffects.”

Sachs and Wolfe (1967)



Perturbation method:

« Perturbation expansion Excluding TT perturbation
¢ All perturbation variables are sgpall

» Wedkly nonlinear

% Strong gravity; tully relativistic

¢ Valid 1n all scales

¢ FFully nonlinear and Exact perturbations

Post-Newtonian method:

*» Abandon geometric spirit of GR: recover the good old
absolute space and absolute time
+* Newtonian equations of motion with GR corrections
< Expansion in strength of gravity é6& GM  v?
2 R 2

(R

L)

* @

<1

¢ Fully nonlinear

*» No strong gravity; weakly relativistic

¢+ Valid far inside horizon

¢ Case of the Fully nonlinear and Exact perturbations



Relativistic vs. Nonlinear Pert.

Fully Cosmological Nonlinear (NL)
Relativistic Perturbation (2"! and 3™ order)
Fully NL and Exact Pert. Eqs.
Terra Incognita
Numerical Relativity
Weakly Cosmological 1% order
Relativistic Post-Newtonian (1PN)
Newtonian

Gravity axis s=p

Weakly Fully

Nonlinear Nonlinear

Background Wor

Model axis . .
Linear Perturbation



Nonlinear
Pert. Theory




Second-order Perturbation i

The metric:

JOO = —(I (1 + 2A) gUa = —(I,QBC,, gﬂﬁ = (1’2 (gfng.”z + 20(‘3) )

To the second-order:

A = A(l) _|_ A([‘))’ Ba — Bc(ll) ‘|‘ B((?)a Ca.ﬁ = Cc(tlf’)? + O((l‘_;)

Inverse metric:

§"'=—=(-1+2A—-4A*+ B,B"),
a~
1
gOa: — _)( BY + 2AB“ +QB ch’)
a~
A ]. 3 R
g(n_o’ = — (J( Jas 200 BaBd + 405105 ,-) .
a= ’
Decomposition:
A=a,

Ba = 6,0 + B((nl)w
3 v
OOB = nggn.?z + A//ra:|-3 + O((Clzfﬁ) + O((fg))’

Similarly for the energy-momentum tensor.

(300)

(301)

(302)

(303)



“PRD 69 104011 (2004)” 1

1. Complete set of second-order perturbation equations in the gauge-ready form.
2. The most general Friedmann background with A and A.

3. (1) The most general imperfect fluid situation which includes multiple imperfect fluids with
general interactions among them.

) Minimally coupled scalar fields.

2
3) A class of generalized gravity theories.

(
(
(4) Electromagnetic fields.
(5) Null geodesic equation.
(

5
6) The relativistic Boltzmann equation.
4. Decomposed forms into three different modes with couplings appearing in the second-order.

5. Gauge issue resolved to the second (and all) order:

gauge-invariant combinations, and gauge-ready formulation.

6. Derived the large-scale (super-sound-horizon) conserved quantity to the second-order: o,
and Cf[)g These were first known by Salopek and Bond (1990).

7. Up to the second order in perturbations the relativistic fluid without pressure coincides
exactly with the Newtonian one.



Large-scale conservation j. 51

Scalar-type: in super-sound-horizon scale

' t HQ 2
y— 02 = C(x) +d(x)f (—Cdt

jt +p)a’

@y = perturbed spatial curvature (¢) in the comoving gauge (v

to the second (in fact, to all) order.

Vector-type: in all scales

a*(p 4 p)v'?) = La(x) 4 decaying mode.

Tensor-type: in super-horizon scale

C((:; = constant + decaying mode.

% Non-transient solutions in expanding phase are conserved!
apl scalar

P +p) o vector

|l
,.JA
/—\

f
C( 3 tensor

= 0)

(304)

(305)

(306)

(307)



Zero-pressure fHuid 51, 39

Newtonian:

Combining (59,60,61):

S | 1
S+ -V-u=—-V-(éu),
a a

u+ Hu+ 1V(SQ[D = —lu- Vu,
a a
1
V0D = dnGod,
we can derive (65):
. . 1 1
0+ 2H) —4ArG oo = = [aV - (6u)] + EV (u-Vu).

% These equations are valid to fully nonlinear order!

Relativistic:

1

a2

b 2 , /- b /-
+C1) (—vwd + O“W) .
“ a

. : L
oy + 2HO, — AnGd, = ——= [aV - (§,u)] + EV - (u- Vu)

% This equation is valid to the second-order!
To the linear-order we have u = —Vu,.

(308)
(300)

(310)

(311)

(312)



A proof 3

Fully nonlinear covariant equations:

Take the comoving gauge @, = 0: only in this gauge the zero-pressure

vanishing pressures! The covariant equations (18,12) give:
jL+ 0 =0,
N s
0+ 592 + 6%+ 4rGii— A = 0.

