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Super-renormalizable Gravitational Theories.
e Unitarity (no ghosts).

e Renormalizability (Dimensional Regularization)

e [Finite gravitational theories,

e Finite gauge theories,

e Towards a finite theory of particle physics.
e [kxact solutions and spacetime singularities :

e Ricci flat, (A)dS, FRW spacetimes.

e Singularity theorem in nonlocal gravity.

Scattering amplitudes.

Conformal invariant quantum gravity.

Nonsingular spacetimes in Conformal gravity.




Gravity

Finstein Gravity

SEn = 2K ° / d®z\/—gR(g).

Quadratic Starobinsky Gravity

Ss = 2/£42/de\/—9 (R+€R?) .
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Planck Results

Sg = 2%Z2/de\/—g (R+ €R?) .
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Quantum Field Theory of Gravity




Empirical Evidences

General Covariance,
Perturbative Quantum Field Theory (gravitons observed),

Higher Derivative Theory (Starobinsky Inflation more reliable).

_|_

(Super-)renormalizability in Quantum Field Theory.

Nonlocal or Lee-Wick Gravity.




Einstein Gravity

K °R



Superficial degree of divergence of a Feynman diagram

Sp 11 = 272 / d'z/[gIR(g)

Expansion in gravitons :

Guv — Nuv + KJDh/u/ .

Leyg = OhOh + kK hOhOh + k*h?0hOh + - - - + k" h"OhOh + . . ..

S](él;—gravitons) _ >< n n n
4 )
1 I
L : number of loops, DIVERGENCE /(de)L (_2> pZV,
V' number of vertices, p
I : number of internal lines in the graph.
Topological relation : L=1+1-1YV, 0=LD+2V-2I=2+(D-2)L,
D=4 — 0=2+42L.
g J
4 )
Regularization: S = /de g1 [2/{_2 R+ % Z V*"R™ } .
n+2m:;—(D—2)L
\ _J




Quantum Gravity & Quantum Electrodynamics

Peturbative Peturbative
Quantum Gravity Quantum Electrodynamics

1

L~=— /= 1 _
¢ 167TGN gR(g) LED — _ZFQ(A) + Lm(w) + e],u(w)A'u ’
Guv = NMuv + Ky A, — ALO) +A,,
N~

=0

L ~ Ohdh+ Y  k"h"0hoh

l Quantization of A, ‘ Quantization of A4,
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Log = —\/_—g{/i_2 R+ a1 R® + ag Ry R*
_ 1 2 / / ! - N\ A
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Quadratic Gravity

Stelle, Fradkin, Tseytlin, Barvinsky, Vilkovisky, Tomboulis, Antoniadis, de Berredo-Peixoto, Shapiro.
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Higher Derivative Quantum Gravity (Stelle 1977)

R 2)\ 1 1
_ 4 2 2 2
Propagator
S = /d4x\/_ - 5 +i R, ——R2 +—R2
f2 3f2
2 N;
(2) (0)
G(p) = r P + gauge terms.

p? (1 + %pQ) 2p? (1 — gT’pr)

Power Counting Renormalizability

CIVERCGENCE /( o) ( ]% )f () = / (dp)HE < ]% )IV ) / (dp)4L(

§ <AL —4(L—1)=4.




Regularization & Renormalization

_|_

S — /d4a;\/—

——+—(R2 ——R2> 3f2 R? 35,2 e/d 33\/_[52( —%R2>+ﬁ3R2+ﬁ4R+ﬁs —

Asymptotic Freedom

1 I
f(t), w(t), A(t), where t:= (Im)? log e

f(0)?
1+ f(0)26st

huw — () hyw

(1) =

Suv ~ iz (f2hOh+...) + (RO°h + O(f)) — w (hO%h+ O(f)) .




Unitarity Violation

P®2) Po)
G(p) = — + gauge terms =

D2 (1 -+ %pQ) 2p? (1 — gT’pr)

1 1 PO [ 1 1
p? + 25 2 |p* prype




Can we do more? Can we have finite Stelle’s quantum gravity?

Yes!

Conformal Supergravity N=4 coupled
to N=4 SYM with gauge group SU(2) x U(1) or U(1)%.

ES. Fradkin and A.A. Tseytlin,
Conformal anomaly in Weyl theory and anomaly free superconformal theories,
Phys. Lett. 134B (1984) 187—193.



Postulates

1. Spacetime diffeomorphism invariance.
2. Unitarity.
3. Weak non-locality.

4. Super-renormalizable or finite.



Classical Guiding Principle

Desingularization

e General covariance |,

o VG =0

e GRAVITY = CURVATURE ,

e low energy limit (Mp — +00) — Einstein’s gravity,

e non singular classical solutions. Ex. Black holes (r ~ 0) :
2

ds® ~ —(1—r®)dt* + +72d0® | az2.

1l —ro




Quantum Guiding Principle
Super-renormalizability or Finiteness

e Renormalizability and/or super-renormalizability,

1
G(p) - —, n >4 in the UV,
pn

e Unitary quantum theory (ghosts free),

f(p)

G(p) x Rl f(p) does not have poles.

e Decreasing of the “spacetime dimension” at small distances :
ds < 2.




Classical Guiding Principle

Desingularization

Quantum Guiding Principle

Super-renormalizability or Finiteness
i yes——— =




Conjecture

Singularities
in Classical field Theory

i

Ultraviolet Divergences

in Quantum field Theory




Conjecture

Singularity-Free Classical Gravity

|

Finita Quantum Gravity
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NONLOCAL GAUGE THEORIES
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Nonlocal Quantum Gravity

All theories of gravitation based on the use of local Lagrangians ar
In this section, we construct a superrenormalizable nonlocal Lagra
rely gravitational field. The generalization to the supersymmetric case

le.

We choose the nonlocal Lagrangian for the gravitational field in the
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Finite nonlocal gravity
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A version of a nonlocal, superrenormalizable theory of gravi
certain values of the Lagrangian parameters the ultraviolet ¢

Ttis well known that the quantization of general relativ-
ity using the background-field formalism leads to a non-
renormalizable theory.! The addition to the Lagrangian of
terms proportional to the square of the curvature tensor
makes the theory renormalizable, but leads to a loss of uni-
tarity at the tree level.? Here we abandon the locality of the
Lagrangian in order to reconcile the properties of unitarity
and renormalizability.

