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Outline
• Super-renormalizable Gravitational Theories.

• Unitarity (no ghosts).

• Renormalizability (Dimensional Regularization)

• Finite Gravitational Theories :

• Quantum Gravity in Odd Dimension.

• Local Terminating Potential in even dimension.

• Exact solutions and spacetime singularities :

• Ricci flat, (A)dS, FRW spacetimes.

• Singularity theorem in nonlocal gravity.

• Scattering amplitudes.

• Conformal invariant quantum gravity.

• Nonsingular spacetimes in Conformal gravity.

• Finite gravitational theories,

• Finite gauge theories,

• Towards a finite theory of particle physics.
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Gravitational Waves

!h = 8π T (!A = J).
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Quantum Field Theory of Gravity



• General Covariance,

• Perturbative Quantum Field Theory (gravitons observed),

• Higher Derivative Theory (Starobinsky Inflation more reliable).

+
(Super-)renormalizability in Quantum Field Theory.

Nonlocal or Lee-Wick Gravity.

Empirical Evidences



κ
−2

R

Einstein Gravity



L : number of loops,

V : number of vertices,

I : number of internal lines in the graph.

Topological relation : L = 1 + I − V,

Superficial degree of divergence of a Feynman diagram
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Quantization of Aµ
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Quantum Gravity & Quantum Electrodynamics



Stelle, Fradkin, Tseytlin, Barvinsky, Vilkovisky, Tomboulis, Antoniadis, de Berredo-Peixoto, Shapiro.

Quadratic Gravity
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+ βR2
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Higher Derivative Quantum Gravity (Stelle 1977)

Propagator

Power Counting Renormalizability
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Regularization & Renormalization

.

Asymptotic Freedom
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Unitarity Violation



Can we do more? Can we have finite Stelle’s quantum gravity?

ES. Fradkin and A.A. Tseytlin,

Conformal anomaly in Weyl theory and anomaly free superconformal theories,

Phys. Lett. 134B (1984) 187—193.

Yes!

Conformal Supergravity N=4 coupled

to N=4 SYM with gauge group SU(2) × U(1) or U(1)4.



1. Spacetime diffeomorphism invariance.

2. Unitarity.

3. Weak locality.

4. Super-renormalizable or finite.

Postulates

non-locality.



Guiding Principle: Desingularization

• General covariance ,

• ∇
aGab = 0

, • GRAVITY = CURVATURE ,

• low energy limit (MP → +∞) → Einstein’s gravity,

• non singular classical solutions. Ex. Black holes (r ∼ 0) :

ds2
≈ −(1 − rα)dt2 +

dr2

1 − rα
+ r2dΩ(2) , α > 0.α ! 2 .

Classical Guiding Principle

Desingularization



• Renormalizability and/or super-renormalizability,

G(p) →
1

pn
, n ! 4 in the UV,

• Unitary quantum theory (ghosts free),

G(p) ∝
f(p)

p2
, f(p) does not have poles.

• Decreasing of the “spacetime dimension” at small distances :

ds " 2.

Guiding Principle: Desingularization

Quantum Guiding Principle

Super-renormalizability or Finiteness



Classical Guiding Principle

Quantum Guiding Principle

Desingularization

Super-renormalizability or Finiteness



Ultraviolet Divergences

in Quantum field Theory

Singularities

in Classical field Theory

Conjecture



Singularity-Free Classical Gravity

Finita Quantum Gravity

Conjecture
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NONLOCAL GAUGE THEORIES 

N. V. Krasnikov 

Nonlocal gauge theories, including gravitation, are considered. It is 
shown that to give a meaning to 7s-anomalous theories it is sufficient 
to introduce an additional nonlocal interaction. The introduction of 
such an interaction leads to a unitary macrocausal theory describing 
the interaction of massive vector fields with fermion fields. It is 
shown that nonlocal gauge theories with nonlocality scale Anl ~ (i-i0) 
TeV are capable of solving the hierarchy problem. An example of a 
nonlinear gauge model of grand unification is found in which 
topologically nontrivial monopole solutions with finite energy are 
absent. 

i. Introduction 

It is well known that all the attempts hitherto made in the attack on ultraviolet 
divergences in the local quantum theory of gravitation have not led to success. Hopes 
have been expressed recently [i] that the superstring theory of gravitation is capable of 
solving the problem of the ultraviolet divergences. However, there exists a no less 
effective way of attacking the ultraviolet divergences in quantum field theory -- the 
introduction of a nonlocal interaction [2]. As was shown by Efimov [2] for the example 
of a self-interacting scalar field and quantum electrodynamics, the introduction of 
nonlocality leads to a finite macrocausal and unitary field theory. The existence in nature 
of a fundamental dimensional parameter -- the Planck mass Mpl = 1.2 • 1019 GeV -- naturally 
suggests the idea of identifying the Planck mass and the characteristic scale of nonlocality. 
At scales much less than Mpl the theory is described by an effective renormalizable 
Lagrangian, and the nonrenormalizable terms are suppressed as reciprocal powers of the 
Planck mass. However, it is not essential that the Planck scale be identified with the 
nonlocality scale. The existing experimental data lead to a bound on the latter: 

A~0 (1) 500 GeV. 

In the present paper, which is an extended version of the author's note [3], we 
consider nonlocal gauge theories, including gravitation. The main results of this paper 
are as follows: 

i. To give meaning to 7~-anomalous gauge theories, it is sufficient to introduce an 
additional nonlocal interaction. The introduction of such an interaction leads to a 
unitary macrocausal theory describing the interaction of massive vector fields with 
fermion fields. 

2. An example is found of a nonlinear gauge model of grand unification in which 
there are no topologically nontrivial monopole finite-energy solutions. 

3. Nonlocal gauge theories with nonlocality scale Anl ~ (i-i0) TeV are capable of 
solving the hierarchy problem. 

4. A nonlocal superrenormalizable Lagrangian of the gravitational field that leads to 
a unitary and macrocausal S matrix is constructed. 

The paper is arranged as follows. In Sec. 2, taking the example of a scalar field, 
we give the fundamentals of nonlocal field theory. In Sec. 3, we consider the problem of 
7s anomalies in nonlocal gauge theories. In Sec. 4, we give the example of the nonlocal 
Georgi-Glashow gauge model in which topologically nontrivial monopole solutions with 
finite energy are absent. In Sec. 5 we propose a scenario for solving the hierarchy 
problem in nonlocal gauge theories. In Sec. 6, we construct a nonlocal gravitational 
Lagrangian that leads to a unitary and macrocausal S matrix. 

Institute of Nuclear Research, USSR Academy of Sciences. Translated from Teoretiches- 
kaya i Matematicheskaya Fizika, Vol. 73, No. 2, pp. 235-244, November, 1987. Original 
article submitted July 17, 1986. 
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A,,l~ (i--10) TeV (24) 

are capable of solving the hierarchy problem. Indeed, in nonlocal gauge theories the 
correction to the mass of the Higgs bosons is determined by a formula of the type (23) and 
does not exceed i TeV provided Anl satisfies the bound (24). A characteristic prediction 
for the scenario described above is a strong change in the propagators of the elementary 
fields for QZ~A~Z, i.e., all cross sections of elementary parton subprocesses at momentum 
transfers greater than the characteristic nonlocality scale Anl must fall rapidly (as 
O(Q -4) or faster). Therefore, the proposed scenario for solving the hierarchy problem can 
be tested in a few years. The existing experimental data give the following estimate for 
the nonlocality parameter: Anl ~ 0 (i) 500 GeV. 

6. Nonlocal Quantum Gravity 

All theories of gravitation based on the use of local Lagrangians are nonrenormaliz- 
able; In this section, we construct a superrenormalizable nonlocal Lagrangian of the 
purely gravitational field. The generalization to the supersynnnetric case is obvious. 

We choose the nonlocal Lagrangian for the gravitational field in the form 

L= [-'/2~B +Bl, (me~ R+R.U2 (D~176 B~-'IaBA (Door) B ] f--g. 

Here, D~ov is the covariant generalization of the operator Q=0~0~. 

Using the standard formalism of projection operators [12], we find that the free 
gravitational propagator has the form 

P~, ~,~, (IA~ [ ]  + V, E3=A (E3)) -~ + e ~ ~, ~,~. (- ~I,~ [ ]  + 3h([]) ~D- ' ,  
where 

~, .'~' - f38~8~,~,, ~ = 8 ~ - -  a,GI~. 
We can always choose the form factors fi to ensure that the gravitational propagator 
contains only massless spin 2 and has good ultraviolet behavior, for example, 

p2 [~v ,  ~ '  po,s ] 
L I - % ~ r  § - G T p  ~] _ t - i  T )  ) " 

The propagator (26) leads to a superrenormalizable unitary and microcausal theory 
(using the standard rules for counting the divergences of Feynman diagrams, one can show 
that all thediagrams are finite except for a number of single-loop diagrams). 

I am grateful to V. A. Matveev and A. N. Tavkhelidze for their interest in the work 
and for critical comments and to my colleagues in the Theoretical Department of the 
Institute of Nuclear Research of the USSR Academy of Sciences for valuable discussions. 

(25) 

(26) 
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In this paper we study perturbatively an extension of the Stelle higher derivative gravity involving an

infinite number of derivative terms. We know that the usual quadratic action is renormalizable but suffers

from the unitarity problem because of the presence of a ghost (state of negative norm) in the theory. In this

paper, we reconsider the theory first introduced by Tomboulis in 1997, but we expand and extensively

study it at both the classical and quantum level. This theory is ghost-free, since the introduction of (in

general) two entire functions in the model with the property does not introduce new poles in the

propagator. The local high derivative theory is recovered expanding the entire functions to the lowest

order in the mass scale of the theory. Any truncation of the entire functions gives rise to the unitarity

violation, but if we keep all the infinite series, we do not fall into these troubles. The theory is

renormalizable at one loop and finite from two loops on. Since only one-loop Feynman diagrams are

divergent, then the theory is super-renormalizable. We analyze the fractal properties of the theory at high

energy showing a reduction of the spacetime dimension at short scales. Black hole spherical symmetric

solutions are also studied omitting the high curvature corrections in the equation of motions. The solutions

are regular and the classical singularity is replaced by a ‘‘de Sitter-like core’’ in r ¼ 0. Black holes may

show a ‘‘multihorizon’’ structure depending on the value of the mass. We conclude the paper with a

generalization of the Tomboulis theory to a multidimensional spacetime.

