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Lagrange function

The Lagrange function describing such system can be written
as follows
L = 1 A2 — )\ ab ~b 2 V(g2 1
—ng[‘fh—{?cﬁ}— CAR (1)
where
i=1,2,...,d;a=1,2=b, (2)
1
V(af) = 5waiqr. (3)
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The model is then gauge invariant SO(2) and admits a global
SO(d) symmetry associated to the a priori indiscerniblity of
particles, justifying hence the name given to it : mode/

SO(2) x SO(d) or simply 2 x d.
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Yang-Mills Lagrangian density

In fact, the above model represents physically a dimensional
reduction to 0 + 1 space-time dimensions of some pure gauge
theory of SO(2) local symmetry (abelian) with addition of a
mass term which is also properly gauge invariant. Indeed, let’s
consider the Yang-Mills Lagrangian density in some
D-dimensional Minkowski space-time endowed with the metric
structure 7, = diag(+,— — —...—), given by

D—1
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Yang-Mills Lagrangian density

Let’s consider the Yang-Mills Lagrangian density in some
D-dimensional Minkowski space-time endowed with the metric
structure 7, = diag(+, — —D— ...—), given by

—1

1 v
L=—4FLFE, Fi = 0uA - 0,A, — g AAT . (4)
where a and p are the Lie algebra index associated to some an
a priori non-abelian group and the space-time index,
respectively.
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Abelian theory

The limits of the abelian theory the dimensional reduction
transforms the variables as follows

AZ(X, 1) — A3(t) ( A¥(t) = g°(1) ) '
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Equations of motion

The equations of motion are established from Langrange-Euler
formula

d, oL oL

at'og) g
Specifically, with the gauge condition A(t) = 0, we obtain the
following equations which characterize the dynamics of a set of
d oscillators constrained to have a vanishing angular
momentum in the plane,

0. (6)

§f = —g%w?q? , «*qf¢? =0. (7)
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Dirac algorithm (suitable for constrained systems )

The classical hamiltonian formulation with the appropriated
symplectic structure, using the Dirac algorithm for constrained
or singular systems presents as follows

(PP +?(af)]. ®)

N —

H=Ho+ A(t)p, Ho=

¢ =<*piql, {af.pf} = 6%0;. (9)
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Quantization procedure

The first step in a quantization procedure, having in hand the
quantum cartesian basis, is to identify an appropriate Hilbert
space (quantum space) on which the spectrum could be easily
reached. The Fock basis is a natural choice for harmonic
systems. Here, this basis is extended to his helicity sector
exploiting the advantage to be in the plane. Moreover, for
technical reasons, the coherent state helicity basis associated
to that of Fock is used.
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Quantum cartesian basis

The quantum cartesian basis is obtained through the
Heisenberg algebra spanned by the the following relations

@) =af, @) =pf [af.BF] =ind®s.  (10)
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Quantum composite operators

The quantum composite operators associated to the classical
phase space variables are given by

H = Hy + A(t)o, (11)

where ’ ’
Ho = 592,5?,5;3 + éwzaffﬁ"', (12)
¢ = ®pigP. (13)
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Quantum composite operators

The quantum composite operators associated to the classical
phase space variables are given by
H = Hy + A(1)¢, (11)
where
Ho — 1 2sasa , 1 2-aca 12
0 =59°PiP + 5w arar, (12)
¢ = ®pigP. (13)

| \

Gauge invariance
The gauge invariance of the system is ensured since

[Ho, ¢] = 0. (14)
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Helicity basis

The annihilation and creation operators in the helicity basis
write as follows

a,i::@{a;:Fia,?], aiﬂ:\}{ 1T:I:Icyzq (15)

N
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Hamiltonian and the gauge generator

The hamiltonian and the gauge generator are given in term of
the helicity basis by

Ho = hgw [a“ F+arTar +d] — higw [N+d} (17)

$ = —h [aﬁa? — ai_Tai_} : (18)

v
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Helicity orthonormalized basis

The Fock helicity orthonormalized basis is thus spanned by the
following kets

1

+
| >=]]
i \/ning

@ (@) 10> (19)
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Spectrum

The hamiltonian as well as the unique first class constraint are
diagonalized, (suitably) as follows

Ho|nF >= hgw [Z(nﬁr +n7)+ d] InE >, (20)
i

o|nE >= —hz )nE > (21)
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Matching condition

The states annihilated by the first class constraint QAS
donf=n=> n, (22)
i i

whereas the energy levels of these states are given by

E,=hgw(2n+d), n=0,1,2,.... (23)
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Coherent states basis

The coherent states basis allows to take better advantatge of
the facilities offered by this operator. The helicity complexe
variables to be used for the construction of the helicity coherent
states are given by

