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Figure 1. The BAO “Hubble diagram” from a world collection of detections. Blue, red, and green points show BAO mea-
surements of DV /rd , DM /rd , and zDH /rd , respectively, from the sources indicated in the legend. These can be compared
to the correspondingly colored lines, which represents predictions of the fiducial Planck ! CDM model (with " m = 0.3183,
h = 0.6704, see Section II C). The scaling by

!
z is arbitrary, chosen to compress the dynamic range su# ciently to make error

bars visible on the plot. Filled points represent BOSS data, which yield the most precise BAO measurements at z < 0.7 and
the only measurements at z > 2. For visual clarity, the Ly! cross-correlation points have been shifted slightly in redshift;
auto-correlation points are plotted at the correct e$ective redshift.

in Table II, we show measurements from the DR7 data
set of SDSS-II by [15] and from the WiggleZ survey by
[19], which are not included in our cosmological analysis
because they are not independent of the (more precise)
BOSS measurements in similar redshift ranges. Curves
represent the predictions of the Þducial Planck! CDM
model, whose parameters are determined independently
of the BAO measurements but depend on the assump-
tions of a ßat universe and a cosmological constant.
Overall, there is impressively good agreement between
the CMB-constrained ! CDM model and the BAO mea-
surements, especially as no parameters have been ad-
justed in light of the BAO data. However, there is no-
ticeable tension between the Planck! CDM model and
the LyaF BAO measurements.

Figure 2 displays a subset of these BAO measurements
with scalings that elucidate their physical content. In the
upper panel, we plot H (z)/ (1 + z), which is the proper
velocity between two objects with a constant comoving

separation of 1 Mpc. This quantity is declining in a
decelerating universe and increasing in an accelerating
universe. We set thex-axis to be

!
1 + z, which makes

H (z)/ (1+ z) a straight line of slope H0 in an Einstein-de
Sitter ( " m = 1) model. For the transverse BAO measure-
ments in the lower panel, we plotc ln(1+ z)/D M (z), cho-
sen so that a constant (horizontal) line in theH (z)/ (1+ z)
plot would produce the same constant line in this panel,
assuming a ßat Universe. This quantity would decrease
monotonically in a non-accelerating ßat cosmology. The
quantities in both the upper and lower panels approach
H0 asz approaches zero, independent of other cosmolog-
ical parameters. We convert the BOSS LOWZ and MGS
measurements ofDV (z) to DM (z) in the lower panel as-
suming the Þducial Planck ! CDM parameters; this is a
robust approximation because all acceptable cosmologies
produce similar scaling at these low redshifts. Note that
the H (z) and DM (z) measurements from a given data
set (i.e., at a particular redshift) are covariant, in the

  Aubourg et al. (2014) 
arXiv:1411.1074 [astro-ph.CO] 



F%&&"(+*2"#$%&"2"(+$*

12

0.0 0.2 0.4 0.6 0.8 1.0 1.2
! "

0

2

4

6

8

10

12

pr
ob

.

Galaxy BAO+Planck DM

Lyman-! BAO+Planck DM

Combined BAO
Combined BAO+Planck DM

Figure 3. Constraints from BAO on the parameters of
o! CDM models, treating the BAO scale as a redshift-
independent standard ruler of unknown length. Green
curves/contours in each panel show the combined constraints
from galaxy and LyaF BAO, with no CMB information. Black
curves/contours include the measurement of D M (1090)/r d

from the CMB acoustic scale, again with no assumption about
the value of r d except that it is the same scale as the lower red-
shift measurements. This combination of BAO measurements
yields precise constraints on " ! (top panel) and the dimen-
sionless quantity c/ (H 0r d ) (bottom panel), and it requires a
low density ( " m ! 0.29), nearly ßat universe (middle panel).
Blue and red curves in the top and bottom panels show the
result of combining the CMB BAO measurement with either
the galaxy or LyaF BAO measurement separately. The dotted
line in the middle panel marks " m + " ! = 1.

Figure 4. Constraints on " m and h in a ßat ! CDM model
from galaxy BAO (red), LyaF BAO (blue), and the combina-
tion of the two (green), using a BBN prior on ! b and standard
physics to compute the sound horizon r d but incorporating
no CMB information. Contours are plotted at 68%, 95%,
and 99.7% conÞdence (theinterior white region of the green
ÒdonutÓ is 68%). Black contours show the entirely indepen-
dent constraints on " m and h in ! CDM from full Planck
CMB chains.

bination, we Þnd h = 0 .67± 0.013 and! m = 0 .29± 0.02
(68% conÞdence). The small black ellipse in Figure 4
shows the Planck constraints for" CDM, computed from
full Planck chains, which are in excellent agreement with
the region allowed by the joint BAO measurements.

IV. BAO, SNIA, AND THE INVERSE
DISTANCE LADDER

The traditional route to measuring the Hubble con-
stant H0 is built on a distance ladder anchored in the
nearby Universe: stellar distances to galaxies within
! 20 Mpc are used to calibrate secondary indicators, and
these in turn are used to measure distances to galaxies
Òin the Hubble ßow,Ó i.e., far enough away that peculiar
velocities are a sub-dominant source of uncertainty when
inferring H0 = v/d [67]. The most powerful implementa-
tions of this program in recent years have used Cepheid
variables Ñ calibrated by direct parallax, by distance es-
timates to the LMC, or by the maser distance to NGC
4258 Ñ to determine distances to host galaxies of SNIa,
which are the most precise of the available secondary dis-
tance indicators [68Ð70].