By combining

TN ¢ N\ 2

~/ 1 N/

BY 2 E) — 695, —4nGi+A =0
i 3\ [t

To the second-order perturbation:

By identifying

Sty = 50, 06, = év u

(313,314) give

o1 1_
§4+-V-u=—-V-(éu),
a a

1 ; 1 L
a a a

a_

Combining (317,318) or (315) gives (312).

condition implies

(313)
(314)

(315)

(316)

(317)

(318)



Relativistic/Newtonian correspondence
to second order 3

Background world model:
Relativistic (Friedmann 1922) vs. Newtonian (Milne 1934)

) ,
a* 87 const. 3
2 30T T e 1)

Linear perturbation:
Relativistic (Lifshitz 1946) vs. Newtonian (Bonner 1957)

5+ 2%5 — 47Gles = 0. (320)

Weakly nonlinear perturbation:
Newtonian (Peebles 1980) vs. Relativistic (Noh-Hwang 2004)
1

2

. in 1 i [ 2 :
§ 420 —4nGos = —— [aV - (u)] + =V - (u- Va) + (—ua + 05%) - (321)

a

Except for the gravitational wave contribution, the relativistic zero-pressure fluid perturbed to
second order in a flat Friedmann background coincides exactly with the Newtonian system.

“the linear perturbations are so surprisingly simple that a perturbation analysis accu-
rate to second order may be feasible using the methods of Hawking (1966).”

Sachs and Wolfe (1967)



Pure relativistic corrections from third order 33

To the third order we identify:

1
O, = do, 00, = 5V . (322)
For pure scalar-type perturbation (313,314) give:
: 1 1 1
5y+av'u:—7§%(&u%%aP@ML—VC&%XH~v&” (323)

2

1 1 4 1
EV- (a+ Hu) + 47Guo, = ==V - (u-Vu) + $V~ [cpl, (u -Vu — guv ~ u)]

2 A _ 1 2
_3_&2991,11~V(V~u) - [u-V(ATIX)] + EUOVXJFBTLQXV.U’ (324)
where
3
X=2p,V-u—u-Vyp, + §A_1V cu-V (Vi) +ulp,]. (325)

The first non-vanishing pure relativistic correction terms are ¢, order higher than the New-
tonlan terms.
The CMB temperature anisotropy gives

o7 1 1 1 -
— ~ =y~ =y ~ =~ 1077, 326
T 3T 5T (326)

in the large-scale limit near horizon scale.



Linear-order:

(X ]

5 +2%5 —anGus =0,
da

Second-order:

.4, 1 9 1
54228 —4nGus = ———[aV-(Su)] + —=V - (u- Vu),
a a? ot a’

Third-order:

.4, 1 9 1
54288 —4nGus = ———2[aV - (Su)] + =V - (u - Vu)
a a’ ot a?
1 9 B 4 I
+ —=—{al2¢pu — V(AT X)]-Vé}— =V -|lplu-Vu—=-uV -u
a? ot a? 3

2 A L 1 2
+yq0u-V(Vou)—|—;[u-V(A X)]—;u-VX—@XV-u,

3
XE2¢v-u—u-vgo+EA—IV-[u.V(w)JruA@].

Noh & JH, GRG 38, 703 (2006)



Conclusions in the zero-pressure case: 32, 33

1.

Except for the gravitational wave contribution, equations for the relativistic zero-pressure
fluid in a flat Friedmann background coincide exactly with the previously known Newtonian
equations even to the second-order perturbation.

. To the second order, we identify the relativistic density and velocity perturbation vari-

ables. However, we do not have a relativistic variable which corresponds to the Newtonian
potential to the second order.

. We assume a flat Friedmann background but include the cosmological constant, thus our

results are relevant to currently favored cosmology.

. We expand the range of applicability of the Newtonian medium without pressure to all

cosmological scales including the super-horizon scale.

. The Newtonian equations are exact to the second order nonlinearity. Thus, non-vanishing

terms in the third and higher order are pure relativistic effects.

. The third-order correction terms in relativistic analysis, thus the pure general relativistic

effects, are of p,-order higher than the second-order Newtonian terms.

. The corrections terms are independent of the horizon scale and depend only on the linear

order gravitational potential (curvature) perturbation strength ,.

. From the temperature anisotropy of CMB we have 2L ~ %6@ ~ %gol, ~ 1077,

j‘v



9. Therefore, one can use the large-scale Newtonian numerical simulation more reliably even
as the simulation scale approaches near (and goes beyond) the horizon.

Complimentary methods: 51

1. The large-scale (long wavelength) approximation or the spatial gradient expansion.
Cosmological post-Newtonian formulation.

Relativistic Zel'dovich approximation.

B

General (spatially inhomogeneous and anisotropic) solutions near singularity where the
large-scale condition is well met.

