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1 - Massive Gravity

Lagrangian density

1 1
Lyep = Zhw,(32 - m2)h“” + anhw, (8ph“p — (9“h)
_%h(82 — mz)h, (1)
huw = hyy
h= h’”M
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1 - Massive Gravity

Lagrangian density

1 1
Luep = ZhW(a2 — m?)h 4 50" by (07, — 0" h)
—%h(a2 — m?)h,
B = hyy
h= h’”M

M. Fierz, W. Pauli, Proc. R. Soc. Lond. A 173 (1939) 211.
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1 - Massive Gravity

Lagrangian density

1 LV 1 14 "
Lurp = Zhw(a2 — m?)h" + 50" by (071, — 0h)
—%h(a2 — m?)h,
Hamiltonian density
H = T 1 . la.hOi i l(a.hOi)2 + la.hlwaih
MPF = TjjTj D_2 Tjj 5Yi g\ 2 v

T B DA
—5 0 h@ Wy + S0 hd h — L 00’
2
m
+ (" — h%) (2)
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1 - Massive Gravity

constraints 1
$o = moo + E&'ho'

1. . 1
¢,’ = Toj — Eath + Za,'h
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1 - Massive Gravity

constraints 1
$o = moo + E&'ho'

1. . 1
¢,’ = Toj — Eath + Za,'h

X0 = % (8,‘8,‘/7jj — 8,-(9jh"f - m2hii)

m?

hOi
2

. 1 .
Xi = —8171','1' — Eﬁjéjho’ +
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1 - Massive Gravity

constraints 1
$o = moo + E&'ho'

1. . 1
¢,’ = Toj — Eath + Za,'h

X0 = % (8,‘8,‘/7jj — 8,-(9jh"f - m2hii)

m?

hOi
2

. 1 .
Xi = —8171','1' — Eﬁjéjho’ +

2

. .. D
V= —8’8j7r’f - aiaiajhoj — D

D-2
2
A = - (3hoo — i)
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Massive Gravity

Degrees of freedom

DOFZZN—2I;C—SC (9)
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Massive Gravity

Degrees of freedom

DOF — 2N — 2FC — SC
2
D(D+1
N = (2+) rank 2 symmetric tensor
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Massive Gravity

Degrees of freedom

DOF — 2N — 2FC — SC
2
D(D+1
N = (2+) rank 2 symmetric tensor

massless case: FC=2D SC=0 DOF = D(Dz_3)
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Massive Gravity

Degrees of freedom

2N —2FC - SC
DOF = . 5 (9)
D(D+1
N = (2+) rank 2 symmetric tensor (10)

D(D —
massless case: FC=2D SC=0 DOF = (23) (11)

massive case: FC=0 SC=2D+2 DOF =

(D+1)(D-2)
2
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2 - Siegel-Zwiebach Action

From BRST invariance in the bosonic string, by component fields
expansion, Siegel and Zwiebach obtained the spin-two action

Ssy = /d%xi {;hw(82 — m*)h + B,(0* — m?)B* — 0(0* — m?)0
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2 - Siegel-Zwiebach Action

From BRST invariance in the bosonic string, by component fields
expansion, Siegel and Zwiebach obtained the spin-two action

Ssy = /d%xi {;hw(82 — m*)h + B,(0* — m?)B* — 0(0* — m?)0

h  3mé 2
+(0" hy + 9,0 — mB,)? + ("; + % + 8HB“> } (13)

for a symmetric tensor field h,,, coupled to auxiliary fields B* and 6.
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2 - Siegel-Zwiebach Action

From BRST invariance in the bosonic string, by component fields
expansion, Siegel and Zwiebach obtained the spin-two action

Ssy = /d%xi {;hw(82 — m*)h + B,(0* — m?)B* — 0(0* — m?)0

h  3mé 2
+(0" hy + 9,0 — mB,)? + ("; + % + 8HB“> } (13)

for a symmetric tensor field h,,, coupled to auxiliary fields B* and 6.

W. Siegel and B. Zwiebach, Nucl. Phys. B 263, 105-128 (1986).
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2 - Siegel-Zwiebach Action

From BRST invariance in the bosonic string, by component fields
expansion, Siegel and Zwiebach obtained the spin-two action

Ssy = /d%xi {;hw(82 — m*)h + B,(0* — m?)B* — 0(0* — m?)0

h  3mé 2
+(0" hy + 9,0 — mB,)? + ("; + % + 8HB“> } (13)

for a symmetric tensor field h,,, coupled to auxiliary fields B* and 6.
W. Siegel and B. Zwiebach, Nucl. Phys. B 263, 105-128 (1986).