Because the BAO scale can be computed in absolute
units from basic underlying physics, the combination of
BAO with SNIa allows a measurement ofH0 via an Òin-
verse distance ladder,Ó anchored at intermediate redshift.
The BOSS BAO data provide absolute values ofDV at
z = 0 .32 and DM at z = 0 .57 with precision of 2.0%
and 1.4%, respectively. The JLA SNIa sample provides a
high-precision relative distance scale, which transfers the
BAO measurement down to low redshift, whereH0 is
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ω(θ) = The excess probability (above random) of finding two point 
sources with a given angular  separation θ.  
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We obtain precise measurements of DA(z)  without assuming a 
fiducial cosmology and restrict cosmological parameters in an 
almost model-independent way  
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Figura 3.4: Os pontos vermelhos representam as LRGs mapeadas pelo BOSS em altos redshift

em comparacü÷ao com as LRGs mapeada anteriormente pelo SDSS representada pelos pontos

brancos. As gal«axias normais est÷ao indicadas pelos pontos amarelos e os quasares est÷ao

indicados pelos pontos azuis.

85

Baryon	
  Oscilla@on	
  Spectroscopic	
  Survey	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (BOSS)	
  
	
  

•! 1.35	
  million	
  galaxies	
  (z	
  <0.7)	
  

•! 10,000	
  deg2	
  	
  
•! 150.000	
  Quasars	
  (z	
  	
  =	
  2.15	
  –	
  3.50)	
  

0.0 0.2 0.4 0.6 0.8 1.0
z

0

5000

10000

15000

20000

25000

30000

35000

N
g

DR7
DR10
DR11

•! 3433Z4BQc***-.(+#'($*TS•G‚}T*lBEg$**
•! 3433Z4BTSc*-.(+#'($*ƒSuG}}Q*lBEg$**
•! 3433Z4BTTc*-.(+#'($*•ƒ}GTTz*lBEg$*





:F!H*C#+#=*



`,"*C#+#*$"+*
•! `,"* 3433Z4BTS*-.(+#'($*ƒSuG}}Q*lBEg$*D'+,*&"C$,'€$*

S7ƒ}*„*9*„*S7Q7**

Finding       in the 2PACF in! BAO

thin bin-redshift shells ! z ! 0.01

3

redshift intervals number of LRGs øz ! z

0.440 - 0.460 21,862 0.45 0.02
0.465 - 0.475 17,536 0.47 0.01
0.480 - 0.500 40,957 0.49 0.02
0.505 - 0.515 21,046 0.51 0.01
0.525 - 0.535 22,147 0.53 0.01
0.545 - 0.555 21,048 0.55 0.01

TABLE I. The six bin-redshift intervals and their properties:
number of galaxies, mean redshift of the sample, øz, and bin-
width, ! z. Notice that contiguous intervals are separated by
a redshift interval of size 0.005 to avoid correlation between
neighbours.

Extension for Galactic Understanding and Exploration
(SEGUE-2), the Baryon Oscillation Spectroscopic Sur-
vey (BOSS), Apache Point Observatory Galatic Evolu-
tion (APOGEE) and Multi-Object APO Radial Velocity
Exoplanet Large-area Survey (MARVELS). We concern
in mapping distribution of the LRGs and quasars from
BOSS to extract the BAO bump and constrain cosmo-
logical models.

The BOSS experiment, as part of the SDSS-III project,
mapped about 1.5⇥106 luminous red galaxies (LRG), as
faint as i = 19.9, over 10,000 deg2, up to redshifts z < 0.7.
BOSS used upgraded instruments to extend the redshift
and map deeper than the SDSS-I and -II. This new spec-
troscopic experiment allows to map galaxy density with
approximately n = 0.0002� 0.0003 h3/ Mpc3.

The data release 10 (DR10) from BOSS contains
409,337 LRGs in the north galactic hemisphere, with red-
shifts from z = 0.43 to z = 0.7, including new BOSS
spectra. To provide di↵erent transversal signatures as
function of redshift, the data was divided into bins of
redshift with almost 20,000 LRGs in each, with one ex-
ception, an interval with ⇠ 40, 000 LRGs in order to de-
tect a clear BAO signal. Notice that the selection of
the bin redshift intervals is not an easy task: choosing a
small redshift interval could not contain enough galaxy
correlated pairs in order to reveal the BAO signal; from
the other side, a large redshift bin can decrease the BAO
amplitude (because of the presence of a mixture of radial
and transversal correlated galaxies) confounding the true
signature with noise. After several analyses, the bins se-
lected have means at: z̄ = 0.45, 0.47, 0.49, 0.51, 0.53, 0.55.
Details of these data sets are in Table I. Moreover, the
choose of contiguous intervals takes into account a possi-
ble correlation between neighbour bin redshifts, for this
they are separated by a redshift interval of size 0.005 to
avoid such correlations.