5. Fitting and averaging.



Fully NL & Exact
Pert. Theory

HJ & Noh, MNRAS 433 (2013) 3472
Noh, JCAP 07 (2014) 037



Covariant (1+3) approach

The linear perturbations are so surprisingly simple that a
perturbation analysis accurate to second order may be
feasible using the methods of Hawking (1966). ... One
could then judge the domain of validity of the linear
treatment and, more important, gain some insight into the
non-linear effects.

Sachs and Wolfe (1967)



Decomposition, possible

CO nve ntion - (Bardeen 1 98 8t NL order (York 1973)

ds® = —a* (1 + 2a) dn* — 2a° (/33 + B( ) dnda’

v)
il

N

No TT-pert!
74 }dxzdﬂ

+a’ [(1 + 2¢) Qz(j + A4+ +

Xaﬁ—l—c% \IJ,EU)EBi(U)—I—a.. )’

Spatial gauge condition NoO anisotropic stress

—~

Tab — Eaaab +§(aaab I gab) + ab s

~

p=p+ou=p(l+46), p=p+0op, U =av, U?:E—U,ML%@:

Spatial gauge: -=0=c",
Xi = xi+a¥” =qa (/8,11 + BP)
Temporal gauge still not taken yet!

Complete spatial gauge fixing.

Remaining variables are spatially gauge-invariant
to fully NL order! .- Lose no generality!

HJ & Noh, MNRAS 433 (2018) 3472; Noh, JCAP 07 (2014) 037



Metric:
2 2 2 _ i 2 (3) 74794
ds® = —a (1 + 2@) dm 2ax;dndz" + a (1 4+ 2<,0) g dx'dx’

]
Energy-momentum tensor: Internal energy
— e~ — — o 1 =
TabZQC uaub+p(§ab+uaub), Q—>Q(1+§H),
Four-vector:

Coordinate three-velocity of fluid

V; 1 - 1 o
u=a—, =vi=vi=—|(1+2 v,-——,-],
> N[( ®) X

Fluid three-velocity measured by Eulerian observer

k
% \/ 1 Y Vk ! : Lorentz factor

—+ =
7 e2g) [ o
(142¢)

Scalar- & vector-type decomposition:

Xl' = CX,I- _I_XEV)’ E = _’ﬁ:l +’ﬁ§b‘)’ X(V)l',. = O E’];(V)i,,_

HJ & Noh, MNRAS 433 (2013) 34772; Noh, JCAP 07 (2014) 037



Metric convention:

Goo = —a* (1 +2a), Goi = —axi, Qi = a® (1 + 2¢p) 0ij s

Inverse metric:

—0 1 1420 A0 x'/a
g ) -

1
2 (1+20)(1+20) +xrxe/a?’ 7 T @1+ 29)(1+ 2a) + xoxn/a?

g4 1

_ (5@' _ X'x’/a’ ) E t!
T A R (e [ Euvcuyre) R D, C Lol

Using the ADM and the covariant
formalisms the rest are simple algebra.

We do not even need the connection!

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Fully Nonlinear Perturbation Equations
without taking temporal gauge condition:

Definition of x:
a | 1 1 , c b )('kga_;f
v=3—|1l—-—= )| - [30+ = | X | + —
' a( N) N(1+2¢)ly+a2 (X “"+1+2cp
ADM energy constraint:
3 /a* &G T Kc? Ac? n (er n A Ap
—_— _ L — — K -
o \az B2 M @2(lt2p0) 3 a | a(l+ 2p)2
1 5 4:1 G 3 Folip, c? —i—yj
= —r" - -1+ - — KK
” s D)+ 2a2(1+29)7 47

6
ADM momentum constraint:
2 C 1 k 1 k IrG —~— D
[E (A,Xi + X |ik) — 3X |A;) + = (L+p) ay°vi

3t a*N(1+2¢)
C N '-"_- l i 1 l ~7 :
= ° g P - (XJ“ 4 XZ_U) B ‘_();:;ka
a’N (1 + 2¢) N 142 2 3
¥.i

2¢
N 1 . . 2
Y v (*"’*"“X’W“§é?><k’*ﬁf"‘ﬂ} |

'.Afj l
et (o

Trace of ADM propagation:

1 /a\ & AnG . Ac? 1 a AN
3= (= — +3p) — — | + —R+2-k
N (a) N a? N 3c? (i +3p) 3 * N * a + a’N(1+2¢)
1 5 887G . o ¢ ; Ol'N
= — K 3 ~NT—1) — C R : I‘ [X
3 T WD () a2N(1 + 29) (’“* +(1+2Y te
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Tracefree ADM propagation (with linear tensor perturbation)

