
On the Massive Fierz-Pauli Lagrangian obtained from
the Siegel-Zwiebach Action in String Theory Context

Symmetries and Propagators

Ronaldo Thibes

Universidade Estadual do Sudoeste da Bahia
DCEN/UESB Itapetinga BA

and
Universidade Estadual de Santa Cruz

PROF́ISICA/UESC Ilhéus BA
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Massive Gravity

1 - Massive Gravity

Lagrangian density

LMFP =
1

4
hµν(∂

2 −m2)hµν +
1

2
∂νhµν

(
∂ρhµρ − ∂µh

)
−1

4
h(∂2 −m2)h , (1)

hµν = hνµ

h ≡ hµµ

M. Fierz, W. Pauli, Proc. R. Soc. Lond. A 173 (1939) 211.
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hµν(∂

2 −m2)hµν +
1

2
∂νhµν

(
∂ρhµρ − ∂µh

)
−1

4
h(∂2 −m2)h ,

Hamiltonian density

HMPF = πijπij −
1

D − 2

[
πii +

1

2
∂ih

0i

]2
− 1

4
(∂ih

0i )2 +
1

4
∂ih

µν∂ihµν

−1

2
∂ ihµi∂

jhµj +
1

2
∂ihij∂

jh − 1

4
∂ih∂

ih

+
m2

4
(hµνh

µν − h2) (2)
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Massive Gravity

1 - Massive Gravity

constraints

ϕ0 = π00 +
1

2
∂ih

0i (3)

ϕi = π0i −
1

2
∂jh

ij +
1

4
∂ih (4)

χ0 =
1

2

(
∂i∂ih

jj − ∂i∂jh
ij −m2hii

)
(5)

χi = −∂jπij −
1

2
∂j∂jh

0i +
m2

2
h0i (6)

Ψ = −∂i∂jπ
ij − ∂i∂i∂jh0j −

D − 3

D − 2
m2∂ih0i +

m2

D − 2
m2πii (7)

Λ =
m2

2
(3h00 − hii ) (8)
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Massive Gravity

Degrees of freedom

DOF =
2N − 2FC − SC

2
(9)

N =
D(D + 1)

2
rank 2 symmetric tensor (10)

massless case: FC = 2D SC = 0 DOF =
D(D − 3)

2
(11)

massive case: FC = 0 SC = 2D + 2 DOF =
(D + 1)(D − 2)

2
(12)
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Siegel-Zwiebach Action

2 - Siegel-Zwiebach Action

From BRST invariance in the bosonic string, by component fields
expansion, Siegel and Zwiebach obtained the spin-two action

SSZ =

∫
d26x

1

2

{
1

2
hµν(∂

2 −m2)hµν + Bµ(∂
2 −m2)Bµ − θ(∂2 −m2)θ

+(∂νhµν + ∂µθ −mBµ)
2 +

(
mh

4
+

3mθ

2
+ ∂µB

µ

)2
}

(13)

for a symmetric tensor field hµν , coupled to auxiliary fields Bµ and θ.

W. Siegel and B. Zwiebach, Nucl. Phys. B 263, 105-128 (1986).

The canonical quantization of this model has been studied recently in
H. Park and T. Lee, Nucl. Phys. B 954, 115006 (2020).
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Siegel-Zwiebach Action

2 - Siegel-Zwiebach Action

Gauge invariance

δhµν = ∂µϵν + ∂νϵµ − 1

2
mηµνϵ , (14)

δBµ = ∂µϵ+mϵµ , δθ = −∂µϵ
µ +

3

2
mϵ , (15)

SSZ =

∫
d26x

1

2

{
1

2
hµν(∂

2 −m2)hµν + Bµ(∂
2 −m2)Bµ − θ(∂2 −m2)θ

+(∂νhµν + ∂µθ −mBµ)
2 +

(
mh

4
+

3mθ

2
+ ∂µB

µ

)2
}
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Siegel-Zwiebach Action

2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

LMFP −→ LMFP + δLMFP (16)

with

δLMFP = (26− D)

[
m3hϵ

32
− m2

8
Bµ∂

µϵ− 3m3

16
θϵ

]
m4 (18− D)(26− D)

128
ϵ2

+
m2(26− D)

16
ϵ□ϵ (17)

Reminiscent from anomaly cancelation and BRST closure in the bosonic
string.