IV. METHODS TO DETECT THE BAO BUMP

In previous works (see, e.g., [12, 13]), the 2PACF
was applied to galaxy surveys with photometric redshift
(photo-z) data, where the redshift error depends on the
range of wavelengths given by filters. Unfortunately, the

photo-z errors with larger magnitude provides large un-
certainties in separations between galaxies. In addition
to this problem, some analyses need a fiducial cosmology
to derive cosmological parameters from the 2PACF [14].
This strategy is adopted because it is very common to
find more than a unique bump in any plot of the 2PCF
or 2PACF. This happens because peaks or bumps also
appear due to systematic e↵ects present in the sample
in analysis. Thus, when the 2PACF shows more than
one bump one needs guiding principles to recognise the
true acoustic scale, in our case these criteria should be
independent of a cosmological model. For this, we shall
identify the angular-BAO signal only when a bump re-
mains a bump after applying the following two tests:

1. the 2PACF performed with different bin sizes (of
angular separation)

2. the 2PACF obtained after a small random shu✏ing
of the galaxies angular coordinates

Our strategy follows the basic criterion that, if the
BAO bump is present and is robust, then it will survive
after applying these tests. In such a case, one can con-
sider safely that such a bump corresponds to a transversal
BAO signature.
After that, the BAO bump is localised through a best-

fit procedure, obtaining the ✓FIT value, that is then cor-
rected to the true value ✓BAO using a shift function that
will be explained in the next section.

1. Bin size criterium

In any histogram, like the 2PACF, the choice of the
bin size is a compromise between a noisy curve (when
small bins are used), where possible signatures are hid-
den by statistical noise and systematics, and a smoothly

curve (when large bins are used), where possible signa-
tures spread out and are almost invisible. Our leading
criterion to decide the presence of a robust bump –like a
BAO bump– is that it should appear in the 2PACF even
when one changes the bin width, while noise bumps shall
smear out or simple disappear.
To optimize the best bin size in our 2PACF analy-

ses we trial several possibilities. Between them, we find
three interesting cases for the angular interval in analy-
sis ✓ 2 [0�, 12�] (although the 2PACF curves show only
the interval of interest: [0�, 8�]). In fig. 1 we show the
2PACF curves for the six redshift bins, considering the
cases where the number of bins is Nb = 31, 37, and 40,
with the data points plotted in each panel, respectively,
from top to bottom. In each case the bin size is obtained
through �✓ ⌘ 12�/N b.
In these data plots, one observes that there cases where

the BAO bump is easy recognisable (e.g., for the redshift
bins z̄ = 0.47 and z̄ = 0.53), while in others it is really
di�cult to identify one single bump. This make neces-
sary a second criterium to decide between true and false
bumps.

SDSS-DR10

3

redshift intervals number of LRGs øz ! z

0.440 - 0.460 21,862 0.45 0.02
0.465 - 0.475 17,536 0.47 0.01
0.480 - 0.500 40,957 0.49 0.02
0.505 - 0.515 21,046 0.51 0.01
0.525 - 0.535 22,147 0.53 0.01
0.545 - 0.555 21,048 0.55 0.01

TABLE I: The six bin-redshift intervals and their properties:
number of galaxies, mean redshift of the sample, øz, and bin-
width, ! z. Notice that contiguous intervals are separated by
a redshift interval of size 0.005 to avoid correlation between
neighbours.

faint as i = 19.9, over 10,000 deg2, up to redshifts z < 0.7.
BOSS used upgraded instruments to extend the redshift
and map deeper than the SDSS-I and II. This new spec-
troscopic experiment allows to map galaxy density with
approximately n = 0.0002 ! 0.0003 h3/Mpc3.

The SDSS DR10 contains 409,337 LRGs in the north
galactic hemisphere, with redshifts from z = 0.43 to
z = 0.7, including new BOSS spectra. In order to de-
tect transversal signatures as a function of redshift, we
divided the data into bins of redshift with " 20, 000 LRGs
each, with the exception of the bin at z̄ = 0.49 which,
to show a clear BAO signal, contains " 40, 000 LRGs.
It is worth mentioning that the selection of the width of
the redshift shell is not an easy task. For instance, too
narrow redshift shells may not contain enough galaxy
correlated pairs to reveal the BAO signal whereas too
wide redshift shells may decrease the angular BAO am-
plitude, mixing the transversal signature with the radial
contribution. After several analyses, we selected shells
at: z̄ = 0.45, 0.47, 0.49, 0.51, 0.53, 0.55, which are sepa-
rated by a redshift interval of 0.005 to avoid correlations
between them. Details of these redshift shells are pre-
sented in Table I.

IV. DETECTING THE BAO SIGNAL

In previous works (see, e.g., [24, 26]), the 2PACF
was applied to galaxy surveys with photometric redshift
(photo-z) data, where the redshift error depends on the
range of wavelengths given by the filters. Unfortunately,
the large error of the photometric redshift implies in large
uncertainties in the separations of the galaxies pairs. In
addition to this problem, some analyses need a fiducial
cosmology to derive cosmological parameters from the
2PACF [27]. This strategy is adopted because it is very
common to find more than one single bump in any anal-
ysis of the 2PCF or 2PACF, due to systematic e! ects
present in the sample. Thus, when the 2PACF shows
more than one bump, one needs guiding principles to
recognise the true acoustic scale. In our case, if we want
to perform an analysis as model-independent as possible,
these criteria should be independent of a cosmological
model. To this purpose, we shall identify the angular-

BAO signal only when a bump remains a bump after
applying the following two tests:

1. As we cannot find many pairs of galaxies distant
exactly by the same angular separation, we should
consider a interval of ! to counting pairs. There
isn’t a prior way to choose a ideal interval ! i < ! <
! i + " ! , where ! i is the beginning of interval. Thus
the 2PACF analysis is performed with di! erent bin
width of the angular separation " ! .

2. The 2PACF analysis is performed after changing
the galaxies angular coordinates by small and ran-
dom amount.

3. Our strategy is the following: if the BAO bump is
present and robust, then it will survive after apply-
ing these tests. In this is the case, one can safely
consider that the bump corresponds to a transver-
sal BAO signature. After that, the BAO bump
is localised through a best-fit procedure, obtaining
the ! F IT value, that is then corrected to the true
value ! BAO using a shift function (see Sec. V).