. : A —2K 10 i ex® c
hi: +3Hh;; — 22— """ p, — — 4+3-—=& : Vi
I A <N8t+ PRREY Vi T k){GQN(1+2<P)
f 1 i\ Lok 1 i i 2k
Tensor-type* |5 (X i T X ) — 30X e~ 525 (% TN — 30X Pk
to linear order . ] ]
c ; i
V'V, — 50; ‘A v’ V 6.’1A
a-2(1+2¢)l1+299( 73 ) +N( ! )N]
BTG 7200, Ls Lo ik, , ,k-.h:)
1
+

(¢ xeps — X
l+2af§‘ , ARY,2 )

2

, k| i |k 2
XiP.k + XeiX ® — XjeX ¥ ) + (
C

i k k i
(1+2¢)? ()‘ " ok = X xag w)]
3 | L |k 1
(1 T _(),.\ Ao _
J_+ 25") (Y ¥ 3 A Y:k> +

2./\f + o N — —c) “'k./\fk- :
N ( 7 N
Covariant cnergy conservation:

0 1 Je c K a ;
l&+—a(1+2¢)( v +E)()V],u+(,u+ﬂ{ (‘30: n)
(NT"), Nk n '
a(l+2¢)  a(l+2¢)?

Covariant momentum conservation

1 [ 1 s C 5 PN ke CXk 2 , 1 AN
— |=+ —— P4 =X ) Vi | (a7 Vil =————— —Ni—|l- =) —F—"=
a”y L’?t * a(l+2¢) ( v aX ) k] (a70:) + 1 (a2(1+2¢) * aN” 72 ) a(l+ 2¢p)
1 Nc@ 19, 1 . C L -
o~ /-. i 1 . B ) —X V' | — O.

+Ju +p 2p 0 l0t+a(l+2¢p) ( ! +a.')( ) k]p}
Noh, JCAP 07 (2014) 057

a?(14 2¢)?




with

KA
Nz\/1+2a+2"‘—>"f
a ~

1o i
(1+ 2¢) N1+ 20)2 )| 20 3\ A

=1+0N, K;Ki= {E (Xt xg1)

4 Lo i y I 2 iy y L o
1_{_2&;) [2)( bt (.)(Z|j +X;|z) 3)( |1 X" 7 + (1+2¢)2 X XiP ™ @ + 3)( X" PiP,5 :

To Background order:

) 2 p) .. 9 .
a 8nG Kc Ac a 4rG Ac _ a
= 0 — + : —=——(Q+3£2)+—, Q+3—(Q+£2)=O,
a’ 3 a’ 3 a 3 c 3 a c
ADM energy-constraint Trace of ADM propagation Covariant E-conservation
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To linear order without taking
temporal gauge condition: .deen 1955)

Definition of kappa, K}, k=3Ho — 30 — EX.
A+ 3K
ADM energy-conservation, G, Hr + T@Q = —dnGop,
A+3K
ADM momentum-conservation, G° K+ a2 X = 127TG(/L + p) av,

. A
ADM propagation, trace, G, R4 2H K A+ (SH + @) o = 4nG (5/1 + 3(5}?) ,

, X+ Hy—p—a=8rGA.
ADM propagation, tracefree, G';- ... e

1
5&+3H{&w+&ﬂ:(u+p)@v—&%y+EAé),
[a*(p+pp] 1 1 ( 2A+ 3K

3 v
Energy-conservation, T¢;

= — + ap + —
Momentum-conservation, T¢ OL4(,LL -+ p) a a( 1+ p) p 3 a2



For derivation, it is convenient to have:

goo = —a? (14 2a), Jgoi = —axi, Gij = a (l + 2¢) qu). (A.T)
=00 _ b 14 2¢
! a2 (14 2¢)(1 + 20) + xFxp /a2’
~05 1 ‘/(I
qg = ——
! a2 (T+ 2p)(1 + 20) + xFxp /a2’
y 1 . 1/a”
G = — [ g®W — \ _ ). A2
= E o) (“" (15 20)(1+ 2a) 1 xm/z) (4-2)
. XF Xk . i X'
N=ay/l+2a+ -2 =aN, N;=—ax, Ni=——2
\/ HEE T R o (1 +29)
hij = a® (1 +29) g\, B — mgm) J (A.3)
' ¥+
L U
a? N2 ; asN2(1+ 20)
1 X' X
~ij _ (3)ij _ A4
J a®(1 4+ 2¢p) (q a’N2(1+ 2\,9)) (A4)
H=0 N, =X 0 — 1 A5
ni = no = —a n N+ 29) =g (A.5)
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h 3) 1 i s i ®
I ik I ik Ty + 20 ((’”’jék T Pw0] 7 ik ) ‘
(h)k G X
I ik ik + 14+ 20
h)i 3)i 1 o3 a3
R jke ( T T35, g (9“ K0 — ¢ kO30 — PleOr T G )
1 (3)
-I—m { 30 kP, j 65 + 399‘ ”kg(p + 3¢ ¢, 65 - 399‘ P09k
m 1 3 i 3
‘H,Ql 7 m ( 5kg§( + 6€ §A )}
5 . AL IR
R(h) (3) ¥ ils 4 Yi¥a Yk ¥k (3)
iy BT+ 20  T(1+20)2 \T+20 (1+2p)2 )74
2 k ook 1 3
RM = SO WAINNES Sl L) I R®
a?(1+ 2¢)? ( cok 14 2¢ (1+2p)
ﬁ(h)l o 1 o |7 + 3 (79’1(7‘9 J _51'. _Su“» + g@lk({) k
T a(142p)2 I 142 J 71420
; i3 i (3 S 3 e
R ke = GRY (5"956) 5f9§k)> RSJ) - §R(3)gz(3) R = 6K
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Kij = _% {(H + ¢+ 2H ) QS) + 2—(112 (i + x414)
—m (X:CPJ T XjP,i — kakgfj)ﬂ .
K = g[S04 200+ o+
= —3H + &,
K= 8- 1353[( - ‘aw(11+ 2¢) B (' +x") - %53Xk\k
1 _'_1299 (Xlﬁﬁj + x50 — §6§XAQA>:| : (A.9)
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}LAA

