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Cosmic concordance
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Open questions in cosmology
ssues of the ΛCDM model, coming from cosmological simulations

I Core/Cusp problem [de Blok, 2009]

I Missing Satellites problem [Bullock, 2010]

I Too big to fail problem [Boylan-Kolchin et al., 2011]
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Modified gravity

I MOND [Milgrom, 1983]

F = mµ(a/a0)a

I TeVeS [Bekenstein, 2004]

I Conformal gravity [Mannheim, 2002]

S =

∫
d4x
√
−gCabcdCabcd

Non-trivial GR effects:

I Non-Newtonian effects from an axial symmetric geometry
[Balasin and Grumiller, 2006]
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Dark matter particles

Some famous candidates:

I Sterile Neutrino (m & 10 keV) [Dodelson and Widrow,
1994]

L = µ

(
φ

v

)
ν̄LνR +MνRνR + h.c.

I Axion (m . 0.01 eV, s = 0, non-thermally produced)
[Peccei and Quinn, 1977]

I Neutralino (MSSM) (m & 100 GeV) or WIMP in general.

ΩWIMP ≈ 0.2
(m/Tcd)/25

〈σannv〉/1 pb

Stable relics from the electroweak scale
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Primordial evolution of DM

If DM particles were in thermal equilibrium with the primordial
plasma:

I Tnr ≈ m: DM particles become non-relativistic

I ΓX+X̄↔f+f̄ ≈ ΓH: chemical decoupling (T = Tcd)

I ΓX+f↔X+f ≈ ΓH: kinetic decoupling (T = Tkd)

For WIMPS Tkd < Tcd < Tnr and 5 . Tkd/MeV . 3000
[Profumo et al., 2006]
The precise values depend on the DM particles model

For the neutralino, Tcd ≈ 4 GeV (z ≈ 1013) and Tkd ≈ 25 MeV
(z ≈ 1011).
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Diffusion wavenumber

kd ≈
3.8× 107

Mpc

( m

100 GeV

)1/2
(

Tkd

30 MeV

)1/2

Diffusion mass
Md ≈ 10−10M�

Correction to the transfer function

D(k) = exp
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−
(
k
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Physics of the primordial evolution of DM
When Tkd < T < Tcd

I Tight coupling → Acoustic oscillations [Loeb and
Zaldarriaga, 2005]

Mcut ≈ 10−4

(
Tkd

MeV

)−3

M�

!dcd!!d" ln!!eq=!d" /
MplM1=2

T0T
3=2
d

ln!Td=Teq"; (23)

where Teq is the temperature at matter radiation equality,
Teq # 1 eV. The free-streaming scale is parametrically
different from the oscillation damping scale. However for
our fiducial choice of parameters for the CDM particle they
roughly coincide.

The vanishing of the sound speed during the QCD phase
transition amplifies perturbations which have !!!QCD >
1, where !!QCD is the duration of the transition. In Fig. 2
the affected modes are those with xd $ k!d >
!!!

3
p

!!QCD=!!QCD"!!d=!QCD". Typical values of
!d=!QCD % 10& 15 and !QCD=!!QCD % 3& 10 relate
this condition to modes with xd > 50& 260. Thus the
affected scales are severely damped by the effects consid-
ered in this paper.

Finally we want to stress the fact that the damping scale
is significantly smaller than the scales observed directly in
the Cosmic Microwave Background or through large-scale
structure surveys. For example, the ratio of the damping
scale to the scale that entered the horizon at equality is
!d=!eq % Teq=Td % 10&7 and to our present horizon
!d=!0 % !TeqT0"1=2=Td % 10&9. In the context of infla-
tion, these scales were created 16 and 20 e-folds apart.