1. Bin size criterium

In any histogram, like the 2PACF, the choice of the bin
size is a compromise between a noisy curve (when narrow
bins are used), where possible signatures are hidden by
statistical noise and systematics, and a smoothly curve
(when wider bins are used), where possible signatures
spread out and are almost invisible. Our leading criterion
to decide the presence of a robust bump – like a BAO
bump– is that it should appear in the 2PACF even when
one changes the bin width, while noise bumps shall smear
out or simply disappear.
To optimize the choice bin width in our 2PACF anal-

yses we analysed several possibilities. Among them, we
find three interesting cases for the angular interval, i.e.,
! # [0! , 12! ] (although the 2PACF curves show only the
interval of interest: [1.75! , 6.5! ]). In Fig. 1 we show the
2PACF curves for the six redshift shells, considering the
cases where the number of angular bins is Nb = 31, 37,
and 40. In each case the bin size is obtained through
" ! $ 12! /Nb. Clearly, only in some cases (e.g., for the
redshift bins z̄ = 0.47 and z̄ = 0.53) the BAO bump
can be easily identified. This makes necessary a second
criterium to determine the true BAO bump.

2. Shu! ing the Galaxies angular coordinates

Various peaks or bumps can be observed in the 2PACF
curves shown in Fig. 1. They contain information regard-
ing not only the true BAO signature, but also due to sys-
tematic e! ects present in the distinct redshift samples in
analysis. Distinguishing the BAO bump from systematic
bumps is the aim of the algorithm presented bellow. The
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Utilizando o catálogo DR11 do SDSS com um total de 543116 galáxias encontramos os
seguintes valores de ! F IT

z̄ z range " (z,#z)[%] ! F IT [deg] $✓BAO
! BAO [deg] Ng

0.57 [ 0.565 , 0.575 ] 0.28 4.58 0.36 4.59 24,967
0.59 [ 0.585 , 0.595 ] 0.32 4.38 0.33 4.39 21,292
0.61 [ 0.605 , 0.615 ] 0.41 3.84 0.31 3.85 18,003
0.63 [ 0.625 , 0.635 ] 0.56 3.89 0.43 3.90 14,275
0.65 [ 0.640 , 0.660 ] 1.44 3.50 0.16 3.55 21,949

A densidade de galáxias da amostra assume valores entre z = [0.43, 1.0], mas os valores ex-
tremos estão na cauda da distribuição. Para verificar melhor a densidade de galáxias, coloquei
o histograma da amostra utilizada

Lembrando que o deslocamento do pico na função de correlação é dado por

" =
(! 0E � ! �z

E )

! 0E
, (1)

onde o ı́ndice representa o #z considerado. Ento o valor de ! BAO toma a forma

! BAO (z,#z) = ! F IT (z) + " (z,#z)! 0E (z) . (2)

Só para ilustrar, coloquei as figuras do deslocamento no pico

Utilizando o cat«alogo DR11 do SDSS com um total de 543116 gal«axias encontramos os
seguintes valores de! F IT

øz z range " (z,#z)[%] ! F IT [deg] $! BAO ! BAO [deg] Ng

0.57 [ 0.565 , 0.575 ] 0.28 4.58 0.36 4.59 24,967
0.59 [ 0.585 , 0.595 ] 0.32 4.38 0.33 4.39 21,292
0.61 [ 0.605 , 0.615 ] 0.41 3.84 0.31 3.85 18,003
0.63 [ 0.625 , 0.635 ] 0.56 3.89 0.43 3.90 14,275
0.65 [ 0.640 , 0.660 ] 1.44 3.50 0.16 3.55 21,949

A densidade de gal«axias da amostra assume valores entrez = [0.43, 1.0], mas os valores ex-
tremos est÷ao na cauda da distribuicü÷ao. Para veriÞcar melhor a densidade de gal«axias, coloquei
o histograma da amostra utilizada

Lembrando que o deslocamento do pico na funcü÷ao de correlacü÷ao«e dado por

" =
(! 0

E ! ! " z
E )

! 0
E

, (1)

onde o«õndice representa o#z considerado. Ento o valor de! BAO toma a forma

! BAO (z,#z) = ! F IT (z) + " (z,#z)! 0
E (z) . (2)

S«o para ilustrar, coloquei as Þguras do deslocamento no pico



X'(C'()*…H8>*'(*+,"*RV8FX*

],"&"*'$*+,"*#()%0#&ZH8>*$')(#0d*

Acous@c	
  scale?	
  

Acous@c	
  scale?	
  



•! F,#()'() *)#0#5'"$*-..&C'(#+"$*

8*2.C"0Z'(C"Y"(C"(+*D#W*+.*h(C**



5

0.00
0.02
0.04
0.06
0.08

w
(!

)

FIG. 2: The solid line corresponds to the 2PACF after changing the angular separation between galaxies by a small and random
amount whereas the red circles stand for the original data.

from (7), will provide the desired value for ! BAO .

Models ! bh2 ! ch2 w0 wa H 0
a

Reference 0.0226 0.112 -1 0 70

Varying ! ch2 0.0226 0.100 -1 0 70
0.0226 0.140 -1 0 70

Varying state 0.0226 0.112 -2 0 70
equation 0.0226 0.112 -0.8 0 70

0.0226 0.112 -1 1 70
0.0226 0.112 -1 -1 70

Varying H 0 0.0226 0.112 -1 0 65
0.0226 0.112 -1 0 68
0.0226 0.112 -1 0 72
0.0226 0.112 -1 0 75

ain units of km/s/Mpc

TABLE II: Summary of the cosmological models parameters
considered in our analysis.