We write the Lagrangian as

:_1/?[% R+oc,Rf1( i‘; )R

)t yRn, ( 2 ) an . (1)

RLoAC

Here [, is the D’ Alembertian constructed from covar-
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tions containing an infinite se ivative theory is recovered expanding the entire functions to th
expansion of a transcendente Super-renormalizable and finite gravitational theories Qi 1y ncaton of Qo entteitinetions pives foe t0 Cie.
. the infinite series, we do not fall into these troubles. The fti
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The Lagrangian

L.M., L. Rachwal

Lg = —2/61_)2 vV — g (R + R’YQ(D)R + Ruy72(D)RMV + R,LW,OU'M(D)RLW/OJ + V(R))7

(D —2)(eto — 1) + D(ef2 — 1)
A4(D — 1)

vo(H) = - Fy4(0)




D=4

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

Lip =

2
92
Ky

H(—

A)

R+ G-

RF




Nonlocal Gravity in Einstein (Ricci) Basis

L.M., L. Rachwal

Ly = —25°/|g] [R + Gy (—Ua)Ric + Rys (—UA)R + Vg} )

et . D=2 eff> — et
VG = V2 = N s VST = 272 Y0 = 4(D—1) ]

Unitarity: Anselmi, Piva.
F. Briscese, LM, S. Tsujikawa




Nonlocal Gravity in Weyl Basis

Y. D. Li, M., Rachwal, Koshelev, Starobinsky.

Lo = —265" /]9l |[R+ Cro

Vo =

D—2 eH2 1

4(D — 3)

;s =

)C + Ras(L)R + V(C)|

D—2 eHo 1

4(D —1)




Nonlocal Gravity in Bach Basis
L.M., L. Rachwal

Ls = —2k5°V]9] [R + Bayys(0)B* + Rys(O)R + V(B)} :

Bac — vbvdcfabcd — Rbdcabcd —

D—3 D—3 DD-3) ., D-3 , D-3 y
= ——[] ac R'ac Ra RC_—R Cac — acR R
D —g fac ~ grp —py e T p gy Helle — 5 bed ™ (D — )2 dactid
o RRac_ acDR acR — R Ca cd -
(D—1)(D -2y 2D—-1(D—2) %" T DD =22 bed




The Form Factor (general properties)

VHz) = ef(2).

e V1(2) has no zeros on the whole complex plane |z| < +o0.
Therefore there are no gauge-invariant poles other than the

transverse massless physical graviton pole.

e [V !(2)| has the same asymptotic behavior along the real axis at =+ oo.

e There exists © > 0 and © < 7/2, such that asymptotically :

V=H2)| = [z when |z2| — 400

(7 2 Deven/2 & v = (Dogqa — 1)/2 respectively),

for z in the conical regions C defined by :
C={z] —O<argz<+0, 1—0 <argz <+ 6O} D —4




Viz) = ef(2)

w

Prv+1(2) 1 _
H(z):/0 ! f(w>dw.

1. py+1(2) : real polynomial of degree v+ 1, p,4+1(0) =0,
2. f(z) : entire and real function on the real axis with f(0) =1,

3. |f(2)] = 0 for |z| — oo in the conical region around the real axis.

f(z) = e () g 1 (2) (entire function of finite order |f(2)| < el*").
a. gpoly(2) @ polynomial such that gpe1y(0) = 1.
. deg(only(z)) < P, (Qpoly = Cn s + -+ z° , Cp > 0.

No zeros = gpoly(2) = 1.




The Form Factor (explicit example)

Tomboulis, M., Rachwal.

2 1 1 1 E )
PO (= i+ 0 () e ) e b e

pb(2)




Unitarity



Propagator and Unitarity
2 d.o.t.

38




Propagator and Unitarity
3 d.o.t.

F. Briscese, LM, S. Tsujikawa

Juv — Nuv + /{h,ul/

For HQ( )#Ho( )Z

i P® PO
O W) = emtm ™ (D 2) i2oal (1+52)
p) p©) PO

" k2eH: (D — 2)k2eHo " (D — 2)eHo (k2 + m?2)

A. koshelev, LM, L. Rachwal, A. Starobinsky




Perturbative Unitarity

STS=1, S=1+iT = T-T'=iT'T.

f—zZkaT;%.

Def. Disc(Tt;) = Tri(s+i€) — Tri(s — 1€) .

If (Tif(s+ie)* =Tyi(s—ie) = |Disc(Ty;) =1y TpiThi.

QImTzf > 0].




1
Lre = 5hu”0uv,pa h?? — g h,, ©".

Amplitude :

S =iT = (=i)?g” 0" iApuv.pe O, (0Twick (P (3" )P (€)) [0) = iA p v po (k) = 1O 0 (k) -

pv,po

S.(f2) - in: (27T)D5<Pz' - Pf) Z Tz’f — (‘i)292 Sl ZAFW/,W ere

1 [/ P® PO
= (2m)P5(P; — Pr)i (—i)* O - o
(2m)76( r) i (—1) k2 4+ ic (eHz (D—2)€H0>M,/7pg ’
T
1 [/ P® PO
T,p = (—i)% O™ — e0r.
= (1) k? + ie (eH"‘ (D —2)eto )uu,pa

2ImT;r = 2Im (—i)zgz O, 6t ;@NQ e—Hz(kQ) _ @ZQ e—Ho(ICQ) k? — ie
if nv D—1 u (D_l)(D_z) ]{4—|—62
1 . on? : ;
— 242 QMY _@r2| g H2(K) _ 1 — Ho(k?)
’ H@M@ D—1@“]€ (D-1)(D-2)" kt + €2
w2
— 2g2 {@,W@W -5 i 5 } wé(kQ), for Hy(0) = Hy(0) =0.




Perturbative Unitarity

(I} d'k:) B
[T Df
[/ d*k) B
JER2

: Di:q2—m2:|:z'e,

Top(s+ie) =itV /

TE (s —ie) = (_1)LiI+V+1/ (

*

Olive : (T£(3+ie))*:T£(s—ie) or  (TE(s+ie)) =TH((s+ie)).