g:aﬁﬁi ~_aNA X
'y — C b ’O . / ‘(1 —|— 2(1‘/)‘
~ YU YX ~0 1 N
u = ; \ u = ~. A .10
"’ (a(1—|—2c,9)+a2N(1—|—2<p)‘ . aN ( )
-~ ~ n+p "_l’ Vi 1 : / U.z'_ ~0 1 YU,
TY — 71 — : ‘ “ 70 —
v 1+2@( Z TN e ) VA D
2/\/\
~ ~ (3 U;U
Ty =a’ {(1 + 2¢)pg.§j) (fi+ ) - “’} : (A.11)
Af)'\ ~ , D~
L L Gi+p) 3%
—_— e ~ _ 1 . J — J — .
E=7+F+p) (3" -1). a(fi+p) - SR
(i +p) 7*0'0; e 5
St = 52 — S =3; p) (77 —1),
J (1+ 2¢p) 2 p+(n+p)A ),
5= (4B |t — L5 - 1 (A12)
S 20 2 37V ' e
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Meaning of variables:

Lapse function:

Lapse
N=ay/14+20+ aN

a2(1+2¢)
Intrinsic curvature: Perturbed curvature
2 k P on 1 : ‘ e
ph) _ N YN 3 = RO ) — 6.
aQ(l—I—QgQ)Q( Pt s ) TRy 0 U6k
Trace of extrinsic curvature:
! : 1 X* o 1
K =-— 3(H +¢+2He) + —x" ) + 57—
N T 29) [ et 2He) + o n i)
= —3H + &,
. Shear
Trace-free extrlnsllc curvature: 1 1 1
N7 e B B (i v Y Lsi K
Ky =R =30k == a2 {2 (X 5T X ) 30k
1 i i 2k
= Yo +xiet — =ik ) |
1+ 20 (X Pt XG¥ 3 G X 9,&)}
Expansion Acceleration  Shear tensor Rotation tensor
JJ(H) . Nf i(n) = l(n) .

9" = —K =3H —«k, a T, o, =—Kij, w; =0

\Perturbed expansion
HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Fluid velocities:

(I) Naive one:

ii,- = dv;

(II) Three-velocity measured by an Eulerian observer:

ﬁ,‘ = a?ﬁ,

~~ .
!

%(!z)ija’f 1 };Zf _ N R
—— =— | =+ N Vi = av,
. 0
—n.u- N \u
Based on ADM metric

u' dx’ i
— V = U!

u®  dx©

1
a

\Post—Newtonian (Chandrasekhar 1965)

1

5 | 4 vk
v I+ 2¢

HJ & Noh, MNRAS 433 (2013) 3472

\/1

A’[\/-.
1—|—2<p

_ 142¢ [(=k x K = Xk
\/1 N2 (U a(l+2<,o)) (U’f a(l+2¢>))



Temporal gauge (slicing, hypersurface):

Comovjng gauge : v =0, v = ( from third order in
zero—shear gauge : Y =0, gleeltﬂizﬁ;flf of vector ~type
uniform—curvature gauge : p =0,
uniform—expansion gauge : k = 0,
uniform —density gauge : 0 =0,

: SRS - “ﬁ” Nonlinear order

Applicable to NL orders!

—

Complete gauge fixing.

Remaining variables are gauge-invariant to fully
NL order!