DOI: 10.1103/PhysRevD.86.044005 PACS numbers: 04.60."m

I. INTRODUCTION TO THE THEORY

One of the biggest problems in theoretical physics is to
find a theory that is able to reconcile general relativity and
quantum mechanics. There are many reasons to believe
that gravity has to be quantum, some of which are the
quantum nature of matter in the right-hand side of the
Einstein equations, the singularities appearing in classical
solutions of general relativity, etc.

The action principle for gravity we are going to intro-
duce in this paper is the result of a synthesis of minimal
requirements: (i) classical solutions must be singularity-
free, (ii) the Einstein-Hilbert action should be a good
approximation of the theory at an energy scale much
smaller than the Planck mass, (iii) the spacetime dimension
has to decrease with the energy in order to have a complete
quantum gravity theory in the ultraviolet regime, (iv) the
theory has to be perturbatively renormalizable at quantum
level (this hypothesis is strongly related to the previous
one), (v) the theory has to be unitary, with no other degree
of freedom than the graviton in the propagator, (vi) the
spacetime is a single continuum of space and time and, in
particular, the Lorentz invariance is not broken. The last
requirement is supported by recent observations.

Now let us introduce the theory, step by step, starting
from the perturbative non-renormalizable Einstein gravity,
through high derivatives gravity theories (the Stelle theory
of gravity will be our first example) onto the action which
defines a complete quantum gravity theory. The impatient
reader can skip to the end of the introduction for the
candidate complete quantum gravity bare Lagrangian.

Perturbative quantum gravity is the quantum theory of
a spin two particle on a fixed (usually for simplicity is
assumed to be flat) background. Starting from the Einstein-
Hilbert Lagrangian

L ¼ " ffiffiffiffiffiffiffi"g
p

!"2R (1)

(!2 ¼ 16"GN), we introduce a splitting of the metric in a
background part plus a fluctuation

ffiffiffiffiffiffiffi"g
p

g#$ ¼ go#$ þ !h#$; (2)

then we expand the action in power of the graviton fluctuation
h#$ around the fixed background g#$. Unlikely, the quantum
theory is divergent at two loops, producing a counterterm
proportional to the Ricci tensor at the third power

ffiffiffiffiffiffiffi"g
p

R%&
'(R

'(
)*R

)*
%&: (3)

In general, in d dimensions the superficial degree of diver-
gence of a Feynman diagram is D ¼ Ldþ 2V " 2I, where
L is the number of loops, V is the number of vertices, and I
the number of internal lines in the graph. Using the topologi-
cal relation between V, I and L, L ¼ 1þ I " V, we obtain
D ¼ 2þ ðd" 2ÞL. In d ¼ 4 the superficial degree of diver-
gence D ¼ 2þ 2L increases with the number of loops,
and thus we are forced to introduce an infinite number of
higher derivative counterterms and then an infinite number of
coupling constants, therefore making the theory not predic-
tive. Schematically, we can relate the loop divergences in
perturbative quantum gravity to the counterterms we have to
introduce to regularize the theory. In short
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Some remarks on high derivative quantum gravity

M. Asoreya, J.L. Lópeza and I.L. Shapiroa,b 1

a) Departamento de F́ısica Teórica. Universidad de Zaragoza
50009, Zaragoza, Spain

b) Departamento de F́ısica – ICE, Universidade Federal de Juiz de Fora
33036-330, Juiz de Fora – MG, Brazil.

Abstract

We analyze the perturbative implications of the most general high derivative approach to
quantum gravity based on a diffeomorphism invariant local action. In particular, we con-
sider the super-renormalizable case with a large number of metric derivatives in the action.
The structure of ultraviolet divergences is analyzed in some detail. We show that they are
independent of the gauge fixing condition and the choice of field reparametrization. The
cosmological counterterm is shown to vanish under certain parameter conditions. We elab-
orate on the unitarity problem of high derivative approaches and the distribution of masses
of unphysical ghosts. We also discuss the properties of the low energy regime and explore
the possibility of having a multi-scale gravity with different scaling regimes compatible with
Einstein gravity at low energies. Finally, we show that the ultraviolet scaling of matter theo-
ries is not affected by the quantum corrections of high derivative gravity. As a consequence,
asymptotic freedom is stable under those quantum gravity corrections.

Introduction

The formulation of a consistent theory of Quantum Gravity is still one of the major

challenges in theoretical physics. One of the main fundamental problems is that there is no

experimental evidence of any Quantum Gravity effect [1], whereas the classical theory covers
from cosmology to current precision tests with great success. The situation is considerably

more dramatic that for Quantum Electrodynamics at the end of the forties. The reason

being that in the last case, although the theory was not completely consistent, there was

experimental evidence on the existence of relativistic quantum effects associated to electron

dynamics. Nature provided confidence on the co-existence of special relativity and quantum

mechanics although field theory was not yet at sight. An analogous conviction does not exist
1 On leave from Tomsk State Pedagogical Institute, Tomsk, 634041, Russia

1

ar
X

iv
:h

ep
-t

h
/9

7
0
2
1
4
6
v
1
  
2
0
 F

eb
 1

9
9
7

UCLA/97/TEP/2
hep-th/9702146

Superrenormalizable Gauge and Gravitational
Theories1

E. T. Tomboulis2

Department of Physics
University of California, Los Angeles

Los Angeles, CA 90095-1547

Abstract

We investigate 4-dim gauge theories and gravitational theories with nonpolynomial ac-
tions containing an infinite series in covariant derivatives of the fields representing the
expansion of a transcendental entire function. A class of entire functions is explicitly
constructed such that: (i) the theory is perturbatively superrenormalizable; (ii) no
(gauge-invariant) unphysical poles are introduced in the propagators. The nonpolyno-
mial nature is essential; it is not possible to simultaneously satisfy (i) and (ii) with any
polynomial series in derivatives. Cutting equations are derived verifying the absence
of unphysical cuts and the Bogoliubov causality condition within the loop expansion.
A generalized KL representation for the 2-point function is obtained exhibiting the
consistency of physical positivity with the improved convergence of the propagators.
Some physical effects, such as extended bound excitations in the spectrum, are briefly
discussed.

1Research supported in part by NSF Grant PHY 95-310223, and Monbusho, Japan
2e-mail address: tombouli@physics.ucla.edu

1

Available online at www.sciencedirect.com

ScienceDirect

Nuclear Physics B 889 (2014) 228–248
www.elsevier.com/locate/nuclphysb

Super-renormalizable and finite gravitational theories

Leonardo Modesto ∗, Lesław Rachwał

Department of Physics & Center for Field Theory and Particle Physics, Fudan University, 200433 Shanghai, China

Received 13 August 2014; received in revised form 7 October 2014; accepted 12 October 2014

Available online 16 October 2014

Editor: Herman Verlinde

Abstract

We hereby introduce and extensively study a class of non-polynomial higher derivative theories of gravity 
that realize a ultraviolet (UV) completion of Einstein general relativity. These theories are unitary (ghost 
free) and at most only one-loop divergences survive. The outcome is a class of theories super-renormalizable 
in even dimension and finite in odd dimension. Moreover, we explicitly prove in D = 4 that there exists an 
extension of the theory that is completely finite and all the beta functions vanish even at one-loop. These 
results can be easily extended in extra dimensions and it is likely that the higher dimensional theory can be 
made finite, too. Therefore we have the possibility for “finite quantum gravity” in any dimension.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Quantum abelian and non-abelian gauge theories as the most complete embodiment of parti-
cle physics are all compatible with two guiding principles: “renormalizability” and “perturbative 
theory” in the quantum field theory framework. This is the achievement of a consistent quantum 
field theory for all but one fundamental interactions. Indeed, gravity seems to elude so far these 
patterns and many authors suggested ingenious solutions to one of the biggest puzzles of our 
days, but none is completely satisfactory. The major obstacle, when we try to interface grav-
ity and quantum mechanics is that Einstein’s dynamics is “non-renormalizable”, but in principle 

* Corresponding author.
E-mail addresses: lmodesto@fudan.edu.cn (L. Modesto), rachwal@fudan.edu.cn (L. Rachwał).

http://dx.doi.org/10.1016/j.nuclphysb.2014.10.015
0550-3213/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.



The Lagrangian

Lg = −2κ−2
D

√
−g

(

R + Rγ0(!)R + Rµνγ2(!)Rµν + Rµνρσγ4(!)Rµνρσ + V(R)
)

,

γ0(!) = −

(D − 2)(eH0
− 1) + D(eH2

− 1)

4(D − 1)!
+ γ4(!) ,

γ2(!) =
eH2

− 1

!
− 4γ4(!) .

V(R) = s1 R
3 + · · · + SkR

D

2 + · · · + snR
D

2 ∇
2γ−4

R
2
.sk

Krasnikov, Kuzmin, LM, Biswas, Gerwick, Koivisto, Mazumdar, Koshelev, Rachwal
L.M., L. Rachwal



D = 4

]L4D =
2

κ2
4

(

R − Gµν
eH(−!Λ) − 1

!
R

µν

)

.

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

+



LE = −2κ−2

D

√

|g|
[

R + G γG(−!Λ)Ric + RγS′(−!Λ)R + Vg

]

,

γG = γ2 =
eH2 − 1

!
, γS′ =

1

2
γ2 + γ0 =

D − 2

4(D − 1)

eH2 − eH0

!
.

General Finite Quantum Gravity

L.M., L. Rachwal

Unitarity: Anselmi, Piva.

F. Briscese, LM, S. Tsujikawa

Nonlocal Gravity in Einstein (Ricci) Basis



Finite Nonlocal Gravity in Weyl Basis

Y. D. Li, M., Rachwal.

LC = −2κ
−2

D

√

|g|
[

R + CγC(!)C + RγS(!)R + V(C)
]

,

γC =
D − 2

4(D − 3)

eH2
− 1

!
, γS = −

D − 2

4(D − 1)

eH0
− 1

!
.

, Koshelev, Starobinsky.