Perturbative Unitarity :  Disc(Typ) = Th(s + i€) — TH (s — ie) = ’LZ Ty Tkp -

Following Cutkosky and/or Eden-Landshoff-Olive-Polkinghorne (ELOP)

we derive the discontinuity formula across a branch cut:

o) (a2 — 5(+) 2y .5 (0?2 = m2
DiscTyy = (—27mi)" / BHd4kL (gi —m3) (QQQ m2)2 2(%“ m)
(C]r+1 7~+1) (ax — my)
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Summary

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011), Shapiro (local theory 1996)

GH(_DA) —1

R'uy> i ng) RS 4o C§N+2)RN+2 .

Entire Function

Vl(z) = M) = o3[T(0:0° () +75+os(" ()]

PO (s = s 10 (s )+ ) F )+ F )

Propagator

2 /A2 (0)
O~ (k) = V(ka/A ) (P(” o 2) |




Super-renormalizability



Super-renormalizability in a nutshell
Asorey, Lopez, Shapiro,M, Rachwal.

. D . D—4 B Wy
Action: /d T A /_g nyR Y 2 72, : (,dfy — E ] Y - N
1
Propagator: G(p) ~ . Vertex: V(p) ~w 2+ D
pag (p) o P TP (p) ~ wyp

AW = §P(K) / (@p)* G(p) V(p)”

= 6P (K) / (dPp)" (% p;w)l (wy P +P)Y

_ 1 ! 1%
— 5D(K) AP 1)/(de)L <p2’y—i—D) (p2fY+D)

) 1 L—1
= 5D(K) APV (B /(dDP)L <p2'y-|—D>

= P (K) AP (Agye—on)“'?), |w(G)=D —2v(L —1)|.

D
For ~ > 5 only one loop divergences.




Examples. Einstein and Stelle

/d%\ﬁ—gwm o R wﬁy:ﬂ veN.

Einstein Gravity, S = M3z / dPx\/—gR.

Stelle’s Gravity, S = /dD:B\/—g (MI%R + aR? + 5Rii/)

N —  w(G)=(D-4)L+4.




Counterterms

5D(K) AQ'V(L_l) (ACUt_OH)D—Q’y(L—l)

\V/

1 D
—/dD:E\/—gR? .
€

In general (in DIMREG) :

S S N S
€

€



Rigorous Power-Counting



(General Vertex

Seravity = /de\/—gR (Z ar(ﬂ)r> R .
r=0

/

vV = N ROD W RE) = Y 5" (V=g R) o" (Zar(—ﬂ)r> 0" (R) ,
r=0

n'’"+n+n’=N n'’"+n+n’=N

h(-0)=>» a (-0, -O=-0+I, I=-V’+0+R.

Typical contribution to v(™ :
(—O)P 7 (m1) (—0O)P2 7(m2) (—O)Ps ... (=O)P 7(my) (—O)Petr

where mi+meo+...my=n.

00 /41 (+1 h(Qz)
Se(Q1,Q2,...,Qur1) = Z&r Z H szpi — Z 741 2Z 2\
r=C  {p} S gy i=1 i=1 Hj;éi (Qi B Qj)




Qr=q +q+q+ -+ qet1,

Q2 = g2 +q3+ -+ Qs
Qe+1 = qGe+1 € R
() R () _ (Zar ) R YF‘T@T 0, [ oy (I(m))q R
=1 o r=¢

— S: S: S:ar Z (_D)pl 7(m1) (—D)p2 7(m2) (_D)pg o (_D)pe T(me) (—D)p”l R(n/)

(=1 0 r=t (p}, S pi=r—t

— ZN D! Za > (—O)Pr 20 (—O)p2 20m2) (—O)Ps ... (=O)Pe Z(me) (—O)Perr R(Y)
r=C {pi}, S pi=r—t
14
—ZW He (HIW) (@i RM) —ZN R (HIW Qz,Qm)) Se({QFH R
1
I (+1 2 /
— ZN Vo] (aZ-Q?H +b¢Qin~+1) > — O, — R
/=1 =1 1=1 jF1 ( Qj)

n /
_ Zg(n—l)ﬁl H (aiQfﬂ + biQiQi—H) 5
{=1 i=1

h(Q2) h(Q3) h(Q3) hQ%,) ] ()
X + + + -+ R
[Hﬁz (@1-Q%) I (@3-QY) TIIi;(@Q3-@Y [Tk (@2, — Q2)
1 1 1 1 1 1

~ — ~ — e

3 J— J— R

q1 q1 q2 qi1 ’ q2 ’ ’ qe




Q1 =q1 +q2+q3+ -+ qQos1,
Q2 = g2 +4q3+ -+ Qo1 ,
Qet1 = qGe+1 € R
n ¢
R(n”) . ,U(n) R(n') _ R(n//) Zg(n_l)f' H (aiQ?H + szzQH—l) X
/=1 =1
) [ QD M@ . @) h(@%:) R
I (@2-Q2)  IIHL(Q2-@2)  IIHL (@2 -q?) [Tt (@2, — @2)
1 1 1 1
q1 a1 Qe a’ @ @




Renormalization

&
Asymptotic Freedom

LM, L. Rachwal



L= _2R + 2 G,Lu/ =2 [ RMY + ng)R3 + ..o+ §N+2)RN+2
/ﬁJD K’D
N ~
+ Z [(an — )R (—0A)" R+ (by, — bn) R, (OA)" R/ﬂ/}
n=0

Vertexes

setl: R, R% R)ROR,..., RN RONR
—  R™(0%h), K (0%h)?, K™ (0%R)3, ..., R (0%h)N T2,

exp H(—[y) p(—=0x)

set2: R R = h™(0°h) (02h) ~ (V2rH2N+d pmt2y

One loop amplitudes

(K2, e2)

A(L:1) N/dngl(ghk17€1)v2(€27k27€2)'”V’n(gnakn)en)
V1) 6BYV-1). .. AV-1,)

(ka,eq) (kn,en)

—()—

1 1

: . 1.2N+4 D 2N+4
divergence : k /d 4 N RN ~ Ek :
1 1 1
counterterms : — RN12 : “R ONR : "R R ON"'R
(K, €6) e € €