HJ & Noh, MNRAS 433 (2013) 3472



Gauge Issue:

Under the gauge transformation X4 =x94+ E”(x ) we have
M(X ) = u(x¢). Separating the background and perturbation as © = p + §u and comparing u and g at the same space—time point, say x°,
we have

~/ ¢ e ~ Ca 1_ ca ~ Ca <b 1 _ ca £b ~ <bh ca 1 _ cash| sc
8M(x() = 8:“(-)( )_ /“L.([é: + (5#.(11)%- +M.('Ié j;) ‘i:l - liﬂaé J;ﬁél + (//L.('l‘i'-l) ‘i: b + 8”.(11)05 ‘S[ é + e (23)

To the linear order we have
SI(x") = Spu(x) — po&”, (24)

where we used = u(x°) with &0 = £°, &' = & As long as we take the spatial gauge fixing y =0 = C'” and take
any one of the temporal gauge fixing in the pool of the fundamental temporal gauge conditions in equation (20), except for the synchronous
gauge, we have £° = 0 = £ to the linear order.

To the second order, we have

~ e ¢ 0 0 i 1 0 0 0 0 i
Sp(x®) = 8u(x) — o0& — o6 — o ;& + <—M.00€ + 10é .o) &+ moé & (25)

2
Now, as we have £° = 0 = &’ to the linear order in our suggested gauge conditions, the above equation simply leads to

SR(x’) = Spu(x) — o8’ (26)
which is the same as equation (24), now valid even to the second order. In a decomposed form, we have

S () = 81 (x) — 0" 27)

Therefore, by imposing the gauge conditions in the suggested pool, now to the second order, we again have £%? = (0 = £/ This can be
continued to the higher order perturbations as well. Explicit forms of the gauge transformation properties and gauge-invariant combinations
to the second-order perturbation are presented in Noh & Hwang (2004) and Hwang, Noh & Gong (2012).

HJ & Noh, MNRAS 433 (2013) 3472



Minimally coupled scalar field:

Equation of motion:

o D00 g 22 (N ), V5 (7)
_G‘ — . — K - P P —_— — 0 (f .
Coc 2 Dt a?N (14 2p)3/2 @\

b_L(2,_« _ o)_Llu,-nv)
Dt~ N \dr a(1+2¢) ') N ! e
Shift vector

—~ —~

Fluid quantities: / b=
= 1 =2 P
ﬁ. - E(;b T V, P = —Qb R V’ CZU,‘Qb — _qu, ﬁab — O

v; = 0 1mplies the uniform-field gauge (6¢ = 0) and vice versa
Comoving gauge + no vector-type

HJ & Noh, MNRAS 433 (2018) 3472; Noh, JCAP 07 (2014) 037



Conservation equations:

Energy-conservation to NL order:

Covariant energy-conservation

oszbaa—_ﬁ_(ﬁ+@§7

o

1~ N 1 . 1 [
b ~a Tb g s b ~a
D:Tbn —NTObO NT :_N(UO_NU’J,)T u ﬁ(ﬁ
Energy-conservation
ADM energy-conservation
Covariant energy-conservation:
A (N"“’+C i)v N (i) BH — k)N + N,
—_— v — i — K
ot " a(l + 20) a* Byl a(l+ 2¢)

Nt ; 1[0 1 . R
Tl 1 2p)? +§{E (1+2<,o>(M"+EX)V'Z%}_

HJ & Noh, MNRAS 433 (2018) 3472; Noh, JCAP 07 (2014) 037
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Zero-pressure
Irrotational Fluid

HJ & Noh, MNRAS 433 (2013) 3472
Noh, JCAP 07 (2014) 037



Covariant energy-conservation:

Comoving gauge + irrotational Zero-pressure

0 ! N+ S Vil i+ (04 (3H — )N 7

, = ot St vz — 0.
Y SRR {aﬁam?m (Vs ) %

Comoving gauge + irrotational (v! = 0) + zero-pressure:

X0 ;
a?(1+2p)

(E+3H>(1+5)+5—H}:5H}— Exact!

7
= 0, Background order

To 12%h-order perturbation, say:

0 — K = 5/4:—?)(’ (5,1-(1—290+4902—8903—{—16904—32905

16405 — 12807 + 25668 — 5120° + 10249010),



Zero-pressure fluid in the comoving gauge

Exact equations (flat backround):

. | . 2 "8,‘
S —k —0k+—x"'5;, = L,
a? a’(1 + 2¢)

|

1 , 1 - 1 20k do(1 +
,{_’_ZI_IK_4_,7.[G5M_glcz_f_;xrlcl_F lXI/X’/_g(AX)Z] — X s 99( go)

a2(1 +2¢)  a* (1 +2¢p)

. 1
[X"‘/ Xii =3 (AX)Z]

+ 2 %(A)j__z‘ij_._i_ ! l(: ,)24_ iy
(1 +29) |3 X)X @i X Xi9, 1+2¢ |3 X i X Xi®9 @il ¢

K‘f'é)( _ 20A x
a? F a* (1 + 2¢) a(l + 2¢)? 2 2

2809 + 21 K 2ying—2— ¥ !
X)Q.i X Pk X.ikP XiAQ 21+2(P XiPk 3X.k(p.l @Y .