LB = −2κ−2

D

√

|g|
[

R + BabγB(!)Bab + RγS(!)R + V(B)
]

,

γB =

(

D − 2

D − 3

)2
eH2

− 1

!3
,

γS = −

(D − 2)(D − 3)
(

eH0
− 1

)

+ D(D − 4)
(

eH2
− 1

)

4(D − 1)(D − 3)!
.

L.M., L. Rachwal

Nonlocal Gravity in Bach Basis

Bac = ∇
b
∇

dCabcd − RbdCabcd =

=
D − 3

D − 2
!Rac −

D − 3

2(D − 1)
R;ac +

D(D − 3)

(D − 2)2
RabR

b
c −

D − 3

D − 2
RbdCabcd −

D − 3

(D − 2)2
gacRbdR

bd

−
D(D − 3)

(D − 1)(D − 2)2
RRac −

D − 3

2(D − 1)(D − 2)
gac!R +

D − 3

(D − 1)(D − 2)2
gacR

2
− RbdCabcd .



• V −1(z) has no zeros on the whole complex plane |z| < +∞.

Therefore there are no gauge-invariant poles other than the

transverse massless physical graviton pole.

• |V −1(z)| has the same asymptotic behavior along the real axis at ±∞.

• There exists Θ > 0 and Θ < π/2 , such that asymptotically :

V −1(z)| → |z|γ+N+1, when |z| → +∞

(γ ! Deven/2 & γ ! (Dodd − 1)/2 respectively),

for z in the conical regions C defined by :

C = {z | − Θ < argz < +Θ , π − Θ < argz < π + Θ}.

V
−1(z) := e

H(z)
.

N =
D − 4

2
.

The Form Factor (general properties)

|



V
−1(z) := e

H(z)
.

H(z) =

∫
pγ+1(z)

0

1 − f(ω)

ω
dω .

1. pγ+1(z) : real polynomial of degree γ + 1, pγ+1(0) = 0,

2. f(z) : entire and real function on the real axis with f(0) = 1,

3. |f(z)| → 0 for |z| → ∞ in the conical region around the real axis.

f(z) = e−qpoly(z) gpoly(z) (entire function of finite order |f(z)| ! e|z|
ρ

).

a. deg(gpoly(z)) : polynomial such that gpoly(0) = 1.

b. deg(qpoly(z)) < ρ , qpoly = cn z2n + · · · + c1 z2 , cn > 0.

No zeros =⇒ gpoly(z) = 1 .



V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

= e
1

2 [Γ(0,p2(z))+γE] |p(z)|

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) ≡ pγ+N+1(z) = aN zγ+N+1 + · · · + aN−

D
2

zγ+N+1−D
2 .

V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

= e
1

2 [Γ(0,p2(z))+γE] |p(z)|

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) ≡ pγ+N+1(z) = aN zγ+N+1 + · · · + aN−

D
2

zγ+N+1−D
2 .

R

The Form Factor (explicit example)

pγ+N+1(z) = aγ+N+1 z
γ+N+1 + · · · + a

γ+N+1−D

2

z
γ+N+1−D

2 + . . . .

Tomboulis, M., Rachwal.

f(w) = e−w
2



Unitarity



38

Propagator and Unitarity

O
−1(k) =

V (k2/Λ2)

k2

(

P (2)
−

P (0)

D − 2

)

.

gµν = ηµν + κhµν

For H2(!) = H0(!) :

2 d.o.f.



Propagator and Unitarity

gµν = ηµν + κhµν

O
−1(k) =

P (2)

k2eH2(−k2)
−

P (0)

(D − 2) k2eH0(k2)
(

1 + k2

m2

) .

=
P (2)

k2eH2

−
P (0)

(D − 2)k2eH0

+
P (0)

(D − 2)eH0(k2 + m2)
.

For H2(!) ̸= H0(!) :

F. Briscese, LM, S. Tsujikawa

A. koshelev, LM, L. Rachwal, A. Starobinsky

3 d.o.f.



S†S = 1 , S = 1 + iT =⇒ T − T † = i T †T .

−i
(

⟨f |T |i⟩ − ⟨f |T †|i⟩
)

Tfi − T ∗
if = i

∑

k

T ∗
kfTki .

Def. Disc(Tfi) = Tfi(s + iϵ) − Tfi(s − iϵ) .

If (Tif (s + iϵ))∗ = Tfi(s − iϵ) =⇒ Disc(Tfi) = i
∑

k

T ∗
kfTki. ,

2ImTif > 0 .

Perturbative Unitarity



LhΘ =
1

2
hµνOµν,ρσhρσ − g hµνΘµν .

Amplitude :

S(2) = iT = (−i)2g2 Θµν i∆Fµν,ρσ Θµν , ⟨0|TWick (hµν(x′)hρσ(x)) |0⟩ = i∆Fµν,ρσ(k) ≡ iO−1
µν,ρσ(k) .

S(2) = iT = (2π)Dδ(Pi − Pf ) i Tif = (−i)2g2 Θµν i∆Fµν,ρσ Θρσ

= (2π)Dδ(Pi − Pf ) i (−i)2 Θµν 1

k2 + iϵ

(
P (2)

eH2

−
P (0)

(D − 2)eH0

)

µν,ρσ

Θρσ

︸ ︷︷ ︸

Tif

,

Tif = (−i)2 Θµν 1

k2 + iϵ

(
P (2)

eH2

−
P (0)

(D − 2)eH0

)

µν,ρσ

Θρσ .

2ImTif = 2Im (−i)2g2

{
[

ΘµνΘµν −
1

D − 1
Θµ 2

µ

]

e−H2(k
2) −

Θµ 2
µ

(D − 1)(D − 2)
e−H0(k

2)

}
(

k2 − iϵ

k4 + ϵ2

)

= 2g2

{
[

ΘµνΘµν −
1

D − 1
Θµ 2

µ

]

e−H2(k2) −
Θµ 2

µ

(D − 1)(D − 2)
e−H0(k2)

}
[

ϵ

k4 + ϵ2

]

→ 2g2

{

ΘµνΘµν −
Θµ 2

µ

D − 2

}

π δ(k2) , for H2(0) = H0(0) = 0 .

if if



TD
ab(s + iϵ) = iI+V +1

∫

(

∏L

l
d4kl

)

B
∏I

i
D+

i

, D± = q2
− m2

± iϵ ,

TD
ab(s − iϵ) = (−1)L iI+V +1

∫

(

∏L

l
d4kl

)

B
∏I

i
D−

i

.

Olive :
(

T D̄
ba(s + iϵ)

)∗

= TD
ab(s − iϵ) or

(

T D̄
ba(s + iϵ)

)∗

= TD
ab((s + iϵ)∗) .

Perturbative Unitarity : Disc(Tab) = TD
ab(s + iϵ) − TD

ab(s − iϵ) = i
∑

k

T ∗
kaTkb .

Following Cutkosky and/or Eden-Landshoff-Olive-Polkinghorne (ELOP)

we derive the discontinuity formula across a branch cut:

DiscTab = (−2πi)r

∫

B
∏

L

d4kL

δ(+)(q2
1 − m2

1)δ
(+)(q2

2 − m2
2) . . . δ(+)(q2

r − m2
r)

(q2
r+1 − m2

r+1) . . . (q2
N
− m2

N
)

.

Perturbative Unitarity
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O
−1(k) =

V (k2/Λ2)

k2

(

P (2)
−

P (0)

D − 2

)

.

Entire Function

Propagator

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) = zγ+N+1 , z = −!Λ = −!/Λ2 .

L =
2

κ2
D

(

R − Gµν
eH(−!Λ) − 1

!
R

µν

)

+ c
(3)
1 R

3
+ · · · + c

(N+2)
1 R

N+2
.+

, Shapiro (local theory 1996)

Summary



Super-renormalizability



∫
dDx

√
−g ωγR !

γ+
D−4

2 R , ωγ =
ω̃γ

Λ2γ
, γ ∈ N .

A(L) = δD(K)

∫

(dDp)L G(p)I V(p)V

= δD(K)

∫

(dDp)L

(

1

ωγ p2γ+D

)I
(

ωγ p2γ+D
)V

= δD(K)Λ2γ(L−1)

∫

(dDp)L

(

1

p2γ+D

)I
(

p2γ+D
)V

= δD(K)Λ2γ(L−1)

∫

(dDp)L

(

1

p2γ+D

)L−1

= δD(K)Λ2γ(L−1) (Λcut−off)ω(G) , ω(G) ≡ D − 2γ(L − 1) .

Propagator: G(p) ∼
1

ωγ p2γ+D
, Vertex: V(p) ∼ ωγ p2γ+D .

Super-renormalizability in a nutshell

For γ >
D

2
only one loop divergences.

Action:

Asorey, Lopez, Shapiro,M, Rachwal.



∫
dDx

√
−g ωγR !

γ+
D−4

2 R , ωγ =
ω̃γ

Λ2γ
, γ ∈ N .

Einstein Gravity, S = M2

P

∫

dDx
√
−gR .

γ = −1 −
D − 4

2
=⇒ ω(G) = (D − 2)L + 2 .

Stelle’s Gravity, S =

∫

dDx
√
−g

(

M2

P R + αR2 + βR2

µν

)

γ = −
D − 4

2
=⇒ ω(G) = (D − 4)L + 4 .

Examples. Einstein and Stelle

.



Counterterms

δ
D(K)Λ2γ(L−1) (Λcut−off)D−2γ(L−1)

=
⇒

In general (in DIMREG) :

1

ϵ
R

D

2 ,
1

ϵ
R

D

2
−1

, . . . ,
1

ϵ
R ,

1

ϵ
1 , .

1

ϵ

∫
dDx

√
−gR

D

2 .



Rigorous Power-Counting.



General Vertex

Typical contribution to v
(n) :

(−!)p1 I
(m1) (−!)p2 I

(m2) (−!)p3 . . . (−!)pℓ I
(mℓ) (−!)pℓ+1 ,

where m1 + m2 + . . . mℓ = n .

Sℓ(Q1, Q2, . . . , Qℓ+1) =
∞
∑

r=ℓ

ar

∑

{pi} ,
P

ℓ+1
i=1

pi=r−ℓ

ℓ+1
∏

i=1

Q
2pi

i =
ℓ+1
∑

i=1

h(Q2
i )

∏ℓ+1

j ̸=i

(

Q2
i − Q2

j

)
.