In order to calculate the spatial correlation (6),
one needs the theoretical mater power spectrum,
Pm (k, z). We use the CAMB software [28], available at
http://www.camb.info and assume a varying dark energy
model with w(z) = w0 + wa(1�a), where a is the cosmo-
logical scale factor. In the present analysis we consider

six relevant parameters

{" b, " c,⇥, #,As, ns} , (8)

where " b = ⌦bh
2 and " c = ⌦ch

2 are, respectively, the
baryon and cold dark matter densities, ⇥ is the ratio be-
tween the sound horizon and the angular diameter dis-
tance at decoupling, # is the optical depth to reionization,
As is the overall normalization of the primordial power
spectrum, and ns is the e↵ective tilt. We consider purely
adiabatic initial conditions, impose flatness and set neu-
trino masses equal to 3.046 eV . We set the parameters
values of the reference cosmological model used in this
work as follows: " bh

2 = 0.0226, " ch
2 = 0.112, 100⇥ =

1.04, # = 0.09, Ase
9 = 2.2, ns = 0.96 with H0 = 100h

km/s/Mpc.
For each value of z̄, the power spectrum P (k, z) was

calculated and tabulated for values of k in the range
[ 10�4 � 2.38 ]h Mpc�1. From this table, we numerically
calculate the integral in Eq. (6) to obtain the spatial
correlation function $E (s; z̄). In order to minimize nu-
merical uncertainties, we integrate analytically between
neighboors points of the table by drawing straight lines.
The fact that, in performing the numerical integration,
we can not extend the upper limit of the integral to in-
finity, gives rise to small oscillations that we smoothed

P5#2Y0"*
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FIG. 2: The solid line corresponds to the 2PACF after changing the angular separation between galaxies by a small and random
amount whereas the red circles stand for the original data.
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Reference 0.0226 0.112 -1 0 70
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0.0226 0.112 -1 1 70
0.0226 0.112 -1 -1 70

Varying H 0 0.0226 0.112 -1 0 65
0.0226 0.112 -1 0 68
0.0226 0.112 -1 0 72
0.0226 0.112 -1 0 75
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TABLE II: Summary of the cosmological models parameters
considered in our analysis.

In order to calculate the spatial correlation (6),
one needs the theoretical mater power spectrum,
Pm (k, z). We use the CAMB software [28], available at
http://www.camb.info and assume a varying dark energy
model with w(z) = w0 + wa(1! a), where a is the cosmo-
logical scale factor. In the present analysis we consider

six relevant parameters

{!b,!c,⇥, ⌧,A s, ns} , (8)

where !b = ⌦bh
2 and !c = ⌦ch

2 are, respectively, the
baryon and cold dark matter densities, ⇥ is the ratio be-
tween the sound horizon and the angular diameter dis-
tance at decoupling, ⌧ is the optical depth to reionization,
A s is the overall normalization of the primordial power
spectrum, and ns is the e↵ective tilt. We consider purely
adiabatic initial conditions, impose flatness and set neu-
trino masses equal to 3.046 eV . We set the parameters
values of the reference cosmological model used in this
work as follows: !bh

2 = 0.0226, !ch
2 = 0.112, 100⇥ =

1.04, ⌧ = 0.09, A se
9 = 2.2, ns = 0.96 with H0 = 100h

km/s/Mpc.
For each value of z̄, the power spectrum P (k, z) was

calculated and tabulated for values of k in the range
[ 10! 4 ! 2.38 ]h Mpc! 1. From this table, we numerically
calculate the integral in Eq. (6) to obtain the spatial
correlation function ⇠E (s; z̄). In order to minimize nu-
merical uncertainties, we integrate analytically between
neighboors points of the table by drawing straight lines.
The fact that, in performing the numerical integration,
we can not extend the upper limit of the integral to in-
finity, gives rise to small oscillations that we smoothed
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FIG. 3: The 2PACF for six bin redshift intervals using the DR10-SDSS data (bullets) and Eq. 7 (continuous line). The
amplitude of the BAO bump corresponds to C, the BAO location and the width are related to ! F IT and " , respectively.

z interval !z" # (%) ! F IT (! ) ! ! z=0
E (z) ( ! ) ! BAO (! ) " BAO

0.440-0.460 0.45 2.0815 4.67 4.96 4.77 0.17
0.465-0.475 0.47 0.5367 4.99 4.77 5.02 0.25
0.480-0.500 0.49 2.0197 4.89 4.60 4.99 0.21
0.505-0.515 0.51 0.5002 4.79 4.44 4.81 0.17
0.525-0.535 0.53 0.4847 4.27 4.29 4.29 0.30
0.545-0.555 0.55 0.4789 4.23 4.16 4.25 0.25

TABLE III: Estimates of ! BAO (z) from SDSS DR10 LRG data.

out using a standard moving average Þlter. The integral
which gives the angular correlation function (Eq. 5) was
calculated using a top-hat distribution for the redshift
shell selection function! . We then numerically integrate
wE (" ) for the redshift shells (øz) and widths (#z) listed
in Table I and found the position of the peak " ! z

E . By
similarly proceeding and putting #z = 0, we obtain " 0

E
and calculate the shift factor $ = ( " 0

E ! " ! z
E )/ " 0

E . Thus,
the "BAO values will be given by the expression

"BAO (z,#z) = "F IT (z) + $(z,#z)" 0
E (z) . (9)

We calculated the shift factor $ for several cosmologi-
cal parameters (see Table II) to study its dependence on
the model. The results obtained from our analyses are
shown in Table III. Our general conclusion is that the

shift factor $ is almost independent of the of the cosmo-
logical parameters in the range of values here considered,
with the di ! erence between"F IT and "BAO being <" 2%.
We also noticed that this behaviour is mainly due to the
small redshift shell, #z # 0.02, chosen in our analyses, in
that the lesser the value of#z, the lesser the shift factor
$ (for comparison, we refer the reader to Fig. 3 of [26]).