Given the large extrapolation, one could certainly imagine
that a change in the spectrum could alter the shape of the
power spectrum around the damping scale. However, for
smooth inflaton potentials with small departures from scale
invariance this is not likely to be the case. On scales much
smaller than the horizon at matter radiation equality, the
spectrum of perturbations density before the effects of the
damping are included is approximately,

!2!k" / exp'!n& 1" ln!k!eq" (
1

2
"2 ln!k!eq"2 ( ) ) )*

+ ln2!k!eq=8" (24)

where the first term encodes the shape of the primordial
spectrum and the second the transfer function. Primordial
departures from scale invariance are encoded in the slope n
and its running ". The effective slope at scale k is then,

@ ln!2

@ lnk
$ !n& 1" ( " ln!k!eq" (

2

ln!k!eq=8"
: (25)

For typical values of !n& 1" % 1=60 and "% 1=602 the
slope is still positive at k% !&1

d , so the cut-off in the power
will come from the effects we calculate rather than from
the shape of the primordial spectrum. However given the
large extrapolation in scale, one should keep in mind the
possibility of significant effects resulting from the mecha-
nisms that generates the density perturbations.

ImplicationsWe have found that acoustic oscillations, a
relic from the epoch when the dark matter coupled to the
cosmic radiation fluid, truncate the CDM power spectrum
on a comoving scale larger than effects considered before,
such as free-streaming and viscosity [4,7,8]. For SUSY
dark matter, the minimum mass of dark-matter clumps that
form in the universe is therefore increased by more than an
order of magnitude to a value of 1

Mcut $
4#
3

"
#
kcut

#
3
"M$crit ’ 10&4

"
Td

10 MeV

#&3
M,; (26)

where $crit $ !H2
0=8#G" $ 9+ 10&30 g cm&3 is the criti-

cal density today, and "M is the matter density for the
concordance cosmological model [2]. We define the cut-off
wavenumber kcut as the point where the transfer function
first drops to a fraction 1=e of its value at k ! 0. This
corresponds to kcut # 3:3!&1

d .
Recent numerical simulations [15,16] of the earliest and

smallest objects to have formed in the universe [17], need
to be redone for the modified power spectrum that we
calculated in this paper. Although it is difficult to forecast
the effects of the acoustic oscillations through the standard
Press-Schechter formalism [18], it likely that the results of
such simulations will be qualitatively the same as before

FIG. 2 (color online). Transfer function of the CDM density
perturbation amplitude (normalized by the primordial amplitude
from inflation). We show two cases: (i) Td=M $ 10&4 and
Td=Teq $ 107; (ii) Td=M $ 10&5 and Td=Teq $ 107. In each
case the oscillatory curve is our result and the other curve is
the free-streaming only result that was derived previously in the
literature [4,7,8].

1Our definition of the cut-off mass follows the convention of
the Jeans mass, which is defined as the mass enclosed within a
sphere of radius %J=2 where %J - 2#=kJ is the Jeans wavelength
[14].

SMALL-SCALE POWER SPECTRUM OF COLD DARK MATTER PHYSICAL REVIEW D 71, 103520 (2005)

103520-5
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When T < Tkd

I Free-streaming → Free-streaming length [Green et al.,
2004]

Free-streaming wavenumber

kfs ≈
1.7× 106

Mpc

(m/100 GeV)1/2 (Tkd/30 MeV)1/2

1 + ln (Tkd/30 MeV) /19.2

Free-streaming mass

Mfs ≈ 10−6M�

Total correction to the transfer function (including collisional
damping)

D(k) =

[
1− 2

3

(
k

kfs

)2
]

exp

[
−
(
k

kfs

)2

−
(
k

kd

)2
]
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Physics of the primordial evolution of DM
When T < Tkd

I Temperature fluctuations → Jeans length [Piattella et al.,
2013]

Jeans wavenumber

kJ =
12πG

5σ
a2ρdm with σ = 3T/m

Comparison with free-streaming length



Boltzmann equation in GR

Distribution function

f

(
t, xi, P i = m

dxi

dτ

)
Boltzmann equation

∂f

∂t
+
dxi

dt

∂f

∂xi
+
dP i

dt

∂f

∂P i
= 0

GR enters here
dP i

dτ
+ ΓiµνP

µP ν = 0



Boltzmann equation in cosmology
[Bernstein, 1988]

Flat FLRW metric

ds2 = gµνdx
µdxν = −dt2 + a(t)2δijdx

idxj

Proper momentum

p2 = a(t)2δijP
iP j

so
P i =

p

a
n̂i

where δijn̂
in̂j = 1. VE becomes

∂f

∂t
−Hdp

dt

∂f

∂p
= 0

Because of isotropy, no dependence on xi and n̂i.