Sgravity =

∫

dDx
√
−gR

(

∞
∑

r=0

ar(−!̃)r

)

R .

V
(N) =

∑

n′′+n+n′=N

R
(n′′) · v(n)

R
(n′) =

∑

n′′+n+n′=N

δn
′′
(√

−gR
)

δn

(

∞
∑

r=0

ar(−!̃)r

)

δn
′

(R) ,

h(−!̃) =
∑

r

ar(−!̃)r , −!̃ = −! + I , I = −∇2 + ! + R .



v(n)
R

(n′) = δn

(

∞
∑

r=0

ar(−!̃)r

)

R
(n′) =

n
∑

ℓ=1

∑

σ

∞
∑

r=ℓ

ar Sσ
r,ℓ,n

[

(−!)r−ℓ
,
(

I(m)
)ℓ
]

R
(n′)

=
n
∑

ℓ=1

∑

σ

∞
∑

r=ℓ

ar

∑

{pi} ,
Pℓ+1

i=1
pi=r−ℓ

(−!)p1 I(m1) (−!)p2 I(m2) (−!)p3 . . . (−!)pℓ I(mℓ) (−!)pℓ+1 R
(n′)

=
n
∑

ℓ=1

ℓ(n−1)ℓ!
∞
∑

r=ℓ

ar

∑

{pi} ,
Pℓ+1

i=1
pi=r−ℓ

(−!)p1 I(m1) (−!)p2 I(m2) (−!)p3 . . . (−!)pℓ I(mℓ) (−!)pℓ+1 R
(n′)

=
n
∑

ℓ=1

ℓ(n−1)ℓ!

(

ℓ
∏

i=1

I(mi)

)

Sℓ({Q
2
i })R

(n′) =
n
∑

ℓ=1

ℓ(n−1)ℓ!

(

ℓ
∏

i=1

I(mi) (Qi, Qi+1)

)

Sℓ({Q
2
i })R

(n′)

=
n
∑

ℓ=1

ℓ(n−1)ℓ!
ℓ
∏

i=1

(

aiQ
2
i+1 + biQiQi+1

)

ℓ+1
∑

i=1

h(Q2
i )

∏ℓ+1
j ̸=i

(

Q2
i − Q2

j

)
R

(n′) .

Q1 = q1 + q2 + q3 + · · · + qℓ+1 ,

Q2 = q2 + q3 + · · · + qℓ+1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

Qℓ+1 = qℓ+1 ∈ R .

∼

1

q1

∼

1

q1

,
1

q2

=
n

∑

ℓ=1

ℓ(n−1)ℓ!
ℓ

∏

i=1

(

aiQ
2
i+1 + biQiQi+1

)

×

×

[

h(Q2
1)

∏ℓ+1
j ̸=1

(

Q2
1 − Q2

j

)
+

h(Q2
2)

∏ℓ+1
j ̸=2

(

Q2
2 − Q2

j

)
+

h(Q2
3)

∏ℓ+1
j ̸=3

(

Q2
3 − Q2

j

)
+ · · · +

h(Q2
ℓ+1)

∏ℓ+1
j ̸=ℓ+1

(

Q2
ℓ+1 − Q2

j

)

]

R
(n′)

1

q1

,
1

q2

, . . . ,
1

qℓ

.



Q1 = q1 + q2 + q3 + · · · + qℓ+1 ,

Q2 = q2 + q3 + · · · + qℓ+1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

Qℓ+1 = qℓ+1 ∈ R .

∼

1

q1

∼

1

q1

,
1

q2

1

q1

,
1

q2

, . . . ,
1

qℓ

.

e
H(z) = e

1

2 [γE+Γ(0,p(z)2)+log(p(z)2)] =
√

p(z)2

(

1 +
e
−p(z)2

2p(z)2
+ . . .

)

,

p(z) = q(z)2 .

=
n

∑

ℓ=1

ℓ(n−1)ℓ!
ℓ

∏

i=1

(

aiQ
2
i+1 + biQiQi+1

)

×

×

[

h(Q2
1)

∏ℓ+1
j ̸=1

(

Q2
1 − Q2

j

)
+

h(Q2
2)

∏ℓ+1
j ̸=2

(

Q2
2 − Q2

j

)
+

h(Q2
3)

∏ℓ+1
j ̸=3

(

Q2
3 − Q2

j

)
+ · · · +

h(Q2
ℓ+1)

∏ℓ+1
j ̸=ℓ+1

(

Q2
ℓ+1 − Q2

j

)

]

R
(n′)

R
(n′′)

· v(n)
R

(n′) = R
(n′′)

n
∑

ℓ=1

ℓ(n−1)ℓ!

ℓ
∏

i=1

(

aiQ
2
i+1 + biQiQi+1

)

×
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Vertexes

(k1, e1)

(k2, e2)

(k3, e3)

(k4, e4)

(k5, e5)

(k6, e6)

(kn, en)

ℓ1ℓ2

ℓ3

ℓ4

ℓ5 ℓ6

ℓn

divergence : k2N+4

∫
dDℓ

1

ℓN+2(ℓ − k)N+2
∼

1

ϵ
k2N+4 ,

counterterms :
1

ϵ
RN+2

... ,
1

ϵ
R...!

NR... ,
1

ϵ
R...R...!

N−1R... , . . . .

A(L=1)
∼

∫
dDℓ

V1(ℓ1, k1, e1)V2(ℓ2, k2, e2) . . .Vn(ℓn, kn, en)

ℓ2
1 V −1(ℓ1) ℓ2

2 V −1(ℓ2) . . . ℓ2
n V −1(ℓn)

,

One loop amplitudes

set 1 : R, R2, R3,R!R, . . . , RN+2,R!
N
R

=⇒ hm(∂2h), hm(∂2h)2, hm(∂2h)3, . . . , hm(∂2h)N+2 ,

set 2 : R
expH(−!Λ)

!
R =⇒ hm (∂2h)

p(−!Λ)

!
(∂2h) ∼ (∇2γ+2N+4 hm+2).

L =
2

κ2
D

R − 2 Gµν
eH(−!Λ) − 1

κ̃2
D!

R
µν + c

(3)
1 R

3 + · · · + c
(N+2)
1 R

N+2

+
N

∑

n=0

[

(an − ãn)R (−!Λ)n
R + (bn − b̃n)Rµν (!Λ)n

R
µν

]

.

+



Lren = L + Lct

= L + 2(Zκ − 1)κ−2 R + (Zλ̄ − 1)λ̄ + (Z
c
(1)
1

− 1)c(1)
1 R3 + · · · + (Z

c
(N)
1

− 1)c(N)
1 RN+2

+
N

∑

n=0

(

(Zan
− 1)an R (−!Λ)n R + (Zbn

− 1)bn RMN (−!Λ)n RMN

)

,

Lct =
1

ϵ

[

βκR + βλ̄ +
N

∑

n=0

(

βan
R (−!Λ)n R + βbn

RMN (−!Λ)n RMN

)

+ β
c
(1)
1

R3 + · · · + β
c
(N)
1

RN+2

]

,

Beta functions : βκ, βλ̄, βan
, βbn

, β
c
(1)
1

, · · · , β
c
(N)
1

,

(Zαi
− 1)αi =

1

ϵ
βαi

=⇒ Zαi
= 1 +

1

ϵ
βαi

1

αi

,

αi(µ) ∼ αi(µ0) + βi log

(

µ

µ0

)

.

αi ∈ {κ−2
D

, λ̄, an, bn, c
(1)
1 , · · · , c

(N)
1 } ≡ {κ−2

D
, λ̄, α̃n}.



SN =

∫

d4x
√

|g|
{

ωN,RR!
NR + ωN,CC!

NC + ωN−1,RR!
N−1R + ωN−1,CC!

N−1C

+ω0,RR2
+ ω0,CC2

+ ωEHR + ωCC

}

.

Γ
(1)
EH,div = −

µn−4

ϵ

1

6

∫

d4x
√

|g|

{

5ωN−1,C

ωN,C
+

ωN−1,R

ωN,R

}

R ,

Γ
(1)
CC,div =

1

ϵ

∫

d4x
√

|g|
{ω2

N−1,R

ω2
N,R

+
5ω2

N−1,C

ω2
N,C

− 2

(ωN−2,R

ωN,R
+

5ωN−2,C

ωN,C

)}

.

N = γ ! 2

Shapiro, Rachwal, M.

βGN
, βΛcc



All the beta-functions do not depend on the gauge fixing condition.

LYM =
1

2g2(t)
TrF 2

∼ dAdA + g(t)A2dA + g2(t)A4 ,

g(t)−2 = g−2
o + βgt ,

LG =
2

κ2
D(t)

(

R − Gµν
eH(−!Λ) − 1

!
Rµν

)

∼ ∂h eH(−!Λ) ∂h + κD h∂h ∂h + O(κ2
D) ,

κ−2
D (t) = κ−2

D o + βκD
t .

Yang-Mills & Gravity
Asymptotic Freedom

+

Shapiro



O
−1
R (k) ∼

V
(

k2/Λ2
)

k2

{

1 + V (k2/Λ2) [c0k2 + · · · + cNk2N+2 ] log
(

k2

µ2

)} .

Quantum Corrections to the Propagator

2Im(O−1(k)) = 2
ϵ

k4 + ϵ2
→ 2π δ

4(k2) .

X. Calmet, R. Casadio

0 5 10 15 20 25 30

-3

-2

-1

0

1

2

3

LM, I. Shapiro.



Lee-Wick Quantum Gravity

SF =

∫

d4x
√
−g 2κ−2

4

[

−R + 2Λcc − s0 Gµν!
3Rµν − s1R

2
!R2 − s2R

2
µν!R2

ρσ

]

,

SSR =

∫

d4x
√

|g| 2κ−2

4

[

− R + 2Λcc − s0Gµν!Rµν −
∑

i

(Riem
3)i

]

.

LM, I. Shapiro.

PLB, NPB



Tif = (−i)2 Θµν

[

1

k2 + iϵ
+

∑

n

(

cn

k2
− η2

n

+
c∗n

k2
− (η2

n)∗

)

]

(

P (2)
−

P (0)

D − 2

)

µν,ρσ

Θρσ .