V. COSMOLOGICAL CONSTRAINTS

In this Section we present cosmological parameter Þts
to the BAO data displayed in Table III. The angular scale
"BAO is related to the angular diameter distanceDA (z)

4

FIG. 1: Each 2PACF plot assumes di ! erent redshift shells with almost 20,000 galaxies (see details in table I). The di! erent
! bin corresponds to the interval from 0 to 12 degrees divided by Nb = 31, 37 and 40 bins, i.e., " ! = 12 .0/N b. To a better
visualization of the 2PACF curves they were artiÞcially shifted upwards.

procedure is based on the hypothesis that the BAO sig-
nal is present in the catalog. According to this, we argue
that if the primordial BAO signature is present, then it
manifests itself as a robust bump at a given angular scale
! BAO . Instead, systematic e↵ects, like signals produced
by groups or clusters of galaxies, contribute with bumps
at: (1) at random angular scales, and (2) do not survive
to small perturbations to the galaxy positions. Conse-
quently, one expects they will make no contribution to
the 2PACF.

Our algorithm follows two steps. First, we derive the
2PACF corresponding to the case where no BAO signa-
ture is present at all. This function is obtained averag-
ing one hundred 2PACFs, each one obtained by chang-
ing the angular positions of the galaxies by a small and
random amount. In principle, this procedure destroys
all the bumps, resulting in a very smooth mean curve,
as observed in the panels of Fig. 2 (continuous lines).
The second step is to compare the true 2PACF with this
smooth no-BAO curve: we identify the BAO signature as
corresponding to the excess in the original 2PACF with
respect to the smoothed no-BAO curve. In case of doubt,
we use both criteria simultaneously: the previous one re-
garding the bin-size and the current one, to decide what
is the angular scale of the BAO signature, ! BAO . Notice

in the panels of fig. 2 that the small scales, correspond-
ing to the non-linear regime, are highly sensitive to small
perturbations in the galaxies positions.

A. Obtaining the ! F IT values

After finding the real BAO feature, we obtain the an-
gular BAO scale using the method of Ref. [26], which
parameterises the 2PACF as a sum of a power law, de-
scribing the continuum, and a Gaussian peak, which de-
scribes the BAO feature, i.e.,

wF IT (! ) = A + B ! ! + Ce
! ( ! ! ! F IT ) 2

2" 2
F IT , (7)

where A, B, C, " , and # are free parameters, ! F IT defines
the position of the acoustic scale and #F IT is a measure
of the width of the bump. If $z = 0, the true BAO scale
! BAO and ! F IT would coincide. However, for $z != 0 this
is no longer true because of projection e↵ects due to the
width of the redshift shells. Therefore, the correlation
function as given by (5) has to be calculated for both
$z = 0 and $z != 0 so that one can compare the position
of the peak in the two cases. This will allows one to find
a correction factor %that, given the value of ! F IT found
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FIG. 1: Each 2PACF plot assumes di ! erent redshift shells with almost 20,000 galaxies (see details in table I). The di! erent
! bin corresponds to the interval from 0 to 12 degrees divided by Nb = 31, 37 and 40 bins, i.e., " ! = 12 .0/N b. To a better
visualization of the 2PACF curves they were artiÞcially shifted upwards.

procedure is based on the hypothesis that the BAO sig-
nal is present in the catalog. According to this, we argue
that if the primordial BAO signature is present, then it
manifests itself as a robust bump at a given angular scale
! BAO . Instead, systematic e↵ects, like signals produced
by groups or clusters of galaxies, contribute with bumps
at: (1) at random angular scales, and (2) do not survive
to small perturbations to the galaxy positions. Conse-
quently, one expects they will make no contribution to
the 2PACF.

Our algorithm follows two steps. First, we derive the
2PACF corresponding to the case where no BAO signa-
ture is present at all. This function is obtained averag-
ing one hundred 2PACFs, each one obtained by chang-
ing the angular positions of the galaxies by a small and
random amount. In principle, this procedure destroys
all the bumps, resulting in a very smooth mean curve,
as observed in the panels of Fig. 2 (continuous lines).
The second step is to compare the true 2PACF with this
smooth no-BAO curve: we identify the BAO signature as
corresponding to the excess in the original 2PACF with
respect to the smoothed no-BAO curve. In case of doubt,
we use both criteria simultaneously: the previous one re-
garding the bin-size and the current one, to decide what
is the angular scale of the BAO signature, ! BAO . Notice

in the panels of fig. 2 that the small scales, correspond-
ing to the non-linear regime, are highly sensitive to small
perturbations in the galaxies positions.