Zi

1
s

7 Fizf], o 1 ARl )

foV2
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Physical projector

The physical projector is an operator which, being applied onto
any quantum space quantity, constructs a physical (gauge
invariant) one by averaging over the manifold of the gauge
symmetry group, all finite gauge transformations generated by
the first-class constraint of a system.
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Physical projection operator

The gauge group is simply SO(2) for which the manifold is the
unit circle parmetrised by the rotation angle 0 < 0 < 2w, the
physical projection operator is represented as follows

2 , ~
E—»é;LA de (iMoo, (26)

with the fundamental properties

FP=E EF =E (27)
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Physical time propagator
The physical time propagator of the system then writes

Uphys(t2, t1) = U(t2, t) E= EU(t2, ty) E, (28)

—(i/h) j,? At[Ho+A(1)]

U(tg, t1) =€
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Physical time propagator
By integrating over the rotation angle 6 and after some
computations, one gets

~

Uptys(to, t1) = xOxVE, (30)

where .
x — e #(—t)hgw (31)
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Physical states

Hence denoting these physical states of energy

E, = hgw(2n + d) by |Ep, un > with the degeneracy index pp,
gives

E= Z |En, pin >< En, pinl, < En, pin| Em, tm >= On,mOpum,pum-
Eny#n

(32)

v
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Physical propagator

We have the following expression for the physical propagator

Uphys(tZa ) = Z e_i/h(tz_ﬁ)E"’En»Mn >< Ep, n
En,lin
— e i(—t)gwd Z e (—t)gw(2n) o
EmMn
X|En, pin >< En, pin. (33)

Consequently, the time dependence of x9XNE determines the
energy levels, while the matrix elements of this operator give
the associated wave function.
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Trace of the operator XNE
In comparing equations (30) and (33), we obtain

Z X(2n+d)|En7Mn >< Ep, pn| = ExdeE: xdeE. (34)
En,pn

This shows that the trace of this operator is nothing but the
partition function of the spectrum :

TXNE=S" dox®. (35)
n=0

where the coeficients d,, n € N specify the degeneracies of
energy levels E, of physical states,

En = hgw(2n + d). (36)
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Physical states

The representations of the physical states, in the configuration
space in terms of wave functions are generated by the diagonal

matrix elements of the operator xNE :

< ZFXNE|ZE >=" x®"| < zF|Ep, pun > 2. (37)
N,pn
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Spectrum

Coming back to the spectrum, we have

2m % 1
0o 2r[1— xe9[1 — xe—0]d °

TrxNE= (38)

The degeneracies appear immediately in comparing (35) and
(38) :

(d—1+n)!
(d—1)n!

2
dn:|: :| ,En:ﬁgw(2n+d) n:Ov1727(39)

v
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Generetors of SO(d)

In terms of quantum helicity degrees of freedom previously
defined, the d(d — 1)/2 generetors of SO(d) are given by

Z,-j = Ih[ozé'T i afToza]
= Ih[oz+Ta +af Taj —Osza?L _Oéj_Tai_L (40)
with the following algebra
[Ljj, L) = —in[owLy — ouLic — L + SyLi)- (41)
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d x d rotation matrix

Denoting by (Tj) the tensors which allows the matrix
represention in the d-dimensional space of the generetors of
the SO(d) global symmetry, we can write L;; as follows :

Li=a - (Ty)-a, (Tj)y = iklowdy — 0], (42)

with the d x d rotation matrix in SO(d) parametrised by the
hyperangle wj; given by

Ri(wip) = (e~ (/2T )PE (43)

v
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Helicity coherent states and the creation operators

These operators act onto the helicity coherent states and the
creation operators as follows

~

o~ (/2Mwity| 7 > = | Ry(wy)ZF >, (44)

~

e (i/2mwil o li/2mwily _ ajﬂ Ri(wj)- (45)

v
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SO(d)-valued partition function

Having set the required elements, the evaluation of the partition
function extended to SO(d) becomes possible. We have

No—(i/2h)w;L
TrxNe E=
2r dp 1

5. : : (4
o 2 dells; — xeP Ry (wp)]deill —xe PR )] )
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SO(d)-valued partition function : case d = 1

Hence the expression (46) reduces to

e do 1 1

Tr //\\/ _ el i _ 2n: )
XTE= | on T = xeP][ — xe ] n;’( 1—x2

(47)

Here there is no global symmetry since there is only one
particle.
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SO(d)-valued partition function : case d = 2

Hence the expression (46) reduces to
77 xNe—(i/mwialio p

2r dp 1
0 o [1- xei(9+w12)][1 — xei(9*W12)] %
1

X [1 _ Xe—f(H—W12)][1 _ Xe—i(@-‘rbﬂZ)]