2ImTif = 2Im (−i)2g2

{

ΘµνΘµν
−

Θµ 2
µ

D − 2

} [

k2
− iϵ

k4 + ϵ2
+

∑

n

(

cn

k2
− η2

n

+
c∗n

k2
− (η2

n)∗

)

]

= 2g2

{

ΘµνΘµν
−

Θµ 2
µ

D − 2

}

[

ϵ

k4 + ϵ2

]

→ 2g2

{

ΘµνΘµν
−

Θµ 2
µ

D − 2

}

π δ(k2)

Unitarity S = 1 + iT

CUTKOSKY, LAHDSHOFF, OLIVE, POLKINGHORNE (CLOP).

Perturbative Unitarity



Summary

Super-renormalizable Quantum Gravity



O
−1(k) =

V (k2/Λ2)

k2

(

P (2)
−

P (0)

D − 2

)

.

Entire Function

Propagator

Power Counting

Coupling constants :

The Lagrangian

O
−1
R (k) ∼

V
(

k2/Λ2
)

k2

{

1 + V (k2/Λ2) [c0k2 + · · · + cNk2N+2 ] log
(

k2

µ2

)} .

V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) = zγ+N+1 , z = −!Λ = −!/Λ2 .

ω(G) = D − 2γ(L − 1).

αi ≡ {λ̄, κ−2
D

, an, bn, c
(3)
i

, . . . , c
(N+2)
i

} .

L =
2

κ2
D

(

R − Gµν
eH(−!Λ) − 1

!
R

µν

)

+ c
(3)
1 R

3
+ · · · + c

(N+2)
1 R

N+2
.+

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011), Shapiro (local theory 1996)



Beyond Renormalizability

< ∞

∫



Could we make quantum gravity finite?

βαi
≡ 0

• Multidimensional Gravity .

• Terminating Curvature Potential V ∼ O(R3) .

• Supergravity .



Multidimensional Gravity

dD∞ < ∞

i.



No counter terms in Odd dimension

βan
= βbn

= β
c
(n)
i

= 0 , i ∈ 1, . . . , (number of invariants of order N) , n = 1, . . . , N.

βi = 0

One loop effective action

One loop effective action:

Wdiv = −

1

ϵ
[cD AD(∆) + cD−2 AD−2(∆) + cD−4 AD−4(∆) + · · · + c0 A0(∆)] = 0 ,

Al(∆) ∝

∫
dDxRl/2

µνρσ .

Finite Quantum Gravity in Odd dimension

1 − Loop

Ik,n =

∫
dDp

(p2)k

(p2 + C)n
= i

C
D

2
−(n−k)

(4π)
D

2

Γ(n − k − D/2)Γ(k + D/2)

Γ(D/2)Γ(n)
,

Inull =

∫
dDp

1

p2N
≡ 0 for N < D/2 .



Lodd =
√

|g| 2κ−2

D

(

R − GMN γ(!)RMN

)

.

↑
︷ ︸︸ ︷

γ(!) :=
V (−!Λ)−1 − 1

!

New Gravity

+



Scale Invariant Quantum Gravity

βi ≡ 0

ii.



Multidimensional Theory

L = −2 κ−2
D

√

|g|

(

R + Gµν
eH(−!Λ) − 1

!
Rµν +

γ+N+2
∑

n=3

α2n Λ2−2n O2n(∂ρgµν)

︸ ︷︷ ︸

V

)

.

L.M. , Leslaw Rachwal

V =

∑

i

si R
D

2
... ∇

2γ−4
R

2

... .

O6 =

{

R3
}

,

O8 =

{

R4,∇2R3
}

,

O10 =

{

R5,∇2R4,∇4R3
}

,

. . .

. . .

O2γ+2N+4 =

{

Rγ+N+2,∇2Rγ+N+1,∇4Rγ+N . . . . ,∇2γ+2N−4R4,∇2γ+2N−2R3
}

,



Theory in D = 4

Lg = −2κ−2
D

√
−g

(

R + Gµν
eH(−!Λ) − 1

!
Rµν

+ s1R
2
!

γ−2R2
+ s2RµνRµν

!
γ−2RρσRρσ

)

.

Γ
(1)
div =

1

ϵ

(

βR2
µν

RµνRµν + βR2 R2
)

,

βR2 := a1s1 + a2s2 + c1 = 0

βR2
µν

:= b2s2 + c2 = 0

s1 =
−(3ω1 + ω2)(40c1ω1 + 10c2ω1 + 14c1ω2 − c2ω2)

48(20ω1 + 7ω2)
,

s2 =
−3c2ω2(3ω1 + ω2)

2(20ω1 + 7ω2)
.

=⇒ −2κ−2
4

√

|g|
[

ω1 R !
γ R + ω2 Rµν !

γ Rµν + s1 R2
!

γ−2 R2 + s2 RµνRµν
!

γ−2 RρσRρσ
]

,

ω2 = −2 ω1 = eγE/2/Λ2γ+2.

L.M. , Leslaw Rachwal



Sgf =

∫

dDx
√

|ḡ|
1

2
χµ(g)Cµν(ḡ)χν(g) ,

χµ(g) = ∇σhσ
µ − βg∇µh , Cµν(ḡ)= −

1

αg
(ḡµν

! + γg∇
µ∇ν −∇ν∇µ)!

N+γ
Λ ,

Sgh =

∫

dDx
√

|ḡ|

[

C̄α Mα
β(ḡ)Cβ +

1

2
bαCαβbβ

]

, Mα
β(ḡ) = !δα

β + ∇β∇
α − 2βg∇

α∇β .

Z[g] =

∫

µ(g, h)
∏

µ!ν

Dhµν

∏

α

DC̄α

∏

β

DCβ
∏

γ

Dbγ ei[SHD+Sgf+Sgh] ,

Z[g] = eiSg[ḡ]

{

Det

[

δ2(SHD[ḡ + h] + Sgf [ḡ + h])

δhµνδhρσ

∣

∣

∣

∣

h=0

]}

−

1
2

(Det Mα
β(ḡ)) (Det Cµν(ḡ))

1
2 .

gµν = ḡµν + hµν ,Background Field Method :

Asorey, Lopez, Shapiro

1-loop Effective Action



Ĥµν,ρσ =
δ2SHD

δhµνδhρσ

∣

∣

∣

∣

∣

h=0

+
δχδ

δhµν
Cδτ δχτ

δhρσ

∣

∣

∣

∣

∣

h=0

.

Following Shapiro and BOS:

Ĥµν,αβ =

(

ωRic

4
gµ(ρgν)σ

−
ωRic(ωRic + 4ωR)

16ωR
gµνgρσ

)

×

{

δαβ
ρσ !

γ+2 + Vρσ
αβ,λ1...λ2γ+2∇λ1

· · ·∇λ2γ+2
+

+Wρσ
αβ,λ1...λ2γ+1∇λ1

· · ·∇λ2γ+1
+ Uρσ

αβ,λ1...λ2γ∇λ1
· · ·∇λ2γ

+ O(∇2γ−1)
}

,

The one-loop effective action is :

Γ(1)[g] = −i lnZ[g] = SHD[g] +
i

2
ln Det(Ĥ) − i ln Det(M̂) −

i

2
ln Det(Ĉ).



SHD =

∫

d4x
√

|g|
[

λ̄ − 2κ−2R
︸ ︷︷ ︸

no div.

+ω2,γ Rµν !
γRµν + ω2,γ−1 Rµν !

γ−1Rµν + ω2,γ−2 Rµν !
γ−2Rµν + O(ω2,γ−3)

︸ ︷︷ ︸

no div.

+ω0,γ R !
γR + ω0,γ−1 R !

γ−1R + ω0,γ−2 R !
γ−2R + O(ω0,γ−3)

︸ ︷︷ ︸

no div.

+s1R
2
!

γ−2R2 + s2RµνRµν
!

γ−2RαβRαβ + s3R
2
!

γ−1R + s4R
2
!

γ−2R
]

.

V ⊂

{
ωγ

ωγ
R ,

s3

ωγ
R ,

ωγ−1

ωγ

}

,

W ⊂

{
ωγ

ωγ
∇R ,

s3

ωγ
∇R

}

,

U ⊂

{
ωγ

ωγ
R2 ,

s1,2,3

ωγ
R2 ,

s3

ωγ
∇2R ,

ωγ

ωγ
∇2R ,

ωγ−1

ωγ
R ,

s4

ωγ
R ,

ωγ−2

ωγ

}

.

Tr ln Hµν,αβ = (γ + 2)Tr ln [δµν,αβ !] + TrVµν,αβ
λ1λ2···λ2γ+2∇λ1

∇λ2
· · ·∇λ2γ+2

1

!γ+2

+TrWµν,αβ
τ1τ2···τ2γ+1∇τ1

∇τ2
· · ·∇τ2γ+1

1

!γ+2
+ TrUµν,αβ

v1v2···v2γ∇v1
∇v2

· · ·∇v2γ

1

!γ+2

−
1

2
δρσ,δφ Tr Vµν,ρσ

λ1···λ2γ+2∇λ1
· · ·∇λ2γ+2

1

!γ+2
Vδφ,αβ

λ′

1···λ
′

2γ+2∇λ′

1
· · ·∇λ′

2γ+2

1

!γ+2

+ (terms of higher background dimension) .



Scattering Amplitudes



Scattering Amplitudes

As(++, ++) = −g
9

8

t(s + t)

s
+

9

32
γ2(s)

(

s2 + (s + 2t)2
)

+
9

8
s2γ0(s) ,

At(++, ++) = −
g

8

(

s3 − 5s2t − st2 + t3
)

(s + t)2

s3t

+
1

16
γ2(t)

(

2s4 − 10s3t − s2t2 + 4st3 + t4
)

(s + t)2

s4
+

1

8
γ0(t)

t2(s + t)4

s4
,

Au(++, ++) = −
g

8

(

s3 − 5s2u − su2 + u3
)

(s + u)2

s3u

+
1

16
γ2(u)

(

2s4 − 10s3u − s2u2 + 4su3 + u4
)

(s + u)2

s4
+

1

8
γ0(u)

u2(s + u)4

s4
,

Acontact(++, ++) = −
g

4

s4 + s3t − 2st3 − t4

s3
+ −

9

32
γ2(s)

(

s2 + (s + 2t)2
)

−
9

8
s2γ0(s)

−
1

16
γ2(t)

(

2s4 − 10s3t − s2t2 + 4st3 + t4
)

(s + t)2

s4
−

1

8
γ0(t)

t2(s + t)4

s4

−
1

16
γ2(u)

(

2s4 − 10s3u − s2u2 + 4su3 + u4
)

(s + u)2

s4
−

1

8
γ0(u)

u2(s + u)4

s4
.