Q; € {/652,5\,an,bn7c§1), e ,c(lN)} = {/4;1_)2,5\, Qi |-

Eren = L+ Ect
= L+ Q(Z,.i — I)H_Q R+ (Z;\ — 1)5\ + (chl) — 1)Cgl)R3 + -+ (chN) — 1)C§N)RN+2

+ 3 ((Zay = D R(=00)" R+ (Zy, = 1)bn Rarw (~0a)" RMY)),
n=0

Y

N
1
Lov = — BB+ O + > (@LnR (=Ua)" B+ By, By (=Ua)" RMN) + 8,0 RBP4 4 By BT
n=0

Beta functions : 5/437 ﬁj\a /Ban7/8bn ) 5051)’ T 7ﬂC§N) )

1 1 1
(Zai T 1)041, — Eﬁaz — chi =1 + 2/8047,_ 3

)

a;(p) ~ ai(po) + Bilog (%) : J




/6GN ) /BACC

N=~2>=2

Sy = / d*z+/|g]| {wN, RROYR +wy cCONC +wn_1 gRROY 'R +wy_1 cOCON IO

+wo,RR® + wo,cC” + wen R + wcc} .

n—4 1 DWN_1.C WN —
1"(1) . . H = / d4 1, N—-1,R R
EH,dIV € 6 L ‘g| wN)C’ —l_ CUN’R Y

2 2
1 1 i — (WN-1.R OWN_1C WN—-2,R . OWN—_2.C
Fé()j,div:_/daj |g|{ 2 + 5 —2( + )}
¢ YN R W C WN,R WN,C

Shapiro, Rachwal, M.




Yang-Mills & Gravity

Asymptotic Freedom

1
Lym = 27 (0) TrF? ~ dAdA + g(t)A*dA + g*(t)A*,
g

g(t)_Q = 90_2 + Ogt

—1
R“”) ~ Oh e =B 9h + kp hOh Oh + O(K2),

All the beta-functions do not depend on the gauge fixing condition.
Shapiro




Quantum Corrections to the Propagator

01 (k) ~ V (k?/A%) |
2 {14 V(R /A2) [0k + -+ exk?¥42 ] log (2) )
,,,,,, B
i Kﬁf(; X. Calmet, R. Casadio
21m((’)_1(k)):2k4i€2 o dt(k?). ° ;




Lee-Wick Quantum Gravity

LM, 1. Shapiro.

PLB, NPB

SF = /d4£li‘ —( 2/434;2 [_R + 2Acc — S0 G,LU/DSR'LW T SlR2DR2 o SQRZVDR[Q)J] Y

Sqr = /d4x\/|?| 2/@12 { — R+ 2Acc — soG L ,URM — Z(Riemg)i} :

()




Unitarity S =141

Tiy = (—i)? 0"

1 Cn c
k? + e +Zn: (kQ—n% e (772)*)

Perturbative Unitarity

CUTKOSKY, LAHDSHOFF, OLIVE, POLKINGHORNE (CLOP).




Super-renormalizable Quantum Gravity

Summary



The Lagrangian

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011), Shapiro (local theory 1996)

2

“D

L=

eH(—Ua) _

1
(R + G RW) + VR 4 VTP RNT2

(3) (N+2)}

Coupling constants : a; = {\, /<;D y A, b, e

Voi(z) = el = 03 [0 (0.p%(2)) +vE+Hog(p? (2))]
1 1 1 N -
%e‘P(d( N ‘|‘O( >—|—> ez | 4 I
e 26\ P+ e F (o)

— Z’7+N+1

p(2) , 2= -0y = —-0O/A%.

Propagator

Vv (k2/A2)

. OZNE) ~ .
D — 2) r () B2 {14V (k2/A2) [eoh? + -+ exk?42 ] log () ]

Power Counting

' W(G) = D — 2y(L —1).




Beyond Renormalizability

| < o



Could we make quantum gravity finite?

/6047; O

e Multidimensional Gravity .
e Terminating Curvature Potential ¥V ~ O(R?) .
e Supergravity .




Multidimensional Gravity




No counter terms in Odd dimension

Finite Quantum Gravity in Odd dimension

1 — Loop

Gi =0

1
”div — —
€

Ai(A) /

One loop effective action:

lcp Ap(A) +cp2Ap_2(A)+cp_as Ap_4(A) + -+ co Ag(A)] =0,

d"zR!/}

uvpo*

Ba, = B, =B =0, i€1,...,(number of invariants of order N), n=1,...,N.

_ /de (p?)* _ic%—w—k) T(n—k—D/2)L(k+ D/2)
o P+C)"  (4n)% [(D/2)T(n) ’
1
In‘ﬂl:/depz_N =0 for N < D/2.




New Gravity




1l. Scale Invariant Quantum Gravity




Multidimensional Theory

L.M. , Leslaw Rachwal

6H<_DA) 1 Y+N+2
L=-232V|g|| R+ G ——R" + D aon A7 O (0pgyu0)
n=3
‘Vr
O¢ = {Rg} 9
Os = {R* V’R’},
O10 = {R*,V’R* V'R’},
O2fy—|—2N—|—4 _ {R’V—I—N—I—2’ v2R7—I—N—|—1, V4R’}/—I—N e v2'7—|—2N—4R4’ vQ’y—I—QN—QRS} ’

V=) s Rz VI 'R?




Theoryin D =4

L.M. , Leslaw Rachwal

eI (=Ur) _q

]

L, =—2K5°vV—g (R + G R"™ + 51RO *R* + sy R, RM DVQR,X,RPU> |

VRO R sy Ry RM 2 Ryp 7,

Wo = —2 w1 = GVE/Z/A27+2.

a1 1

Fdiv — = 6}%2,/ RMVRHV + 6}%2 R2 )
€ 12

e e, o — —(3w1 + WQ)(4061W1 + 10cowq + 14ciwo — ngg)
bRz = a1S1 + a282 + €1 = 0 L= 48(20w1 + Two) !
L o o _3 3
5]:3%“/ . — bQS ---- —|— Co = 0 5y = Cows (3w + wz).
2(20&)1 -+ 7&)2)




1-loop Effective Action

Asorey, Lopez, Shapiro

Background Field Method : Guv = Guv + hpw s

ngZ/deE \g\%xu(g) C*(g) xv(g)

1
Xu(9) = Vohs — B,Vuh, CM(g)= —— (g0 + 7, VIV = V'V O, 77,

Qg

_ 1
Sen = /dD:c g1 [Ca M*5(g) CP + 5%0‘*%4 , M%g(g) =Udg + VgV —26,V*Vpg.