R Thibes (UESB) VQ 2023 April 13, 2023 9 / 21



Siegel-Zwiebach Action

2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

LMFP −→ LMFP + δLMFP (16)

with

δLMFP = (26− D)

[
m3hϵ

32
− m2

8
Bµ∂

µϵ− 3m3

16
θϵ

]
m4 (18− D)(26− D)

128
ϵ2

+
m2(26− D)

16
ϵ□ϵ (17)

Reminiscent from anomaly cancelation and BRST closure in the bosonic
string.

R Thibes (UESB) VQ 2023 April 13, 2023 9 / 21



Siegel-Zwiebach Action

2 - Siegel-Zwiebach Action

the gauge invariance holds exactly for the critical dimension D = 26

LMFP −→ LMFP + δLMFP (16)

with

δLMFP = (26− D)

[
m3hϵ

32
− m2

8
Bµ∂

µϵ− 3m3

16
θϵ

]
m4 (18− D)(26− D)

128
ϵ2

+
m2(26− D)

16
ϵ□ϵ (17)

Reminiscent from anomaly cancelation and BRST closure in the bosonic
string.

R Thibes (UESB) VQ 2023 April 13, 2023 9 / 21



Gauge-Fixing

4 - Gauge-Fixing

Note that, if we substitute

Bµ = 0, θ = −h

2
, (18)

directly into SSZ in equation (13),

we obtain

SFP =

∫
dDx

{
1

4
hµν(∂

2 −m2)hµν +
1

2
∂νhµν

(
∂ρhµρ − ∂µh

)
−1

4
h(∂2 −m2)h

}
, (19)

i.e., the non-gauge-invariant massive Fierz-Pauli action. For m = 0, we
recover the linear EH action with usual gauge symmetry

δhµν = ∂µϵν + ∂νϵµ . (20)

This suggests (18) should be a suitable gauge-fixing condition for SSZ .
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Gauge-Fixing

In fact, given an arbitrary field configuration (hµν ,Bµ, θ), by choosing the
gauge parameters

ϵ =
1

5m

(
θ +

h

2

)
,

ϵµ = −Bµ

m
− 1

5m2
∂µ

(
θ +

h

2

)
,

(21)

it is always possible to pass to (h′µν ,B ′µ, θ′) and achieve (18), namely,

B ′µ = 0, θ′ = −h′

2
, (22)

However, in order to rigorously implement this result at quantum level, one
needs to write down the complete Green’s functions generating functional,
by taking advantage of the BRST symmetries.
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BRST Symmetries

5 - BRST Symmetries

Introducing (c , c̄), (cµ, c̄µ) and (b, bµ), we obtain

shµν = ∂µcν + ∂νcµ − m

2
ηµνc ,

sBµ = ∂µc +mcµ , sθ = −∂µc
µ +

3

2
mc ,

scµ = 0 , sc̄µ = bµ , sbµ = 0 ,

sc = 0 , sc̄ = b , sb = 0 ,

(23)

which can be checked to be nillpotent

s2 = 0 (24)

with ghost numbers
gh s = gh c = gh cµ = 1 (25)

gh c̄ = gh c̄µ = −1 (26)
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BRST Symmetries

Now the proper inclusion of the additional terms

Sgg =

∫
dDx

[
bµB

µ + b

(
θ +

h

2

)
− 5mc̄c + c̄µ (∂

µc +mcµ)

]
, (27)

allows for a consistent BRST functional quantization.
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BRST Symmetries

Adding Sgg to the classical action (13), we write the generating functional

Z =

∫
dµ e−i {SSZ + Sgg} (28)

with integration measure

dµ ≡ [dhµν ][dBµ][dθ][dc][dcµ][dc̄][dc̄µ][db][dbµ] , (29)

which can be explicitly checked to be BRST invariant. Now, from (28), we
may calculate the massive graviton propagator as

Gαβ,σλ =
i

p2 +m2

{
2

25

(
ηαβ +

pαpβ
m2

)(
ησλ +

pσpλ
m2

)
−
(
ηασ +

pαpσ
m2

)(
ηβλ +

pβpλ
m2

)
−
(
ηαλ +

pαpλ
m2

)(
ηβσ +

pβpσ
m2

)}
(30)

It is clear that the m → 0 limit is not well-defined.
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Small Mass Graviton Propagator

To circumvent this issue, a transverse-tracelessness gauge, similar to the
Lorentz condition in QED, for hµν along with a corresponding trace nulity
demand, namely,

∂µh
µ
ν = 0 and h = 0 , (31)

can be worked out.