A(++, ++) = As(++, ++) + At(++, ++) + Au(++, ++) + Acontact(++, ++) = A(++, ++)EH

Lg = −2κ−2
D

√
g [R + R γ0(!)R + Rµνγ2(!)Rµν + Rµνρσ γ4(!)Rµνρσ] .

Stelle, Weyl gravity, etc.

γ4(!) = 0,

P. Donà, S. Giaccary, L.M., L. Rachwal, Yiwei-Zhu.

s channel t channel u channel

contact

Figure 1: Tree-level Feynman diagrams giving rise to the process of four-graviton scattering.

The contributions from different diagrams to the amplitude for gravitons with all helicities +2 are
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These results themselves contain a nontrivial piece of information. In fact, in such a covariant gauge as the
harmonic one we have chosen, at any energy scale the propagator behaves like
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=

1

k2
− 1

k2 − γ′−1
(43)

and because of the small k expansion
[

k2
(

1 − γ′k2
)]−1

= k−2 + γ′ − γ′2k2 + . . . we would expect quantities
dependent on arbitrary powers of E2 , whereas we find that only energies up to the fourth power show up
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(
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)

sin4 θ
2
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Scattering Amplitudes in Higher-derivative Gravities

Stelle Quadratic Gravity: κ−2

4
R + αR2 + βR2

µν → same of κ−2

4
R (ext. gravitons) .

Weyl Gravity αC2

µνρσ
→ same of 0 (ext. gravitons) .

Nonlocal Gravity: R + Rγ0(!)R + Rµνγ0(!)Rµν
→ same of κ−2

4
R .



Theorem. All the n-point functions in any gravitational theory

(in particular super-renormalizable or finite) with an action

Lgr = −2κ−2
D

√
−g [R + R γ0(!)R + Ricγ2(!)Ric + V(R,Ric,Riem,∇) ] ,

give the same on-shell tree-level amplitudes as the Einstein-Hilbert theory,

LEH = −2κ−2
D

√
−g R, provided that the potential V is at least quadratic in Ric and/or R.

In particular for any theory in which we can recast the potential in the following form

V = Ric · Ṽ · Ric ≡ Rµν [Ṽ(R,Ric,Riem,∇)]µνρσRρσ ,

the theorem is valid.

Proof. Based on the Anselmi’s field redefinition theorem.

S(g′) ≡ SEH(g′) ≡ SEH(g) + Rµν(g)Fµν,ρσ(g)Rρσ(g) = S′(g) ≡ Sgr(g).

g′i = gi + ∆ijEj = gi + (Fij + . . . )Ej .



Question. Is the theory really nonlocal (perturbatively)?

No!

∗ The tree-level n-point scattering amplitudes are the same

of the local Einstein theory.

∗ At one-loop the non locality makes the difference,

but any theory is nonlocal at quantum level.



Gauge Theory



Universal Gauge & Gravitational Theories

−
1

2g2

∫

d4x trF 2
in D = 4 like −

2

κ2
2

∫

d2x
√

|g|R in D = 2

LYM = −
1

4g2
YM

[

tr FeH(−D
2

Λ)F + VYM

]

(GAUGE − THEORY).

Lgr = −2κ−2
D

√

|g|

[

R + Gµν
eH(−!Λ) − 1

!
Rµν + Vgr

]

(GRAVITY).



Finite Yang-Mills Gauge theory

Killer Operators

L.M. , M. Piva, L. Rachwal.

Lfin, gauge = −
α

4
tr

[

Fe
H(D2

Λ
)
F +

sg

Λ4
F

2(D2
Λ)γ−2

F
2
]

1. −
sg

4g2Λ4
F a

µνFµν
a !

γ−2

Λ

(

F b
ρσF

ρσ
b

)

,

2. −
sg

4g2Λ4
F a

µνF
µν
b (D2

Λ)γ−2
(

F b
ρσF ρσ

a

)

.



Lct := −
α

4
(Zα − 1)Fµν

a
F a

µν
= −Ldiv = −

1

ϵ
βα Fµν

a
F a

µν
.

β(γ)
α = −

5 + 3γ + 12γ2

192π2
C2(G) , γ ≥ 2 ,

1. β(sg)
α =

sg

2π2ω
,

2. β(sg)
α =

sg

4π2ω
(1 + NG).

β(γ)
α + β(sg)

α = 0 =⇒ s∗g = −2π2ωβ(γ)
α .

Lfin, gauge = −
α

4

[

F a
µνeH(D2

Λ)Fµν
a + ω

(5 + 3γ + 12γ2)

96Λ4
C2(G)F a

µνFµν
a !

γ−2
Λ

(

F b
ρσF ρσ

b

)

]

.



−i
e−H(k2)

k2
(

1 + βα e−H(k2) log(k2/µ2
0)

) .

Dressed Propagator

Asymptotic Freedom, Finiteness, and Landau Pole

sg =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

< 5+3γ+12γ
2

96
ωC2(G) , Landau pole,

= 5+3γ+12γ
2

96
ωC2(G) ≡ s∗g , finiteness,

> 5+3γ+12γ
2

96
ωC2(G) , asymptotic freedom.



hµν

Matter



Coupling to Matter
Di Xu, L. Rachwal, L.M..

• Gravity does not affect the matter beta functions for γ > 1.

Standard model beta function remain untouched.

• Conversely, matter fields change the gravity beta functions → no more super-renormalizability.

The result is exactly the one evaluated for semiclassical gravity (gravitons can only be external lines)

(Ns scalars, Nf spinors, Nv vectors),

Γ(1)
div =

1

ϵ

1

16π2

∫

d4x
√

|g|
[

βλ̄ + βR R + βC2C2
µνρσ + βR2R2

]

,

βλ̄ =
1

2
m4

s − 4m4
f ,

βR = Nsm
2
s

(

ξ −
1

6

)

+
2

3
N2

f m2
f ,

βC2 =
Ns

120
+

Nf

20
+

Nv

10
,

βR2 =
1

2
Ns

(

ξ −
1

6

)2

.

A nonlocal extension of the standard model of particle physics restores super-renormalizability,

(all the leading kinetic and interaction operators for matter and gravity have the same scaling.)

∗ In the theory we have now more room to accommodate asymptotic freedom and/or

unification for all the four fundamental interactions.

∗ Moreover, if other local operators are added to the non-local action we can construct

a completely scale invariant standard model of particle physics.

Shapiro (Lectures in Shanghai)



Killers for βR2 and βR2
µν

: R2
!

γ−2R2
and R2

µν!
γ−2R2

µν ,

Super-renormalizable or Finite Standard Model

Nf∑

a

ψ̄a iγµ
Dµ,aeH(γµD2

µ,a) ψa + (DµΦ)†eH(D)(DµΦ) − µ2Φ†eH(D)Φ − λ(Φ†Φ)2.

sA , sB , sW =⇒ Unification with GN/GN,0 .

Three killers for β
SU(3)×SU(2)×U(1)
F 2 :

sAF 2
A!

γA−2F 2
A , sW F 2

W !
γW−2F 2

W , sBF 2
B!

γB−2F 2
B .

Gravity

Asorey, Lopez, Shapiro



Exact Solutions,

Conformal Invariance

Spacetime Singularities,

L.M., L. Rachwal (2014)



Singularity Theorem in non-local gravity

Given the EOM : E = 8πGNT ,

the following implication turns out to be true,

• Rµν = 0 & Tµν = 0 =⇒ Eµν = 0 ;

• Rµν = 8πGNTµν & T µ
µ = 0 =⇒ Eµν = 8πGNTµν .

Therefore,

• all Ricci flat spacetimes are exact solutions;

• all the FRW spacetime sourced by conformally coupled matter are exact solutions.

The theorem works for any potential at least quadratic in the Bach tensor.

L.M. , Leslaw Rachwal



EOM

Eµν =
δ
[

√

|g|
(

R + RγS(!)R + BαβγB(!)Bαβ + V (B)
)

]

√

|g|δgµν
= 8πGNTµν ,

Gµν −
1

2
gµν (RγS(!)R) −

1

2
gµν

(

BαβγB(!)Bαβ
)

+2
δR

δgµν
(γS(!)R) +

δBαβ

δgµν

(

γB(!)Bαβ
)

+
δBαβ

δgµν
(γB(!)Bαβ)

+
δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

+
δ!r

δgµν

(

γB(!l) − γB(!r)

!l − !r
BαβBαβ

)

+
1

√

|g|

δV (B)

δgµν
= 8πGNTµν .

Proof.

• Ricci flat spacetimes :

Rµν = 0 & Tµν = 0 =⇒ Bµν = 0 =⇒ Eµν = 0 .

Schwarzschild, Kerr, Kasner, etc. are EXACT SOLUTIONS .



FRW for Radiation is an EXACT SOLUTION .

Gµν −
1

2
gµν (RγS(!)R) −

1

2
gµν

(

BαβγB(!)Bαβ
)

+2
δR

δgµν
(γS(!)R) +

δBαβ

δgµν

(

γB(!)Bαβ
)

+
δBαβ

δgµν
(γB(!)Bαβ)

+
δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

+
δ!r

δgµν

(

γB(!l) − γB(!r)

!l − !r
BαβBαβ

)

+
1

√

|g|

δV (B)

δgµν
= 8πGNTµν .

Proof.

EOM

FRW =⇒ Gµν −
1

2
gµν (RγS(!)R) + 2

δR

δgµν
(γS(!)R) +

δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

= Tµν .

trT = 0 =⇒ R = 0 =⇒ G = 8πGN T =⇒ Big Bang Singularity .