RHS = pure Einstein’s gravity corrections,
starting from the third order, all involving @

1
In(l +2¢0)] = —— [ yFto. Ap — ; 3xx0.) et
In(1+20)]; = gy |0 e T xide = 10 (xipx +3x00.:) @
1
Identify: + = ——V - u
a




Linear-order:

8. + QE 3 — 471G o § = O, Relativistic/Newtonian correspondence
a to second order.

This equation is valid to fully nonlinear

Second-order: order in Newtonian th[ory.

. 19 |
54228 —4nGus = ———[aV-(Su)] + —=V - (u- Vu).
a a? ot a?

Pure relativistic correction

Third-order appearing from third order.
All involving @.

.4, 1 9 1
54225 —4nGus = ———[aV - (Su)] + =V - (u - Vu) [
a a’ ot a?

e 4 1
+ ——{aRpu —V(AT'X)]-V8} = =V -|¢p(u-Vu—=uV -u
a? ot a? 3

2 A 1 | 2
—|—@g0u-V(V-u)—|—a—2[u-V(A X)]—?u-VX—gXV-u,

3
XE2g0V-u—u-Vg0—|—EA_IV-[u-V(V(p)—I—uA(p].




Relativistic/Newtonian correspondence:
By ignoring () :

, 1 .
0 — K = 0k — —2)("8_,-,
a

K+ 2Hk —4ntG (S + 36 p)

1, 1 i 1 Jij 1 2
= 3k" = =X K_,'—f-a—4 !x -’x_,;,-—g(Ax) :
A
a

By identifying § and u as the Newtonian density and velocity perturbations with

|
Kk =——V-u,
a

thus ¥ = au with u = Vu, we have

| |
5+ —-V.-u=—-—-V.(u),
a a

| 1
—V .-t + Hu) +4nGpd = ——2V~(u~Vu),
a a

which coincide exactly with the continuity equation and the Euler equation
Exact correspondence to the second order!



Newtonian Limit

Chandrasekhar, ApJ (1965): OPN, MinkowskKi
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: @s a limit of FNL&E PT

JH & Noh, JCAP 04 (2013) 035




Infinite speed-of-light Limit in ZSG & UEG:

e 12 2
Vg, |l = k
a1, e<xl, —2<<1 p<<Qc, —H<<1 >>1,
C
Covariant energy-conservaticfu ZSG

d 1 ,
1
V’),k/ W k e 4
+6(1+/24+a(1/2¢)z ar a(1+2<,0)(m+ )J/}/‘O'

L L, =
@ =—-——U, = —V, V =Y,
20 T3 N=y/1+ }/ > f/f 2
ADM momentum-constraint: a + 99
127G oa

p= =280 (14 8) V],
Tracefree ADM propgga ion:
@ = —Q.

a1 -
) G+3-5+ V- (3v) =0
a a



Equations in Newtonian limit:

o a_ | _

Covariant energy-conservation: e, + 3_Q - —-V_- (QV) ,
a a

o a | | 1

Covariant momentum-conservation: Y 4+ —V 4+ —V - VV = —VU — —___,Vp,
a a a ao
. A

Trace of ADM propagation: _— U — —47TG @— Q) .

a2



With Relativistic
Pressure

Infinite speed-of-light limit,
except for pressure
JH & Noh, JCAP 10 (2013) 054




Case with Relativistic Pressure:

VY, 1 *k*

k —_ ~ -~ C

a<<l, e<xl, —2<<1, p X oc, —2H<<1, 5 2>>1,
C C a-H

Covariant energy-conservation:

= af— p\ 1
o+3 (Q+62)+av

_ D 12 —
Q+£ V|=—=-v-Vp,
c? ¢’ a

a
Covariant momentum-conservation: N
Ca I I (1__ 7
V+=-V+ -V Vv— VU = ———— | =Vp+ V],
a a a o+ p/c-\a C

Trace of ADM pﬂ)pagation:

U = —47G (0 - 0),
a

No pressure!

Previous works were not successful in guessing the correct forms.
(Whittaker 1935; McCrea 1951; Harrison 1965; Coles & Lucchin 1995;
Lima et al. 1997; ... ; Harko 2011)

JH & Noh, JCAP 04 (2013) 035



Post-Newtonian
Approximation

Chandrasekhar, ApJ (1965): 1PN, MinkowskKi
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: @s a limit of FNL&E PT

Noh & JH, JCAP 08 (2013) 040




1 PN Convention: (Chandrasekhar 1965)

1 1 . 1 o
ds? = — [1 — B + — (2U2 — 4@)} cAdt? — C—B2aPicdtd;E7‘ +a (1 + c_22v) Vi e dz’

—i~0 ~Shear

Identification:
oz:—ci2 {U—C%(U2—2<I>)], @—C%V» n——cig (3%U+3V+EPE,€>,

1 1 . 1
Xi = —B(LPL‘, Vi = — {ﬁi, I o) [@i (—@2 -+ U + QV) —_ PL] } ]
cC ¢ cC 2

- (JH, Noh & Puetzfeld , JCAP 2008)

Covariant E-conservation:

1
a3

(agg)#é(wi)u:_c_z [Q(é+év-v) (%?72+3U+H) + (3%+év-v>p},

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Basic 1PN Equations:

Tracetfree ADM propagation: |/ = [].