= ZXZ"Z[n+1 — |p[]?Pre. (48)

n—= p=—n
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SO(d)-valued partition function : case d = 2

We note that, for the d = 2, all the d, = (n+ 1)2 physical states
sharing the same energy level E, may be listed in the one
dimensional representations of the global symmetry

SO(2) = U(1) indexed by the whole helicity p so that

—n < p < n with however a persistent degeneracy given by

d(n7p):n+1 _‘p’7 (49)

for each of these helicity representations, i.e. for each p.
Obviously we have the following verification

n
> d(np)=(n+1)2=d, n=01,... (50)
p=—n
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U(rd) = Un(1) x SU(rd) dynamical symmetry

It appears clairly that quantized, the system admits a symmetry
even more wider than the global symmetry SO(d). This is the
dynamical global unitary symmetry U(rd) = Un(1) x SU(rd) of
wich gauge invariant states we are going to identify in the
system.
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Group SU(2)

It is well known that the group SU(2) possesses three
generators Ty, T> and T3 in the cartesian basis. It is common to
redefine the two firsts generators to obtain the helicity
generators T associated to the remaining, T3,

[Ta; To] = i€apcTe, T =Th £ilz, Ty = % [Ty +T-],
To=3 [T = T1,[Th, T-]=2Ts, [T, Te]l=%Ts, (51)

T2 = N(ToT_+ T_Ty) + T2,

where T2 = T2 + T2 + T2 is the Casimir operator.
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Spin representation

T2 f(t+1), teN,N+}, Tolm) = mim),

(mm) = b6mm, m=—t,—t+1,--- t—1,t,
(52)

Toim) = /t{t+1) —m(mE£1)m+1),

T2|m) = t(t+1)|m).
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This clearly means that starting from the highest weight state
m = t and by application of T_, one falls imediately onto the
previous state in the weight diagram and so on. The same
considerations is absolutely possible starting from the states of
lowest weight by successive applications of the operator 7.
These facts are fundamental, since it is henceforth possible to
identify all the representatives of this symmetry.
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One harmonic oscillator

For an harmonic oscillator corresponding to the case d = 1, we
know that at the excitation level n, the quantum numbers t and
m caracterising SU(2) are given in the helicity basis by

1

W(ai)”*(ai)” 0>, (53)

|ng, n_ >=

where

1 1
n=n,+n_, m= é(n+—n_), t:E(n++n_). (54)
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Case d = 2 of our model

In this case, the following choices may be done to facilitate the
identification of the physical states. The inclusions of the gauge
group SO(2) and that of the global symmetry group SO(d = 2)
into SU(r = 2) and SU(d = 2) respectively are chosen such
that

@ ¢ coincides with the generator T3 of the Cartan subagebra
of SU(r = 2),

() Z12 coincides with the generator T3 of the Cartan
subagebra of SU(d = 2).
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Case d = 2 of our model

Consequently, the physical states are such that the eigenvalues
of T3 for SU(r = 2) vanish and that of T3 for SU(d = 2)
corresponds to the helicity quantum number p of SO(d = 2).
Finally, in addition to the excitation quantum number, the
physical states are charcterized by the quantum numbers of
SU(d = 2) in other words the value of the spin t and that of T3
in SU(d = 2) which represented here by m.
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@ Gauge invariant states: global SU(2) dynamical
symmetry
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Gauge invariant states

Let keep ourselves to the concrete determination of the gauge
invariant states within the representation of the global
dynamical symmetry SU(2) = SU(d = 2). Let us note these
states

In,t,p=m> . (55)
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Generators of the symmetry SU(2)

The generators of this symmetry SU(2) are given in the
appropriated basis by

T = 3lat'at +atfat] + Jlaza + az'az],
. f tata” — a—Tax
T, = —%I[o% ot — 01? af] - %I[aT+ o= —a-lay] (56)
Ts = glof'al —atlal] + jlai'al —aZlal],

T.=T,+iT, = aITa;Fr - ajaf,

while the excitation levels operator also called number operator
is given by

.I.

N=atlat +atlat +ailas +azlar. (57)
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Physical states

The physical states may be represented as follows

1 1/2
[(n++ e (g + 1) (Mg + 1) (N + n__)!} 8
X (afaﬂ)nH (aiTa:T)n+7 (afTaﬂ)n7+ (afTa:Ty" |0 >, (58

V.