• FRW spacetimes :



gµν = (φ2 κ2

D)
2

D−2 ĝµν ,

L4 = −2κ−2

4

√

|g|R(g) = −12φ

(

−! +
1

6
R

)

φ.

Einstein conformal gravity

Nonlocal conformal gravity

Lg = −2
√

ĝ

[

φ2R(ĝ) +
4(D − 1)

D − 2
ĝµν∂µφ∂νφ

]

−
2

κ2
D

√
g [R(g) γ0(!)R(g) + Ric(g) γ2(!)Ric(g) + V(g) ]

∣

∣

∣

φĝ
.
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Conformal Invariant Gravity

ĝµν → Ω2(x) ĝµν , φ → Ω
2−D

2 (x)φ .



Quantum nonlocal conformal gravity

gµν =

φ2

︷ ︸︸ ︷

(φ̄ + ϕ)2 (

ĝµν

︷ ︸︸ ︷

¯̂gµν + ĥµν ) ,

(Fradkin, Tsytlin, Percacci.)

Z
(

ḡµν = φ̄2 ¯̂gµν

)

=

∫

D

[

φ(−ĝ)
1

8

]

D

[

ĝµν(−ĝ)−
1

4

]

∆diff
FP (g) δ(χ(g)α

− ℓα)∆conf
FP (φ) δ(χ(φ) − ℓ) eiS(g)

∣

∣

∣

gµν=φ2ĝµν

=

∫

e
1

4
δ4(0)

R

d4x log
√

−ĝ
DϕD

[

ĝµν(−ĝ)−
1

4

]

det(Cαβ(ḡ))
1

2 e
1

2
χα(g)Cαβ(ḡ)χβ(g) det(Mdiff

αβ (ḡ)) det(φ̄ + ϕ) δ(ϕ − ℓ)eiS(g)
∣

∣

∣

φĝ
,

Z
(

ḡµν = φ̄2 ¯̂gµν

)

= det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ))

∫

D

[

ĝµν(−ĝ)−
1
4

]

ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=φ̄2ĝµν

= det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ))

{
∫

D

[

gµν(−g)−
1
4

]

ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=ḡµν+hµν

}

∣

∣

∣

ḡµν=φ̄2 ¯̂gµν

= det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ))

{
∫

e−
1
2 δ4(0)

R

d4x log
√

−g
Dhµν ei[S(g)+Sgf (g)]

∣

∣

∣

gµν=ḡµν+hµν

}

∣

∣

∣

ḡµν=φ̄2 ¯̂gµν

= det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ))

{
∫

Dhµν ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=ḡµν+hµν

}

∣

∣

∣

ḡµν=φ̄2 ¯̂gµν

.



√

|g|R2 ,
√

|g|R2

µν ,
√

|g|R ,
√

|g| =

√

|ĝ|φ4 , gµν = φ2κ2

4 ĝµν .

Counterterms

. . . all conformal invariant.

1

ϵ
φ−ϵOi(φ

2ĝ; ϵ) ≈
1

ϵ
(1 − ϵ log φ)Oi(φ

2ĝ; ϵ) =
1

ϵ
Oi(φ

2ĝ) + Õi(φ
2ĝ) − log(φ)Oi(φ

2ĝ),

√

|g| = φD−ϵ
√

|ĝ| =

conf. inv.
︷ ︸︸ ︷

φD
√

|ĝ| φ−ϵ =
√

|g|φ−ϵ .

In DIMREG :



Gauge Fixing or Spontaneous Symmetry Breaking

gµν
︸︷︷︸

10

= φ2

︸︷︷︸

1 comp.

× ĝµν
︸︷︷︸

10 comp.

or gµν
︸︷︷︸

10

= φ2

︸︷︷︸

1 comp.

× ĝµν
︸︷︷︸

9 comp.

.

ĝµν → Ω2(x) ĝµν , φ → Ω
2−D

2 (x)φ .

Splitting : gµν := e
2ω(x)

ĝµν .



L =
1

4
F(A)2 − |Dµφ|2 ,

Fµν = ∂µAν − ∂νAµ , Dµ = ∂µ − igAµ , φ(x) =
1√
2
v ei

θ(x)
v (v = const. and [v] = 1) ,

φ′(x) = eigα(x)φ(x) or θ′(x) = θ(x) + b v α(x) and , A′

µ = Aµ + ∂µα(x) ,

Dµφ = −
1√
2
ig v ei

θ(x)
v

(

Aµ −
1

vg
∂µθ(x)

)

.

Bµ = Aµ − ∂µθ(x)/vg =⇒ L =
1

4
F(B)2 −

1

2
g2v2

B
2 .

Or imposing θ(x) = const. ,

|Dµφ|2 =
1

2
g2v2AµAµ =⇒ L =

1

4
F(A)2 −

1

2
g2v2

A
2 .

U(1) Toy Analog Model

3 (A) + 0 (φ)

2 (A) + 1 (φ)



Introducing a new gauge-invariant field

Bµ = Aµ −
1

vg
∂µθ(x), (7.1.11)

the Lagrangian turns in

L =
1

4
F(B)2 −

1

2
g2v2B2 , (7.1.12)

which is the Lagrangian for a massive vector field with 3 d.o.f.. Therefore, we start with a theory with 3 d.o.f., 1 for
the scalar and 2 for the massless vector, plus the U(1) symmetry, and we end up with a theory containing the same
number of d.o.f, but with no more explicit U(1) invariance. Similarly, we can gauge fix the U(1) symmetry in (7.1.5)
imposing θ(x) = const., and using (7.1.10) we get (the vacuum is here Aµ = 0 and φ = const..)

|Dµφ|2 =
1

2
g2v2AµAµ , (7.1.13)

so that the action (7.1.5) turns into

L =
1

4
F(A)2 −

1

2
g2v2A2 , (7.1.14)

in full agreement with (7.1.12) when B is identified by A. One can make the following argument. We have initially
2 d.o.f. for the massless vector field and 1 d.o.f. for the scalar, but we also have the U(1) symmetry that we can
gauge fix to end up with only 2 d.o.f.. As we have seen this argument is incorrect because the gauge fixing does not
eliminates θ(x), which is actually converted into the longitudinal polarization of the vector field (7.1.14). In gravity
the metric plays the role of the massless vector in the above gauge theory example and the scalar compensator the role
of the scalar θ(x). In the process of gauge fixing the Weyl symmetry, we start with 9+1 d.o.f. and we end up with the
same number of d.o.f., namely 10, but with φ absorbed in ĝµν , which becomes identical to gµν . In other words in the
spontaneous symmetry braking process the degrees of freedom can not disappear, but just undergo a redistribution.
Here we did not introduce any potential for the gauge theory as long as for the compensating field φ in gravity. Indeed,
in both cases the scalar is a spurious d.o.f. that can be completely fixed to a constant. Moreover, any perturbation ϕ
of the scalar φ around the constant vacuum is confined on the gauge orbit too. Therefore, ϕ is not a physical d.o.f.
and can be gauged away. One could worry about the stability of the vacuum solution φ = κ−1

D , ĝµν = ηµν . However,
the gravitational theory in the spontaneously broken phase is perturbatively stable as the presence of neither ghosts
nor tachyons around the Minkowski vacuum shows (see section 2.1.1).

Let us now summarize the similarity of the gauge model in this section with the spontaneous braking of the Weyl
symmetry in gravity. For this purpose we can have recourse to the following table of correspondences

Before spontaneous symmetry breaking:

gauge theory (3 d.o.f.) gravity (10 d.o.f.)

Aµ(x) (2 d.o.f.) ĝµν(x) (9 d.o.f.)

θ(x) (1 d.o.f.) φ(x) (1 d.o.f.)

After spontaneous symmetry breaking:

gauge theory (3 d.o.f.) gravity (10 d.o.f.)

Bµ(x) (3 d.o.f.) gauge invariant gµν(x) = φ2ĝµν (10 d.o.f.) conformal invariant

69
Indeed, the replacement gµν(x) = φ2ĝµν in the gravitational theory to end up with a theory for the field gµν is
equivalent to the replacement Bµ = Aµ − (vg)−1∂µθ(x) in the gauge theory (7.1.5) to end up with the theory for a
massive vector Bµ.

Equivalently we achieve the spontaneous symmetry breaking by the gauge fixing of respectively U(1) gauge sym-

metry and Weyl symmetry. The correspondences are given in the table below.

gauge theory (3 d.o.f.) gravity (10 d.o.f.)

θ(x) = const. φ(x) = const. = 1

Aµ(x) ≡ Bµ(x) (3 d.o.f.) ĝµν(x) = gµν (10 d.o.f.)

Last comment is about the 9 d.e.f. of the metric ĝµν . Is this number preserved by a Diff.? To answer this question
we must first impose some condition on the metric ĝµν . For example we can impose

√
−ĝ = 1. Making a general

coordinate transformation the latter condition is non preserved and we end up wit a new metric with
√
−ĝ′ ̸= 1,

indeed
√
−ĝ′ =

∣∣∣∣
∂x

∂x′

∣∣∣∣
√
−ĝ =

∣∣∣∣
∂x

∂x′

∣∣∣∣ ̸= 1 . (7.1.15)

However, the symmetry group is not just Diff, but Weyl×Diff that allows us to make a particular rescaling of the
metric ĝµν → Ω2ĝµν while the coordinates are left unchanged x → xΩ = x. The full action of the symmetry group
Weyl×Diff gives:

√
−ĝ′ =

∣∣∣∣
∂x

∂x′

∣∣∣∣Ω
4
√
−ĝ =

∣∣∣∣
∂x

∂x′

∣∣∣∣ = 1 for Ω =

∣∣∣∣
∂x

∂x′

∣∣∣∣
−1/4

. (7.1.16)

Therefore, the number of d.o.f. of the metric ĝµν stays the same and the splitting 1 + 9 of the metric gµν = e2ω(x)ĝµν

is preserved by the symmetry of the theory. Notice the difference with unimodular gravity where the symmetry group
has to be changed consistently to preserve the condition

√
−g = 1.