For gauge accessibility, the transformation parameters should satisfy the
simultaneous conditions

∂µϵ
µ − 13m

2
ϵ = −h/2 (32)

and
□ϵµ + ∂µ∂νϵ

ν − m

2
∂µϵ = −∂νh

ν
µ (33)
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Small Mass Graviton Propagator

Given an arbitrary field configuration, by choosing gauge parameters as

ϵ =
2

25m

[
h −□−1∂µ∂νhµν

]
(34)

ϵµ =
12

25
□−1∂µ∂ρ∂νhρν +

1

50
□−1∂µh −□−1∂µh

µν (35)

it is always possible to perform a gauge transformation

hµν → h′µν = hµν + ∂µϵν + ∂νϵµ − 1

2
mηµνϵ , (36)

such that

∂µh
′µ
ν = 0, h′ = 0 (37)
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Small Mass Graviton Propagator

This gauge can be realized in a functional quantization framework in a
very similar fashion to the Landau gauge in QCD and its Abelian version in
QED.

S =

∫
d26x

1

2

{
1

2
hµν(∂

2 −m2)hµν + Bµ(∂
2 −m2)Bµ − θ(∂2 −m2)θ

+(∂νhµν + ∂µθ −mBµ)
2 +

(
mh

4
+

3mθ

2
+ ∂µB

µ

)2

+
ζ

2
b2 + bh +

ξ

2
bµbµ + bµ∂νh

ν
µ + c̄µ□cµ + c̄µ∂µ∂νc

−m

2
c̄µ∂µc + 2c̄∂µc

µ − 13mc̄c
}

(38)

Z =

∫
dµ e−i {SSZ + Sgg} (39)
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Functional integration in the Nakanishi-Lautrup fields b and bµ leads to
the familiar gauge-fixing terms

−h2

2ζ
and − 1

2ξ
(∂νh

ν
µ)(∂ρh

ρ
µ) . (40)

Hence, we may finally obtain the small mass graviton propagator.

In the limit ξ, ζ → ∞ we have

Gαβ,σλ(m) =
i

p2 +m2

{
2

25

(
ηαβ − pαpβ

p2

)(
ησλ − pσpλ

p2

)

−

(
ηασ − pαpσ

p2

)(
ηβλ − pβpλ

p2

)

−

(
ηαλ − pαpλ

p2

)(
ηβσ − pβpσ

p2

)}
(41)

which has a pretty well defined massless limit

R Thibes (UESB) VQ 2023 April 13, 2023 18 / 21



Small Mass Graviton Propagator

Functional integration in the Nakanishi-Lautrup fields b and bµ leads to
the familiar gauge-fixing terms

−h2

2ζ
and − 1

2ξ
(∂νh

ν
µ)(∂ρh

ρ
µ) . (40)

Hence, we may finally obtain the small mass graviton propagator.

In the limit ξ, ζ → ∞ we have

Gαβ,σλ(m) =
i

p2 +m2

{
2

25

(
ηαβ − pαpβ

p2

)(
ησλ − pσpλ

p2

)

−

(
ηασ − pαpσ

p2

)(
ηβλ − pβpλ

p2

)

−

(
ηαλ − pαpλ

p2

)(
ηβσ − pβpσ

p2

)}
(41)

which has a pretty well defined massless limit
R Thibes (UESB) VQ 2023 April 13, 2023 18 / 21



Small Mass Graviton Propagator

and satisfies the further properties

pαG
αβ,σλ(m) = pβG

αβ,σλ(m) = 0 (42)

pσG
αβ,σλ(m) = pλG

αβ,σλ(m) = 0 (43)

and
Gα ,σλ

α (m) = Gαβ,σ
σ(m) = 0 (44)
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Conclusion and Final Remarks

We have discussed a gauge-invariant massive gravity model originated
in the bosonic string framework.

The gauge symmetry content of the model holds stricktly for D = 26.

We have performed a rigorous BRST symmetry analysis, working out
two specific gauge-fixing conditions.

The massless limit is not well-defined in the unitary gauge.

A transverse traceless gauge condition leads to a consistent small
mass graviton propagator.

As a next step we are connecting the Green functions in the two
discussed gauges by finite field BRST transformations (FFBRST)
(joint work in progress with Vipul Pandey).
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