Zlg] = /M(Qa h) H Dhy, HDéa Hpcﬁ 1_[1)[)7 e 1S+ Fgr+Sen]
B gl

IS % e

N|—=

0%(Sup|g + h] + Set[g + h))
5hMV5hpa

Zg] = e*5:ldl {Det [

h= ]}_ (Det M*®3(g)) (Det C‘“’(g))%.




2
Vo _ 0" SHD

— 5X5 C(ST 6XT
N6 e

Shyy ~ Ohpg

Following Shapiro and BOS:

A i ic(WRic + 4
H,UJVaOéﬁ _ (CUR cg,u(pg,/)a B WR C(CURC + wR) g,uygpa) > {5gaﬁ|:|7—l—2 + Vpaaﬁ)\l..)\gwmv)\l .

4 16wr
_|_Wpo_a[3,)\1...)\27+1 v)\l o v>\2ﬂy+1 4+ (/'/{)0_04[3,)\1...)\27 v)\l . v)\% 4+ O(v2’y—l)} 7

The one-loop effective action is :

I'Vg] = —iln Z[g] = Suplg] + %ln Det(H) — iInDet(M) — %ln Det(C).

Voot




1

Trin Hyvop = (7 +2) Trln (8,05 O] + TeVi,ap™ 2 9072V Vi, -+ Vg s o+2

1 1
+TrW 'ul/,aﬁTsz N Vo, - -VT27+1 +2 + TrUMV,anwz Y29V, Vi, - - VUZW =73
1 5 A1 1 A e 1
_5 5P ¢ Ty V/w,pa 1 27+2V>\1 ".VM“LQW V;S(ﬁ,ozﬁ 1 27+2v>\,1 ..'VAIQ’Y‘FQ =5

+ (terms of higher background dimension).

no div. no div.

+wor RO'R+wp -1 RO 'R+ wp -2 RO R+ O(wo ,—3)
N———
no div.

+51R*0"2R? 4+ 53R, R (" 2R3 R’ 4 s3 R*7 'R + 5432@—23} .

Uc {ﬁRQ, A2dpe, Byip, v, Dlp, MR, “’”2}.
w




Scattering Amplitudes



Scattering Amplitudes

P. Dona, S. Giaccary, L.M., L. Rachwal, Yiwei-Zhu.

Ly = 2652 VIR + R10(D)R+ Ruya(D)R™ + Ryuwpo 1a(D)RMP).

74(|:’) — Y

<

9t(s+t) 9 9
As (-, +4) = g2 : - )+3272(8) (5% + (s +2)°) + 25" 0(s), sl
3 2 2 | 43 2

g (83 =552t — st? +83) (s + 1)

A , = —=
t(++, ++) A =
1 (25 — 1083t — s%1% + 4st> + ¢*) (s +1)? 1 t?(s +t)*
—o(t —o(t
+16W2( ) 34 +8’Y0( ) 84 ’ t channel
s3 — 5s%u — su? + u?) (s + u)?

Au(++, ++) = 9 . ) (s 1) /

3 5°U

1 u?(s +u)?
_'_gfy()(u) g4 )
4, .3 3_ 44

g s st —2st° — 1 5 o 9 o -

Acontact(“""a _|_+) — _Z 83 + _572(8) (S + (S + 2t) )—gS ’70(5) hamnel
1 . (25 — 1053t — s*t% + 4st® +¢*) (s +1)* 1 ) t2(s +t)?
1 u?(s +u)?
_§70 (u) g4 .

contact

A(++,++) = As(++, ++) + Ae(++, ++) + Au(++, ++) + Acontact (++, ++) = A(++, ++)En

Stelle, Weyl gravity, etc.



Scattering Amplitudes in Higher-derivative Gravities

Stelle Quadratic Gravity: |r;°R + aR* + ﬁwa

Weyl Gravity |aC?

Uv po

Nonlocal Gravity:

R+ Ryo(U)R + Ruwyo(U)R™

—>

—>

same of

Ky

’R

— same of |0]| (ext. gravitons).

same of

Ry

R 1.

(ext. gravitons) .




Theorem. All the n-point functions in any gravitational theory

(in particular super-renormalizable or finite) with an action
Lo = —2k5° V=g [R + R (0)R + Ricyz(0)Ric + V(R, Ric, Riem, V)],

give the same on-shell tree-level amplitudes as the Einstein-Hilbert theory,
L = —2/4:52 v—gR, provided that the potential V is at least quadratic in Ric and/or R.

In particular for any theory in which we can recast the potential in the following form

~

V = Ric- V- Ric = R,,[V(R,Ric,Riem, V)|""*?R,,,
the theorem is valid.

Proof. Based on the| Anselmi’s field redefinition theorem.

S(g") = Sen(9’) = Sen(g) + Ruw (9)F* 7 (g9)Rps (9) = S'(g) = Se(g).

i =9i + AijEj = gi + (Fiy +...)Ej.




Question. Is the theory really nonlocal (perturbatively)?

No!

x The tree-level n-point scattering amplitudes are the same

of the | local | Einstein theory.

*x At one-loop the non locality makes the difference,

but any theory is nonlocal at quantum level.




auge Theor




Universal Gauge & Gravitational Theories

1
—— | d*2trF? in D=4
2g°

like | —

— [ d’z/|g|R in D=2

2

Ko

Lyv = a2 {tl“ FGH(_D-’Q\)F + VyMm

€

H(-Ua) _1q

(GAUGE — THEORY).

Loy = _2"31_)2 9] [R + Gy

[]

R™ + vgr] (GRAVITY).




Finite Yang-Mills Gauge theory

L.M. , M. Piva, L. Rachwal.

Liin gange = —%tr [FeH (POF + 29 F2(D3)7- QFQ}

A

Killer Operators

1. Fo, PO " (FLLEL)

492[\4 pv

2. F} F (D)2 (Fo,FP7)

4g2A4 pv




Q v a 1 1% a
Lovi= =7 (Za = V) F), = —Law = ——Ba FIVF,.