Covariant energy-conservation:
I o L 1 [fd 1_- _\(1 \ fa 1_ _\_
E(CIQ)-FZ(QV)J——C—z[Q(E-FEVV)(EV +3U+H)+(3E+EVV)p],

Covariant momentum—conservatlon

Lo L 1p; 1
Ywy e dspt-ty,ctpi o L
a a

-2
2 —V L’i+
a a0 c

|
a

| R
— Uz) + = (aP) + =V (Piy — Py)
i q a
-

—

| D 1 | |
+— v+4U+H+p-g—ijﬁ+—VV v+NJ—ﬁ:f2+4WVPa
a 0 ot a ot a
|
)

© o
Trace of ADM propagation:

aP' ).]+3U+9EU+6§U

[ZA(D QUAU +
a a

A _ 1
EU+47TG(Q—Q)= 3\

l = 3
— —
+87G [QV + 5 (@H — QH) + 5 (p - P)] }a

ADM momentum-constraint:
1 4

0=— (P, — AP;) - 162Ggv; + - (U + = U)
da a J

_ 3\ 1 2
:(I—C—zU)Vf-l‘C—ZPi, (1-;)\)5,

JH, Noh & Puetzfeld , JCAP 03 (2008) 010; Noh & JH, JCAP 08 (2013) 040



1PN Gauge conditions:

L
— P+ nU +m=U =0,
a a

Harmonic gauge : n = 4, m = arbitrary,

/ .
Chandrasekhar’s gauge : n = 3, m = arbitrary,
Uniform —expansion gauge : n =3 = m,

Transverse —shear gauge : n=0=m.

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Propagation speed issue

Under the general gauge:

Trace of ADM propagation:
A
?L + —17_0 ( )

1

A o . - a a” |
+ §{2?<I> —(n—=3)U—-(2n+m —9) 5& + [(6 —m) o m?] U

+ 87G [ov* + L (oIl — 011) + U (0 — o) + 2 (p — py)] } = 0.

Propagation speed iIs gauge dependent!

vn—3

of the potential

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Resolution using Weyl tensor:

1 [1 A o
Ej=—— [5 U+ V) — @ (U+V) 3] + L0,

lml

11 o, 1
Hyj = = —n," { [— (Pt = AP) + g (U + V)] Vig) + Purgy — 0 (U + V),m}

+ L7207°,

E;;; H; equations:

. a - a a2
Ezj -+ SEEEJ —+ <— + —9> Eg'.j

el \a @’
— 2_2 [AEQ = i = %Ek(z|kj) + % (E™j = AEL) i + %E‘é”]
+ a_{z { [(V + ZU),(z' E;ﬂ ko [(V +20)" Eij} 12 i % {(V +20)° Ek(i} 5)
B % [(V +2U)" Elk} zﬂ“z‘j} N 42’2@ (—ATL; + TT) (225)

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Fully NL and exact cosmological pert.:

1. Formulation

2. Multi-component fluids , fields
3.  Minimally coupled scalar field
4.  Newtonian limit

5. with relativistic pressure

6. 1PN equations

Future extentions:

1. Anisotropic stress = Relativistic magneto-hydrodynamics
Light propagation (geodesic, Boltzmann)

2 and higher order PN equations

Gauge-invariant combinations

T'T perturbation should be handled perturbatively

Sl W

Appllcatlons'

Relativistic NL perturbations
Fitting and Averaging
Backreaction

= L o=

Relativistic Cosmological numerical simulation



Future applications: s

1.

Limit of the linear theory.

The limit of the linear theory cannot be estimated within the linear theory.

. Quasilinear processes leading to the mode-mode coupling among different scales, as well

as among different types of perturbations.

The non-Gaussian effects due to nonlinear processes in the quantum generation and in the
classical evolution.

. Fate of fluctuations in the collapsing phase, and possibly through a bounce.

In the collapsing phase fluctuations grow. The d-mode becomes the growing one.

As the background reaches singularity the fluctuations inevitably diverge.

. Nonlinear evolutions in the super-horizon scale.

. Nonlinear backreaction to the background world model.

“Second order perturbation is closer to the linear theory than to the nonlinear one.”
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