7.2 Conformal Quantum Gravity

Let us now explicitly prove that the theory is anomaly-free, or, which is the same, that the theory is completely finite
under quantization. There are two famous examples of conformally invariant gravitational theories in D = 4, namely

L1 = aW + αvR
∗R , (7.2.1)

L2 = −12φ

(
−! +

1

6
R

)
φ+ 2λφ4 + aC2 + αvR

∗R. (7.2.2)

These Lagrangians are useful tools for understanding the connection between conformal symmetry and the singularities’
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anomalous. In the next subsections we explicitly show that the weakly non-local theory is finite and then free of Weyl
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√
−ĝ′ ̸= 1,

indeed
√
−ĝ′ =

∣∣∣∣
∂x

∂x′

∣∣∣∣
√
−ĝ =

∣∣∣∣
∂x

∂x′

∣∣∣∣ ̸= 1 . (7.1.15)
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−ĝ′ =

∣∣∣∣
∂x

∂x′

∣∣∣∣Ω
4
√
−ĝ =

∣∣∣∣
∂x

∂x′

∣∣∣∣ = 1 for Ω =

∣∣∣∣
∂x

∂x′

∣∣∣∣
−1/4

. (7.1.16)
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can be read in numerous papers by Mannheim [144].
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If (ĝµν , φ) is a solution =⇒ (ĝ∗µν , φ∗) is a solution, where ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ .

FRW : ds∗2 = S(t)ds2 , ds2 = a2(t)(−dt2 + dx⃗2) ;

S(t)−1 = a2(t) .

BKL : ds2 = −dt2 + a1(t)dx2
1 + a2(t)dx2

2 + a3(t)dx2
3 ,

ai(t) = t2pi (i = 1, 2, 3) ,

3
∑

i

pi =
3

∑

i

p2
i = 1;

R̂iem2(ĝ∗

µν) =

4

(

4(L2+t2)4

u2+u+1 −

8(L2+t2)4

(u2+u+1)2
+

4(L2+t2)4

(u2+u+1)3
+ 3L4

(

L4 + 4L2t2 + 8t4
)

)

(L2 + t2)6
.

Spacetime Singularities and Conformal Invariance
Narlikar, Kembhavi (1977).

ds
∗2 = S(t) ds

2 =
t2 + L2

t2

[

−dt
2 + a1(t)dx

2

1 + a2(t)dx
2

2 + a3(t)dx
2

3

]

.

Belinski, Khalatnikov, Lifshitz



gSch
µν = (φκD)

4

D−2 ĝµν = (φ∗ κD)
4

D−2 ĝ∗µν ⇐⇒ ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ.

Schwarzschid Singularity

ds∗2 ≡ ĝ∗µνdxµdxν = S(r)ĝµνdxµdxν = S(r)

[(

1 −

2m

r

)

dt2 +
dr2

1 −
2m
r

+ r2dΩ(2)

]

,

φ∗ = S(r)−1/2κ−1
4 .



gSch
µν = (φκD)

4

D−2 ĝµν = (φ∗ κD)
4

D−2 ĝ∗µν ⇐⇒ ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ.

S(r) =
1

r2

(

L4

r2
+ r2

)

,

ds∗2 = −

1

r2

(

L4

r2
+ r2

) (

1 −

2m

r

)

dt2 +
1

r2

(

L4

r2
+ r2

)

dr2

1 −

2m

r

+

(

L4

r2
+ r2

)

dΩ(2) .

K̂ =
1

(L4 + r4)6
[16r

2(L16(39m
2
− 20mr + 3r

2) + 2L
12

r
4(66m

2
− 32mr + 3r

2)

+L
8
r
8(342m

2
− 284mr + 63r

2) + 12L
4
m

2
r
12 + 3m

2
r
16)].

r = 0 Singularity in Conformal Gravity ≡ r = 2m Singularity in GR .

Hawking Temperature : TH =
1

8πm
∀ S(r) .

Schwarzschild Singularity = one element of the gauge orbit



Massive particle probe: Sm = −m

∫

√

−ĝµνdxµdxν = −m

∫

√

−ĝµν
dxµ

dλ

dxν

dλ
dλ ,

Proper time gauge :
dŝ2

dτ2
= −1 .

Conformally coupled probe: Sm = −

∫

√

−f2φ2ĝµνdxµdxν = −

∫

√

−f2φ2ĝµν
dxµ

dλ

dxν

dλ
dλ ,

Proper time gauge :
dŝ2

dτ2
= −1 ,

solution : τ =
4M2

− 3L2

3M
−

(

r2
− 3L2

)

√

2r
M

3r
.

Light: dŝ2 = 0 ,

Killing vectors: ξα = (1, 0, 0, 0) , ηα = (0, 0, 0, 1) ,

e = −ξ · u = −ξαuβ ĝαβ = −ĝttu
t = S(r)

(

1 −

2M

r

)

dt

dλ
= S(r)

(

1 −

2M

r

)

ṫ ,

solution : λ(r) =
1

e

[

L4

3r3
−

L4

3r0
3

+
2L2

r
−

2L2

r0

− r + r0

]

.

Geodesic Completion
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�

�
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��

��

��

�

τ
(�)

I+
L

I+
R

I−
RI−

L

r = 0

r
=

2
m

r
=

2
m

r
=

2m

r
=

2m

r = 0

Spacetime Structure



lim
r→0

θRay = 0 .

Raychaudhuri Expansion Parameter

Bambi, M., Rachwal, Wang.

r = 0



Kerr Singularity

ds∗2 ≡ ĝ∗µνdxµdxν = S(r, θ)ĝKerr

µν dxµdxν ,

φ∗ = S(r, θ)−1/2κ−1

4
,

S(r) =

(

1 +
L2

r2 + a2 cos2 θ

)4

.

C. Bambi and collaborators: Upper bound on L.

L ∝ m (black hole mass).

Bambi, M.,Rachwal, Wang.

K =
1

(L2 + r2 + a2 cos2 θ)12
× polynomial(r, θ, m, a, L) .



lim
r→0

(

lim
ϑ→π/2

K(r, ϑ)

)

=
8M2

3πθ3
,

lim
ϑ→π/2

(

lim
r→0

K(r, ϑ)
)

= 0.

Conformal Gravity Other ...

Kretschmann Scalar



Weyl Rescaling

Ω2 = S(r) = 1 +
L

r4
,

ds2 = S(r) ds2
Sch .

Gullstrand–Painlevé coordinates

t = tr + f(r) ,

f(r) = −

∫

√

2M/r

1 − 2M/r
dr = 2M

(

ln

(

y + 1

y − 1

)

− 2y

)

,

y =
√

r/2M ,

SINGULAR in r = 2M ,

ds2 = −

(

1 −

2M

r

)

dt2
r

+ 2

√

2M

r
dtrdr + dr2 + r2dΩ(2) .

Analogy ..



I+
L

I+
R

I−
RI−

L

r = 0

r
=

2
m

r
=

2
m

r
=

2m

r
=

2m

r = 0Ω
2 (x)

Ω
2 (x

)

Conformal Gauge Orbits

Metric Superspace



I+
L

I+
R

I−
RI−

L

r = 0

r
=

2
m

r
=

2
m

r
=

2m

r
=

2m

r = 0

I
+

I
−

r = 0 i
0

i
+

i
−

V. Frolov, C. Bambi, D. Malafarina, LM

Bambi, Porey, Rachwal.



Quantum Gravity in Cut-Off Regularization Scheme

Lg = −
2

κ2
4

(

R − 2Λcc + Gµν
eH(!) − 1

!
R

µν + s1R
2
!

γ−2
R

2 + s2Ric
2
!

γ−2
Ric

2
+ sκR

2
!

γ−1
R

)

.

βκ = 0 , βR2 = 0 , βRic2 = 0 ,

βΛcc
̸= 0 .

Stefano Giaccari, LM, Les!law Rachwa!l, Yiwei Zhu.



Finite Entanglement Entropy (replica trick)

Sent = (α ∂α − 1)W (α)|α=1

Eα = Σ × Cα ,

Σ : two dimensional surface ,

Cα : cone with deficit angle δ = 2π(1 − α) .

W (α) =
1

2
det (H(graviton, matter)) ∝ B0

︸︷︷︸

Λcc

k4 + B2
︸︷︷︸

R

k2 + B4
︸︷︷︸

R2

log

(
k2

µ2

)
∣
∣
∣
∣
∣
Eα

.

Sent =
A

4GN

, (only from the classical EH operator).

W (α) =
1

2
log det

(

Hgr(gµν , Ac
µ, Φ, Ψ)

)

∝ B0
︸︷︷︸

Λcc

k4 + B2
︸︷︷︸

R

k2 + B4
︸︷︷︸

R2, Ric2

log

(
k2

µ2

)
∣
∣
∣
∣
∣
Eα

.

Full agreement between Classical Wald Entropy and Quantum Field Entropy.



LC =
1

2
κ−2

D

√

|g|
[

R + CγC(!)C + RγS(!)R + Vg(C)
]

,

γC =
D − 2

4(D − 3)

eH2(!) − 1

!
, γS = −

D − 2

4(D − 1)

eH0(!) − 1

!
,

D = 4 : γS = −
1

6!

[

eH0(!)

(

1 −
!

M2

)

− 1

]

,

H0(!) =
a

2

[

Γ
(

0, pγ(!)2
)

+ γE + log
(

pγ(!)2
)]

,

pγ(!) =
M2

M2

1

M2γ
!

γ−5(!2 + M2
! + M4)2(! − M2) , γ > 5 .

a(t) = a0

√

ts − te
σ(ts−t)2

.

Starobinsky Inflation



1. Perturbative Unitarity

2. Super-renormalizability ,

3. Finiteness ,

4. Non-perturbative Unitarity (work in progress) ,

5. n-point scattering amplitudes ,

6. The beta functions depend at most on 3 parameters ,

7. Universal regular Newtonian potential ,

8. Quantum Conformal Invariance ,

9. Singularity free spacetimes (black holes, FLRW, etc.) ,

10. Finite Entanglement(-conical) Entropy ,

11. Well define theory in (A)dS ,

12. Starobinsky Inflation ,

13. Finite nonlocal gauge theory ,

14. Towards a finite Standard Model .

Achievements
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Lg = −2κ−2
D

√
−g

(

R + Gµν
eH(−!Λ) − 1

!
Rµν

+ s1R
2
!

γ−2R2
+ s2RµνRµν

!
γ−2RρσRρσ

)

.

We have Finite Quantum Gravity !!!