The canonical quantization of this model has been studied recently in
H. Park and T. Lee, Nucl. Phys. B 954, 115006 (2020).
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2 - Siegel-Zwiebach Action

Gauge invariance

1
Shy, = Ouey + Opey — > M€, (14)
3
0B, =0+ me,, 00 =— ue“—l—ime, (15)
1(1
Ssy; = /d26X 5 {2/7,”(32 — m?)h + B, (0? — m*)B* — 0(9* — m?)0

, » (mh 3mb 2
+(0"hyy + 0,0 — mB,,)” + ottt o,B"
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2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

Lmrp — Lmrp + 0L mFP (16)

with
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2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

Lmrp — Lmrp + 0L mFP (16)
with
m3he 3m?3
— — _ "M B ogne 2
0L pmEP (26 — D) o 5 B ote 16 fe
.(18 = D)(26 — D) ,
128
2(26 — D
LM% -D) b (17)

16
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2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

Lmrp — Lmrp + 0L mFP (16)
with
m3he m? 3m?3
= — _ g g -2
0L pmEP (26 — D) o 5 B, 0"¢ 16 fe
.(18-D)(26- D) ,
128
2(26 — D
—i—m(166)6De (17)

Reminiscent from anomaly cancelation and BRST closure in the bosonic
string.
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4 - Gauge-Fixing

Note that, if we substitute

h
B'=0, 0=—2
i 27

directly into Ssz in equation (13),
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4 - Gauge-Fixing

Note that, if we substitute

directly into Ssz in equation (13), we obtain

Stp = [ d°x {jhw<a2—m2>h“”+§a"hw (671, — 0"h)

—%h(82 - m2)h} , (19)
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4 - Gauge-Fixing

Note that, if we substitute

directly into Ssz in equation (13), we obtain

Stp = [ d°x {1hw<a2—m2>h“”+§a"hw (671, — 0"h)

4
—Eh(82 — m?)h
4 )

i.e., the non-gauge-invariant massive Fierz-Pauli action.
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4 - Gauge-Fixing

Note that, if we substitute

directly into Ssz in equation (13), we obtain

Stp = [ d°x {jhw<a2—m2>h“”+§a"hw (671, — 0"h)

—%h(82 - m2)h} , (19)

i.e., the non-gauge-invariant massive Fierz-Pauli action. For m = 0, we
recover the linear EH action with usual gauge symmetry

dhuy = Ouey + Oy . (20)
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4 - Gauge-Fixing

Note that, if we substitute

directly into Ssz in equation (13), we obtain

Stp = [ d°x {jhw<a2—m2>h“”+§a"hw (671, — 0"h)

—%h(82 - m2)h} , (19)

i.e., the non-gauge-invariant massive Fierz-Pauli action. For m = 0, we
recover the linear EH action with usual gauge symmetry

dhuy = Ouey + Oy . (20)

This suggests (18) should be a suitable gauge-fixing condition for Ssz.
VvQ 2023 April 13, 2023 10/21



Gauge-Fixing

In fact, given an arbitrary field configuration (h*¥, B*,#), by choosing the
gauge parameters
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Gauge-Fixing

In fact, given an arbitrary field configuration (h*¥, B*,#), by choosing the

gauge parameters
1 h
- (g4 2
‘= 5m < * 2> ’

B 1 h
w2 T g a2
€ - 5m26 <9+2>,

it is always possible to pass to (h"*¥, B'*,6") and achieve (18), namely,

(21)

w !/ hil
B" =0, ¢ =7, (22)
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Gauge-Fixing

In fact, given an arbitrary field configuration (h*¥, B*,#), by choosing the

gauge parameters
1 h
- (g4 2
‘= 5m < * 2> ’

B 1 h
w2 T g a2
€ - 5m26 <9+2>,

(21)

it is always possible to pass to (h"*¥, B'*,6") and achieve (18), namely,
B" =0, ¢=-— (22)

However, in order to rigorously implement this result at quantum level, one
needs to write down the complete Green's functions generating functional,
by taking advantage of the BRST symmetries.
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5 - BRST Symmetries

Introducing (c, €), (c#,c,) and (b, b*), we obtain
m
shy, = 0ucy + 0ycy — EUW,C,
3
sB, = 0,c+ mc,, sO=—0,c"+ 5me,
sc, =0, s¢,=b,, sb, =0,

sc=0, sc=b, sb=0,
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5 - BRST Symmetries
Introducing (c, €), (c#,c,) and (b, b*), we obtain

m
shy, = 0ucy + 0ycy — EUW,C,

sB, = 0,c+ mc,, sO=—0,c"+ gmc,
sc, =0, s¢,=b,, sb, =0,
sc=0, sc=b, sb=0,
which can be checked to be nillpotent
s2=0

with ghost numbers
ghs=ghc=ghc,=1
ghc=ghc,=-1
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BRST Symmetries

Now the proper inclusion of the additional terms
h
See = /de [b#B“ +b (6 + 2) —5méc + &, (d#c+mc")| , (27)

allows for a consistent BRST functional quantization.
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BRST Symmetries

Adding S, to the classical action (13), we write the generating functional

zZ= /du e~ 1952 + Sgg} (28)
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BRST Symmetries

Adding S, to the classical action (13), we write the generating functional
z-= /du e {957 + Sgs} (28)

with integration measure
du = [dh,, )[dB,)[d6[dc](dc,][de][dE ) [dbl db,] . (29)

which can be explicitly checked to be BRST invariant.
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BRST Symmetries