5+ 3y + 1272
(v) — _ > 9
ﬁoz 1927_‘_2 CQ(G) Y fy e 9
1. (39) — Sg
Ba 22w’
2. B69) = 29 (1 4 N
2 47T2w( + Ne)

5(()7) + ﬂ((fg) =0 = S; — —27T2w5(()7).

(5 + 37 + 12+2)
96 A4

£ﬁn,gauge — _% [ngeH(D/Q\)FC/LLV +w

Co(G)Fg, PO} (FL ) |




Asymptotic Freedom, Finiteness, and Landau Pole

[ < 5+37921272 wC5(G), Landau pole,

5= =3I o0 () =

T finiteness,

*
g 9

L > 5+37921272 wC5(G), asymptotic freedom.

Dressed Propagator

o—H(k?)

k2 (14 Bo e HE) log(k2/pd))




-~ Matter

10— 0. S0 bd 0l = A0 I [ g el +
W (@ )g) + CPC* + ¢.f*%3,6G°C, - AW, AW,
MWW, - .20, Z, - _,.%4\1"2':2:" - 30,A0,A, - j,c)ﬂllai‘,ll -
{;m,’:H" *4"'.,4,"'1"’,/'- ~M?*6*é6~ — }c_f"rl“c'furn“ - Tlv Mo"d" - 1."7:i +
".‘"H + i,l‘ H* +¢"¢" + 20707 ) + "I::In;, 19C, ;l,f.j[\i";l\“_
WoW ) = ZAWraw, —W oW + Z) (W oW, -
Wo AW )~ ige oA (WIW, WIWD) = AW oW,
W oW+ AW oW, -W a.W]) - },.,-‘u"; W W:oW,
SEWIWOWIWS 4 Pl (W Z0W, - Z0Z0W W) 4 h
g's? (AWIAW, = AAWIW, ) + g° 8,00 [AZ(WSW, nv
WIW,) =24, Z2W W, — ga[H* + Ho"e" + 2H 67|
Lo [H +(°) +4(0" ¢ Y +4(e") ¢ o +AH ¢ o~ +2(¢" ) H?|
gMW W H ;1‘1"‘}7"7"11 i;lu“",' (¢"d,0

“W

+

o (‘)pc"“:

“—" ["‘Illﬂ"‘ "“'.‘l;x.’ - j-’l l""‘ { ,Il'”l,l o "“,I: “." "I".le‘- L.pton.
6* O, H)) + g (Z0(HD, 0" - "0, H) —ig = MZO (W6~ - W 6*)+ e, T q
198, MAL(W o™ ~ H"_‘ o*) — ig? ""-Z:';.v.‘d‘,." - @ d,0") + o

Quarks
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B2 e - %o Yoo
1S, n",t"»"’“’p‘-? -9 "l-‘v"ﬁ’ . ll'rl‘l‘l‘p ‘ll‘ L2 ':(."'”“ + 2'."",' ¢’ ”'
:q".‘; 7:7::’!' + 1“”|F + :l!\: - l:"'ul'u

/

] Lt”"‘: ',“'«"'II“;' o" +
W, e*) j,;;fj’f'[;llnj!!“;.;- -~ W, )+ g5, A (WS o™ 4
W, 0% )+ dig*s A H(WS o =W, 0Y) = g* (2] = 1)Z20A,0" ¢

] 2 - . AN \
:[‘.\'; 44“:\,‘1_; O —¢ \I“() - mf i A - tf“rh" — u\":) -+ m:w\ -

y ! J "
1!‘!‘(' 4 yu:]u’: b gs, .‘\‘, |4 Aadr oMy ] ',Il u\‘"u;) l}l‘d"\“'vfl\l o
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L 2O AN 4 251 adtfd2 s (aran(d el
2 20 (1 + P0A) + (452 — 1 — *)e?) + (@) (32 - Photon wmw 2°
1= %)u}) + (] (1 = §&2 = ¥*)d))] + W (PA*(1 + %)) +
j ‘ ECIMEE 5 A

Gluons
(@ 9% (1 + V*)Cpd )] + %W, [(E*"(1 + 1*0?) + (fCL "1 +

N

.'.I"'\>: M g ™y ‘_‘.-“,\ll ad)

, i M Je?) + 67 (EN(1 +4* W)
ﬁ'_{;:l!ll ‘0 ", . “;’L-l' ]‘1 .'I A>. 2 ’T‘_‘!‘.“__:'_L,-' "]"h "'\(. '\"| 1 “.".jl: |} +
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. Higgs Boson
UG (B ) + X (P = MP)X* + X (0F = MP)X ™ + XO(& -

VX4 Y PY +ige, WH, XX =3, X7 XO)+igs, WO, Y X

1’)..\' *Y) + 19c, “;A ‘1’“.\' .\"' - ('“.\-".\" ) + 195, “‘ :f’.‘ AY -

.Y X7) + ige, Z:flf’,.,,\" XT -0 X X7)+igs A XTXT -

l"..\- .\. ) -l"“‘l{-\“.\"ll M ‘\‘ '\‘ II " ‘lj -\‘“4\.”,, M
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. - !'.l‘ H],‘,:,\.“,\. (‘)’ — :\'”:\-”,' =] +
igMa [XOX-¢* - XOX*97] + LigM[X* X *¢" - X-X~¢]

o,

AP (Ko K-+ — KoK @] + PRNL+ KB — X-K-R0]'

S AN+ Ko®+ — K- Ko®-] + S RW[Lo K-+ — KoX+0-] +

3¢
)

O AN S SR ' $ Gl | Lol



Coupling to Matter

Di Xu, L. Rachwal, L.M..

e |Gravity does not affect the matter beta functions for v > 1.

Standard model beta function remain untouched.

e Conversely,| matter fields change the gravity beta functions | —|no more super-renormalizability.