A. Obtaining the ! F IT values

After finding the real BAO feature, we obtain the an-
gular BAO scale using the method of Ref. [26], which
parameterises the 2PACF as a sum of a power law, de-
scribing the continuum, and a Gaussian peak, which de-
scribes the BAO feature, i.e.,

wF IT (! ) = A + B ! ! + Ce
! ( ! ! ! F IT ) 2

2" 2
F IT , (7)

where A, B, C, " , and # are free parameters, ! F IT defines
the position of the acoustic scale and #F IT is a measure
of the width of the bump. If $z = 0, the true BAO scale
! BAO and ! F IT would coincide. However, for $z != 0 this
is no longer true because of projection e↵ects due to the
width of the redshift shells. Therefore, the correlation
function as given by (5) has to be calculated for both
$z = 0 and $z != 0 so that one can compare the position
of the peak in the two cases. This will allows one to find
a correction factor %that, given the value of ! F IT found
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function ! depends only on redshift and bin width, but not
on the cosmological model, i.e., ! = ! (z, ! z), within a pre-
cision < 1%.

¥ After applying this universal shift, the recovered BAO
scale agrees with the true value for all cosmologies to a pre-
cision of ! 0.75%. In particular, for inÞnitesimal bin widths,
the method is able to compensate the displacement of the
BAO bump due to the tilting function, correcting the 2%
di" erence which has been observed in S«anchez et al. (2008).

These two results are presented in Figure 3, where we
plot the evolution of the shift, taking the angular scale cor-
responding to the sound horizon scale as the reference, for
5 di" erent redshifts, for several bin widths and for the 14
cosmological models. The spread of the results is constant
with the redshift bin width, and comes from a possible resid-
ual dependence on the cosmology together with the intrinsic
limitations of the method (see section 5.3 on systematic er-
rors). The average value of this shift is the correction applied
to the Þtted " F IT . After this correction, the true value for
the BAO scale is recovered for any bin width and cosmology.
Note that the absolute value of the projection e " ect changes
with the cosmological model, since both the BAO position
and the radial distance change. However, the relative e" ect
is cosmology independent, as shown in Figure 3.

As has already been noted (Simpson et al. 2009), the
projection e" ect is much more pronounced at low redshift.
This must be taken into account to choose the optimum size
of the redshift bins. The correction must be kept as small as
possible, given the limitations imposed by the photo-z pre-
cision, to introduce small systematic uncertainties. We are
using a Gaussian form for the photo-z uncertainty, because
if the requirements on photo-z measurement for a survey like
DES are fulÞlled, the e" ects of a possible non-Gaussianity
are kept small. If this is not the case, the evaluation of the
true width of the bin must be reÞned. This is another reason
to maintain the correction small.

Note that the BAO scale is recovered both for linear
and non-linear theory for inÞnitesinal bin width. This can
be seen in Figure 4, where the residual of the Þt with respect
to the theoretical " BAO as a function of redshift is shown for
the Þducial cosmological model. The recovered values are
well inside the 0.75% precision that we quote as systematic
error, represented by the dotted lines. This happens for all
the cosmological models, showing that the method is robust
and able to recover the theoretical BAO scale.

4.3 Redshift Space Distortions

There are other e" ects which are important in order to have
under control the parametric description of the angular cor-
relation function. In particular, redshift space distortions
must be taken into account in the analysis of the BAO scale,
since they result in an anisotropic correlation function. We
need to replace #(r ) in Eq. 1 by #($, %) with %= &2 ! &1,
the radial separation, and $2 = 2 &1&2(1 ! cos" ), the per-
pendicular separation. Galaxy pairs separated by large ra-
dial distances infall into each other which means that they
are measured as contributing to bins of smaller radial sepa-
ration (in redshift space) than in real (or true) space. This
results in larger correlations (more pairs) at intermediate
scales (%< 20 Mpc/h) and lower correlation at larger sepa-
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Figure 3. Evolution of the shift of the measured ! F IT with the
width of the redshift bin for the 14 cosmological models consid-
ered in this work. The sound horizon scale ! BAO for each cosmo-
logical model is taken as the reference. Two results are obtained.
First, the correct sound horizon scale is recovered for any cosmo-
logical model within 0.75% for inÞnitesimal redshift shells. Sec-
ond, the shape of the shift is universal, and the spread is constant
with the redshift bin width. Note that the dispersion between
models is much smaller ( ! 1%) than the shift due to increasing
binwidth. At low redshifts, z < 0.3, the shift can be ! 15% for
! z " 0.1, while at high redshifts, z > 0.5, the shift saturates at
around 7%.

rations. The redshift space correlation becomes negative for
%> 40 Mpc/h while the real space correlation remains pos-
itive until %> 130 Mpc/h (see Fig. A1 in Gazta÷naga et al.
2009). Recall from Eq. 1 how the angular correlation is just
a mean over the radial distance within the corresponding
redshift bin. This means that for narrow redshift bins (of
width comparable to % " 100 Mpc/h) the resulting angu-
lar correlation can be quite di " erent in real and redshift
space (Fisher et al. 1995; Padmanabhan et al. 2007; Nock
et al. 2010). As the total number of pairs is conserved, the
integral over all separations is the same in real and redshift
space, so that one expect to Þnd the same angular correla-
tion only for broad redshift bins, where the contribution of
the boundary to the integral is negligible.

The resulting predictions for redshift space agree very
well with MICE simulations (more details can be found
in Crocce et al. 2010). Fig. 5 shows some examples of this
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FIG. 2: The solid line corresponds to the 2PACF after changing the angular position of galaxies by a small and random amount
whereas the red dots stand for the original data.