Adding S, to the classical action (13), we write the generating functional
z-= /du e {957 + Sgs} (28)

with integration measure
du = [dh,, )[dB,)[d6[dc](dc,][de][dE ) [dbl db,] . (29)

which can be explicitly checked to be BRST invariant. Now, from (28), we
may calculate the massive graviton propagator as

i 2 pozpﬁ PoPx
Cosor = 35 (oo ) (10 020)
af,o\ p2+m2{25 Nas + Nox + m2
_ (Uaa + PaPa) (77 Pﬁlh)
m
PP
= (ner + 2222 (mgo + 2257 } (30)

It is clear that the m — 0 limit is not well-defined.
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Small Mass Graviton Propagator

To circumvent this issue, a transverse-tracelessness gauge, similar to the
Lorentz condition in QED, for h,, along with a corresponding trace nulity
demand, namely,

ouht, =0 and h=0, (31)

can be worked out.

For gauge accessibility, the transformation parameters should satisfy the
simultaneous conditions

Ope! — ——e=—h/2 (32)

and m
Oe, + 0,0,€” — 5(‘3“6 =—0,h" (33)
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Small Mass Graviton Propagator

Given an arbitrary field configuration, by choosing gauge parameters as

2 1op Yh
€= m [h O—-o*o W]
H = Emflaﬂapa”h + il]’laﬂh — O to, h
25 Pl B0 "

it is always possible to perform a gauge transformation
, 1
hyw — Hy = by + Ou€y + Opey — Emnm,e,

such that

auh" =0, H =0
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Small Mass Graviton Propagator

This gauge can be realized in a functional quantization framework in a
very similar fashion to the Landau gauge in QCD and its Abelian version in
QED.

s - /d26x; {;h,w(eﬂ — M) 4+ B (8% — mP)BY — (8 — m?)f

v 2 mh 3m9 2
+(0"hyy + 0,0 — mB,,)” + ottt o,B"
< £
2 2
~Mang,c + 228,c" — 13m6c} (38)
2 I w

+2b% + bh + 2b'by, + b0, h", + &Oc,, + &40,0, ¢

7 — /dM e—i155z + Sgg} (39)
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Small Mass Graviton Propagator

Functional integration in the Nakanishi-Lautrup fields b and b* leads to
the familiar gauge-fixing terms
il d ! (0, h",)(0,h") (40)
—— and — —(0, .
2¢ 26NV
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Small Mass Graviton Propagator

Functional integration in the Nakanishi-Lautrup fields b and b* leads to
the familiar gauge-fixing terms

h? 1

Hence, we may finally obtain the small mass graviton propagator.

In the limit &, — oo we have

i 2 p®p”? p? p*
Goaﬁ,a/\ m — < af ox
(m) P { o5 <n e n e
(e — PEPT (88 p’pt
p? p?
A B Ao
A PP e PP

e nbr — 2L 41

which has a pretty well defined massless limit
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Small Mass Graviton Propagator

and satisfies the further properties
paGoeﬁ,o)\(m) — pﬁGaﬁ,a)\(m) -0

pUGoc,B,a)\(m) — p)\Gaﬁ,aA(m) -0

and
G (m) = G4, (m) = 0
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Small Mass Graviton Propagator

Conclusion and Final Remarks

@ We have discussed a gauge-invariant massive gravity model originated
in the bosonic string framework.

@ The gauge symmetry content of the model holds stricktly for D = 26.
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Small Mass Graviton Propagator

Conclusion and Final Remarks

@ We have discussed a gauge-invariant massive gravity model originated
in the bosonic string framework.

@ The gauge symmetry content of the model holds stricktly for D = 26.
@ We have performed a rigorous BRST symmetry analysis, working out
two specific gauge-fixing conditions.

@ The massless limit is not well-defined in the unitary gauge.
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Conclusion and Final Remarks

@ We have discussed a gauge-invariant massive gravity model originated
in the bosonic string framework.

@ The gauge symmetry content of the model holds stricktly for D = 26.

@ We have performed a rigorous BRST symmetry analysis, working out
two specific gauge-fixing conditions.

@ The massless limit is not well-defined in the unitary gauge.

@ A transverse traceless gauge condition leads to a consistent small

mass graviton propagator.
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Small Mass Graviton Propagator

Conclusion and Final Remarks

@ We have discussed a gauge-invariant massive gravity model originated
in the bosonic string framework.

@ The gauge symmetry content of the model holds stricktly for D = 26.

@ We have performed a rigorous BRST symmetry analysis, working out
two specific gauge-fixing conditions.

@ The massless limit is not well-defined in the unitary gauge.

@ A transverse traceless gauge condition leads to a consistent small
mass graviton propagator.

@ As a next step we are connecting the Green functions in the two
discussed gauges by finite field BRST transformations (FFBRST)
(joint work in progress with Vipul Pandey).
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Small Mass Graviton Propagator
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