The result is exactly the one evaluated for semiclassical gravity (gravitons can only be external lines)

(Ns scalars, Ny spinors, N, vectors),

1 1 1
08 = 2oy [ d'av/Ig] By + Br R+ oaClyp + O ]
1
B = 5ms —4mj,
1 2 5 o
/BR:NSmS 5—6 +§mef7
N, N; N,
o =10 20 T 10
2
1 1
5]%2 — _NS 5_ = . . . .
2 6 Shapiro (Lectures in Shanghai)

A nonlocal extension of the standard model of particle physics restores super-renormalizability,
(all the leading kinetic and interaction operators for matter and gravity have the same scaling.)
* In the theory we have now more room to accommodate asymptotic freedom and/or
unification for all the four fundamental interactions.
x Moreover, if other local operators are added to the non-local action we can construct

a completely scale invariant standard model of particle physics.




Super-renormalizable or Finite Standard Model

Ny
Z@a iv“DM,aeH(WDZ’a) Vo + (DMCI))TGH(D) (DH®) — 1123 Plp — A@TP)2.

Killers for Bpz and Brz, : R’ 2R? and wam’v—%ﬁw

Three killers for 5§S(S)XSU<2>W<1>

sAF307A72F%,  swFg, "W 2Fs, | spFa0"B2F3.

Asorey, Lopez, Shapiro

SUI(3) Gravity

suU(2)
sA,Sp, Sw — Unification with Gn/Gnp-.

Coupling strength

(1)

i —
18
109 1018 10

Energy [GeV]



Exact Solutions,

Spacetime Singularities,

Conformal Invariance

L.M., L. Rachwal (2014)




Singularity Theorem in non-local gravity
L.M. , Leslaw Rachwal

Given the EOM : E =8nGyNT,

the following implication turns out to be true,

e R,=0 & T,,=0 = E, =0;

e R, =8rGNT) & T)/=0 = E, =81GNT,. .
Therefore,

e all Ricci flat spacetimes are exact solutions;

e all the FRW spacetime sourced by conformally coupled matter are exact solutions.

The theorem works for any potential at least quadratic in the Bach tensor.




EOM

5 [\/H (R+ Rys(O)R + Bagys(Q)B* + V(B))}

E'uy — — 87TGNTILLV7
Vv 1glogh
1 1 5
G = 59 (BYs(O)R) = S (Bagys (D) B*”)
OR 0Bag 5 B
2— (~vg(O a [1)B*P B,
25w (s(OR) + 520 (1) BY) + 50 (98 (0) Bog)
00" (~s5(0') —~s(07) 00" (ys(0) —8(07) 5 1 6V(B)
B,sB® — T
5 gn < oo ) T S o BB ) Tl age Ot

Proof.

e Ricci flat spacetimes :

rR, =0 & 17,,=0 =—B, =0 =— FE, =0.

Schwarzschild, Kerr, Kasner, etc. are EXACT SOLUTIONS.




EOM

1 1

G = 59u (Bs(O)R) = 59 (Bapys(0)B*)
6" (~s(OY) — 4s(07) o0 (ys(d") —ys(0") 1 oV(B)
Ba Ba'g — T 1%
+5g’” ( SR Il dgHv O =0 ’ i Vgl 09 SrGn L

e F'RW spacetimes :

1 OR oL]" ¥S |:|l — S 1"
FRW = G~ 30 (RosOR) + 200 (s @R) + 2 (B = g g,

trT=0 — R=0 — G =8rGyT — |Big Bang Singularity |.

FRW for Radiation is an EXACT SOLUTION.




Conformal Invariant Gravity

(¢ KJD)D 2g,u1/7 g/u/_>Q2( )guya

Einstein conformal gravity

= —2k;2/|g|R(g9) = —12¢ (—D + éR) .

Nonlocal conformal gravity

D —2

o= —2/7 |6*R(@) + 22 ”gwamayqs] - =V R(9) 0(DR(g) + Rie(s) 1oV Rie(s) + V(g)]| .




Quantum nonlocal conformal gravity
(Fradkin, Tsytlin, Percacci.)

P? Guv
—_—N—  —T

Juv = (¢+90)2 (éuu+ﬁuu)a

1

| D[g10(-9)74] AB () S(x(0)" — £2) A (8) S(x(0) — £) €519

ool

Z(Guw = 0 Gy) = / D [(ﬁ(—ﬁ) G =623,

— [ RO 8108 Vi Dy Dg,, (~) ] det(Can(@)Fd X OO det(MIF () det(G -+ ) 8~ OS] |

Z (Guv = $*Gu) = det(Cup(g))? det(MI(g)) / D [gw(_g)—i} oi15(9)+5:(9)]

QMV:§E2§;LV

D [guv(_g)_%} @i[s(9)+sgf(9)]

g,ul/:gpu +huu } g,uUZQEQ,éHv

= det(Cap(g))? det(MI (7)) { / e~ 29" (0) [ d'wlog V=g D ilS(9)+Sur(9)]

guuzgpu+hpu } gp,u:(52§uu

Dh,uy 1S9 +55:()]

g/,u/:guu +huu } guu:$2§/m/



Counterterms

VIglR?, VlglRL, o VIglR, Vigl=VI1ale",  gu = ¢°Ki G

. all conformal invariant.

In DIMREG :

M| =

1
E¢_€Oi(¢2§; €) = —(1 — elog®) O;(¢°g;€) = = Oi(¢%4) + Oi(¢

conf. inv.

gl = 6P=/T51 = ¢° VTl = = VIgl 6~




Gauge Fixing or Spontaneous Symmetry Breaking

2—D

Lé,ul/_>Q2(x)§/ﬂ/7 ¢_>Q 2 ($)¢

Juv = ¢2 X Guv Or Juv = ¢2 X Guv

2w(x) A

Splitting : g, ==e¢ Juv -




U(1) Toy Analog Model

1
L=7FA) Do, 2 (A)+1 (o)
F,=0,A4 -0A4,, D,=0,—1igA,, ¢x)= %’U el (v = const. and [v] = 1),
¢ (z) = 9@ p(z) or 0(z)=0(z)+bvalz) and, A, =A,+ 0ua(x),
1 . ie(vx) i
D¢ = —ﬁzgve <Au Ug(%@(@) .
Bu=A,—00(x)g = L= FB) - B 3 (4)+0(e)

Or imposing 6#(x) = const.,

1 1 1
1D, ¢|* = 5921}214”14“ — L==-F(A)" — =¢?v?A?.