! z != 0 this is no longer true because of projection e! ects
due to the width of the redshift shells. Therefore, the
angular correlation function given by Eq. (5) has to be
calculated for both ! z = 0 and ! z != 0 so that one can
compare the position of the peak in the two cases. This
will allows one to Þnd a correction factor " that, given
the value of #F IT found using relation (7), will provide
the value for #BAO .

In order to calculate the 2PCF given by Eq. (6), one
needs the theoretical mater power spectrum,Pm (k, z).
We use the CAMB software (Code for Anisotropies in
the Microwave Background) [28]2, and assume a varying
dark energy model with w(a) = w 0 + w a(1 " a), where
a is the cosmological scale factor. In the present anal-
ysis we assume a minimal model using six cosmological
parameters

{ $b, $c, " , %, A s, ns} , (8)

where $b = # bh2 and $c = # ch2 are, respectively, the
baryon and cold dark matter densities," is the ratio be-

2 http://www.camb.info

Models ! bh2 ! ch2 w0 wa H 0
a

Reference 0.0226 0.112 -1 0 70

Varying ! ch2 0.0226 0.100 -1 0 70
0.0226 0.140 -1 0 70

Varying state 0.0226 0.112 -2 0 70
equation 0.0226 0.112 -0.8 0 70

0.0226 0.112 -1 1 70
0.0226 0.112 -1 -1 70

Varying H 0 0.0226 0.112 -1 0 65
0.0226 0.112 -1 0 68
0.0226 0.112 -1 0 72
0.0226 0.112 -1 0 75

ain units of km/s/Mpc

TABLE II: Summary of the cosmological models parameters
considered in our analysis.

tween the sound horizon and the angular diameter dis-
tance at decoupling,%is the optical depth to reionization,
A s is the overall normalization of the primordial power
spectrum, andns is the e! ective tilt. We consider purely
adiabatic initial conditions, impose ßatness and set neu-
trino masses equal to 3.046eV. We set the parameters
values of the reference cosmological model used in this

F8!H*'$*2.C'h"C*+.*
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FIG. 3: The 2PACF for six bin redshift intervals using the DR10-SDSS data (bullets) and Eq. 7 (continuous line). The
amplitude of the BAO bump corresponds to C, the BAO location and the width are related to ! F IT and " , respectively.

z interval !z" # (%) ! F IT (! ) ! ! z=0
E (z) ( ! ) ! BAO (! ) " BAO

0.440-0.460 0.45 2.0815 4.67 4.96 4.77 0.17
0.465-0.475 0.47 0.5367 4.99 4.77 5.02 0.25
0.480-0.500 0.49 2.0197 4.89 4.60 4.99 0.21
0.505-0.515 0.51 0.5002 4.79 4.44 4.81 0.17
0.525-0.535 0.53 0.4847 4.27 4.29 4.29 0.30
0.545-0.555 0.55 0.4789 4.23 4.16 4.25 0.25

TABLE III: Estimates of ! BAO (z) from SDSS DR10 LRG data.

out using a standard moving average Þlter. The integral
which gives the angular correlation function (Eq. 5) was
calculated using a top-hat distribution for the redshift
shell selection function! . We then numerically integrate
wE (" ) for the redshift shells (øz) and widths (#z) listed
in Table I and found the position of the peak " ! z

E . By
similarly proceeding and putting #z = 0, we obtain " 0

E
and calculate the shift factor $ = ( " 0

E ! " ! z
E )/ " 0

E . Thus,
the "BAO values will be given by the expression

"BAO (z,#z) = "F IT (z) + $(z,#z)" 0
E (z) . (9)

We calculated the shift factor $ for several cosmologi-
cal parameters (see Table II) to study its dependence on
the model. The results obtained from our analyses are
shown in Table III. Our general conclusion is that the

shift factor $ is almost independent of the of the cosmo-
logical parameters in the range of values here considered,
with the di ! erence between"F IT and "BAO being <" 2%.
We also noticed that this behaviour is mainly due to the
small redshift shell, #z # 0.02, chosen in our analyses, in
that the lesser the value of#z, the lesser the shift factor
$ (for comparison, we refer the reader to Fig. 3 of [26]).

V. COSMOLOGICAL CONSTRAINTS

In this Section we present cosmological parameter Þts
to the BAO data displayed in Table III. The angular scale
"BAO is related to the angular diameter distanceDA (z)
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out using a standard moving average Þlter. The integral
which gives the angular correlation function (Eq. 5) was
calculated using a top-hat distribution for the redshift
shell selection function! . We then numerically integrate
wE (" ) for the redshift shells (øz) and widths (#z) listed
in Table I and found the position of the peak " �z

E . By
similarly proceeding and putting #z = 0, we obtain " 0
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and calculate the shift factor $ = ( " 0
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E . Thus,
the "BAO values will be given by the expression

"BAO (z,#z) = "F IT (z) + $(z,#z)" 0
E (z) . (9)

We calculated the shift factor $ for several cosmologi-
cal parameters (see Table II) to study its dependence on
the model. The results obtained from our analyses are
shown in Table III. Our general conclusion is that the

shift factor $ is almost independent of the of the cosmo-
logical parameters in the range of values here considered,
with the di ↵erence between"F IT and "BAO being <⇠ 2%.
We also noticed that this behaviour is mainly due to the
small redshift shell, #z  0.02, chosen in our analyses, in
that the lesser the value of#z, the lesser the shift factor
$ (for comparison, we refer the reader to Fig. 3 of [26]).

V. COSMOLOGICAL CONSTRAINTS

In this Section we present cosmological parameter Þts
to the BAO data displayed in Table III. The angular scale
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