~
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Physical states

so that the quantum number associated to the operator N is
given by

N = (npy+n)+(n—4+n__)+
(N4t +n—y) + (N +n__)
= 2n, (99)

and that associated to T3 writes

m=p = % (N4t + 1) = (N + )+ (g +n_y)—
—(np—+n__)] =(n1 —n__). (60)
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Physical states

Using the following usefull formula, we can identify explicitly the
physical states

T_|tp>=[t—p+1)(t+p)]"Plt,p—1>.  (61)
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The fundamental level n=0= N

The highest weight state which stands at the same time of the
singlet of the representation in this case is given by

|0,0,0 >, (62)

such that

73/0,0,0 >=0, T7.|0,0,0>=0=T7-/0,0,0>. (63)

v
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Theleveln=1,N=2

& Maximal weightstate t =p=n=1
1.1.1>=atlay’0>. (64)

This state is normalized such that 7.{1,1,1 >=0, as it
should.

Gabriel AVOSSEVOU Group Theory and Harmonic Oscillators in the Plane



The model G = SO(r = 2), d =2

U(rd) = Un(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Theleveln=1,N=2

& The state before [1,1,1 > is [1,1,0 > such that
T_[1,1,1 >=+/21,1,0 > . We have

|1,1,0>:\1@[a for! +o~tat]10,0,0>.  (65)

& The previous state is |1,1, —1 > such that
T_|1,1,0 >=v/2|1,1,—1 > . Consequently, we have

1,1, -1 >= afTa:T|0,O,O>. (66)

This state is the last of the subgroup of states
characterized by the spin t = 1, since we have

T_[1,1,-1 >=0. (67)
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The model G = SO(r = 2), d =2

U(rd) = Uy(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Theleveln=1,N=2

& Following state of highest weight : t = p =10
It is given by

]
1,0,0>= [atfaz’—aZfatf0,0,0>.  (68)

In conclusion at the level n = 1 the set of 4 = (1 4 1)2
states sharing the energy level E, presents as follows

{1,1,1>11,1,0 >,(1,1,-1>,]1,0,0 >}.  (69)
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The model G = SO(r = 2), d =2

U(rd) = Un(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Theleveln=2, N =4

The construction of the corresponding states follows strictly the
same principle as above.

& State of highest weight t = p =2

1 2
2,2,2>=3 (aﬂaﬂ) 0,0,0 > . (70)
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The model G = SO(r = 2), d =2

U(rd) = Uy(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Thelevel n=2, N =4

& Previous state to [2,2,2 >: [2,2,1 >=}T_|2,2,2 >

]
2,21 >= 5 (a*fa7 +at'a”) at'a7'10,0,0 > . (71)

& State before [2,2,1>: [2,2,0 >= %T,|2,2,1 >

1 _ _
220> = % ((at*>2<a+*>2 +(ofN2(a=")?+
+4at'az'a*Taz")10,0,0 > (72)
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The model G = SO(r = 2), d =2
Gauge invariant states : global SU(2) dynamical symmetry

U(rd) = Un(1) x SU(rd) dynamical symmetry (to rmve dgnrac

Theleveln=2, N=4
&% Previous state to |2,2,0 >

1
2,2,-1> = —T_/2,2,0 >
| { \
— 2 ( 41 +T( T)Z—I—Oé_T_TOé:T(CVi—T)Z) %
%|0,0,0 > . (73)

& Previousstate: [2,2,-2>=1T_|22 1>

2
2.2 =B s— (+Ta:*) 0,0,0 > . (74)
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The model G = SO(r = 2), d =2
U(rd) = Un(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Theleveln=2, N =4
& Following state of highest weight : t = p =1

2,1,1>= (at'az" — af'az") at’az’0,0,0 > . (75)
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The model G = SO(r = 2), d =2
U(rd) = Un(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Thelevel n=2, N =4
Previous state to [2,1,1 > : [2,1,0 >= \i@T_|2,1,1 >

2,1,0 >= 2\1/5 ((0xh2(ez")? = (a£")P(aZ")?) [0,0,0 > .
(76)
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The model G = SO(r = 2), d =2

U(rd) = Uy(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

& Following state of highest weight : t = p =10

1
200> = == ((aX)¥(a3) + (1o )?
—2attatiar o )|o 0,0 > . (77)

One can easily check that T_|2,0,0 >= 0, showing that
there is no state beyond.
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The model G = SO(r = 2), d =2

U(rd) = Un(1)x SU(rd) dynamical symmetry (to rmve dgnrac.  Gauge invariant states : global SU(2) dynamical symmetry

Conclusion

In conclusion, the set of 9 physical states at the excitation level
n = 2 is given by

{2,2,2>,2,2,1>,]2,2,0 >,[2,2, -1 >,|2,2, -2 >,

12,1,1>,12,1,0 >,(2,1,—1 >, |2,0,0 >}. (78)

V.
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THANKS
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