Before spontaneous symmetry breaking:

gauge theory (3 d.o.f.) gravity (10 d.o.f.)
A,(x) (2 d.o.f) Guw(x) (9 d.of.)
0(x) (1 d.o.f.) ¢(x) (1 d.o.f.)

After spontaneous symmetry breaking:

gauge theory (3 d.o.f.) gravity (10 d.o.f.)

B,(z) (3 d.o.f.) gauge invariant | g, (x) = ¢*g,, (10 d.o.f.) conformal invariant

Equivalently
gauge theory (3 d.o.f.) gravity (10 d.o.f.)
f(x) = const. ¢(x) = const. = 1
A,(x) = Bu(x) (3 dof) | gu(x) =9 (10 d.o.f.)




Spacetime Singularities and Conformal Invariance
Narlikar, Kembhavi (1977).

2—D

If (guv,@) is a solution = (g,,,¢") is a solution, where g, = G, =07

&

FRW :  ds*2 = S(t)ds®, ds? = a?(t)(—dt® + d7?);
S(t)~ =a%(t).

Belinski, Khalatnikov, Lifshitz
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ds*? = S(t)ds —dt” + a1 (t)dxi + a2(t)dz3 + as(t)dzs] .




Schwarzschid Singularity

S 4 * A % A % N %
gwc/h — (¢ /{D)D_2 prv — (Qb KJD)D_Q 9uv < 9y = 0? Juv s gb — ()2

N

2—D




Schwarzschild Singularity = one element of the gauge orbit

4 2—D

QE,C/h = (¢Kkp)D2 Juv = (¢" kp) P2 §:y — Q:V =’ Juv s ¢ =077 ¢.
1 (L4,

S(T):T—2<r—2—|—fr>,

1 [/ L* 2 1 [/ L* dr? L4
ds?2 = —— (= 102) (1 ) a2+ = (2 442 (2 4r2)a0®

r2 \ r? r r2 \ r? — =0 r?

K = i i T [1672(L'°(39m* — 20mr + 3r?) + 2L"2r* (66m* — 32mr + 3r°)

+LPr%(342m* — 284mr + 63r?) + 12L*m*r'? + 3m?r'%)).
: 1
Hawking Temperature: Ty =—— V S(r).
8Tm

r = 0 Singularity in Conformal Gravity r = 2m Singularity in GR |.




Geodesic Completion

dxt dxV

Massive particle probe: = —m/\/ guvdxtdry = —m/\/ Juv N d,

, ds?
Proper time gauge : =—1.
dr?

dxt dxV
. — _ £2 L2 A v — __ 2 A2 A
Conformally coupled probe:| S, = /\/ [2o=gdxtdr” = \/ J20% G, TN d,
ds?

s

4M? 312 (r*—3L%) \/%

lution : = —
solution T Wi .

Proper time gauge : =—1,

Light:| d§* =0,
Killing vectors: ¢ =(1,0,0,0), n%*=1(0,0,0,1),

e=—¢-u=—EUGas = —gnu’ = S(r) (1 — QM) at S(r) (1 -~ ﬂ) t,

r d\
1 L? L? 2[2%2 92L2 ]

lution :  A(r) = — — - = _ _
solution () 33 303 + . - r—+ 1o
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Raychaudhuri Expansion Parameter

Bambi, M., Rachwal, Wang.
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Kerr Singularity

Bambi, M. ,Rachwal, Wang.

ds*? = g dxtdz” = S(r, 9)gKe”dx“dx

¢" = S(r,0)" b2 Zlﬁ

L2 !
S(r) ( T + a? cos? 9)

1
(L? 4+ r? + a? cos? 0)

K =

5 X polynomial(r, 8, m,a, L).

L «xm (black hole mass).

C. Bambi and collaborators: Upper bound on L.




Kretschmann Scalar

Conformal Gravity Other ...
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Analogy ..

Weyl Rescaling

P =Sr)=1+—

ds® = S(r)ds3,, .

L

r4’

Gullstrand—Painlevé coordinates

t=t,+ f(r),
- [ =2 (n (355) )
r/2M

SINGULAR in r =2M

2M [2M
@2=—<ﬁ———)dﬁ+2 = dtydr + dr? + r2dQ®
T T




r=0

Metric Superspace .
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V. Frolov, C. Bambi, D. Malafarina, LM

Bambi, Porey, Rachwal.



Quantum Gravity in Cut-Off Regularization Scheme

Stefano Giaccari, LM, Lestaw Rachwal, Yiwei Zhu.
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Finite Entanglement Entropy (replica trick)

Sent = (€ 0y — )W (a)|a=1
E,=>xC,,

Y. : two dimensional surface,
C. : cone with deficit angle § = 27(1 — ) .

1 k2
W(a) = —logdet(ng(gW,Az,CI),\I!)) x By k*+ By k*+ By log
2 —~— ~— "~ e
ACC R R2 RIC

Sent = —— (only from the classical EH operator).

Full agreement between Classical Wald Entropy and Quantum Field Entropy.




Starobinsky Inflation

1
Lo = 55"V ]l R+ Cro(D)C + Ras(DR + V,(C)] |

D —2 H2) 1 D —92 o) _1q
4(D — 3) ] ’

1 0
D=4: ~rg=——=|efo®) (1 — -
w = [ () )

Vo = Vs = —

AD—-1) O




Achievements

. Perturbative Unitarity

. Super-renormalizability,

. Finiteness,

. Non-perturbative Unitarity (work in progress),

. n-point scattering amplitudes,

. The beta functions depend at most on 3 parameters,
. Universal regular Newtonian potential,

. Quantum Conformal Invariance,

© 00 3 O Ot = W N =

. Singularity free spacetimes (black holes, FLRW, etc.),

10. Finite Entanglement(-conical) Entropy,
11. Well define theory in (A)dS,

12. Starobinsky Inflation,

13. Finite nonlocal gauge theory,

14. Towards a finite Standard Model.




We have Finite Quantum Gravity !!!

eH(=Ur) 1

,Cg — —2/4)1_)2\/ —( <R—|—G’u1/ 0

R" + s1R°[°R* + sy R, R™ DVZRP(,RP"> .