Solution and important quantities

Solution
f = f(ap)

Particles number density

n =

∫
d3pf(ap) =

4π

a3

∫ ∞
0

dx x2f(x)

Velocity dispersion

σij =
1

n

∫
d3pf(ap)

p2

E2
n̂in̂j

Call
σ = δijσ

ij



Momenta

Non-relativistic approximation: Neglect O
(
p4/m4

)
terms

(p4/m4 ∼ 10−6 for the neutralino).
Zero momentum∫

d3p

(
∂f

∂t
−Hdp

dt

∂f

∂p

)
= 0 ⇒ ∂n

∂t
+ 3Hn = 0

Second momentum

∂

∂t

∫
d3pf

p2

m2
n̂in̂j −H

∫
d3pp

∂f

∂p

p2

m2
n̂in̂j = 0

i.e.
∂σ

∂t
+ 2Hσ = 0 ⇒ σ ∝ a−2



Density evolution

Density

ε ≡
∫
d3pEf

multiplying Vlasov equation by d3pE and integrating over the
momenta gives

∂ε

∂t
+ 3H

(
ε+

1

3
mnσ

)
= 0

ε = mnkd

(akd

a

)3
+
mnkdσkd

2

(akd

a

)5
.

For the neutralino σkd ≈ 10−3. Velocity dispersion acts like a
pressure. Does its perturbation act as a pressure perturbation?



Perturbations
[Ma and Bertschinger, 1995]

Synchronous gauge

ds2 = a2(τ)
[
−dτ2 + (δij + hij) dx

idxj
]

Scalar perturbations only

hij(x, τ) =

∫
d3k exp(ik·x)

[
k̂ik̂jh(k, τ) +

(
k̂ik̂j −

1

3
δij

)
6η(k, τ)

]
Fluctuation in the distribution function

f(τ, xi, P i) = f0(τ, p) + f1(τ, xi, P i)

Perturbed Vlasov-Einstein equation:

∂f1

∂τ
− ȧ

a
p
∂f1

∂p
+
p

E
(ik · n̂) f1 + p

∂f0

∂p

[
η̇ − ḣ+ 6η̇

2
(k̂ · n̂)2

]
= 0



Perturbed quantities
Particle number density

n = n0 + n1 =

∫
d3pf0 +

∫
d3pf1

Peculiar velocity

n0v
i =

∫
d3p

pn̂i

m
f1

Perturbed velocity dispersion

nσij =

∫
d3p

p2

m2
(f0 + f1)n̂in̂j

Define v1 as

n0σ
ij
1 + n1σ

ij
0 =

∫
d3p

p2

m2
f1n̂

in̂j ≡ n0v
ij
1

v1 acts as a pressure perturbation. Energy density

ρ = n0m+ n1m+
1

2
n0mσ0 +

1

2
n0mv1



Zero momentum

Define
δn ≡

n1

n0
kv ≡ ikivi

Zero momentum

δ̇n + kv +
ḣ

2
= 0

But

δ ≡ ρ1

ρ0
=
n1m+mn0v1/2

n0m+mn0σ0/2
=
δn + v1/2

1 + σ0/2

So (
1 +

σ0

2

)
δ̇ +

σ̇0

2
δ − v̇1

2
+ kv +

ḣ

2
= 0



First momentum

First momentum

v̇ +
ȧ

a
v − kk̂ik̂jvij1 = 0

Expand vij1 in its trace and traceless part

vij1 =
v1

3
δij + Σij

Then

v̇ +
ȧ

a
v − k

3
v1 − kΠ = 0

where we have defined the anisotropic shear as

Π ≡ k̂ik̂jΣij



Perturbed Einstein equations

k2η − 1

2

ȧ

a
ḣ = 4πGa2δT 0

0

k2η̇ = 4πGa2ikiδT 0
i

ḧ+ 2
ȧ

a
ḣ− 2k2η = −8πGa2δT ii

ḧ+ 6η̈ + 2
ȧ

a
(ḣ+ 6η̇)− 2k2η = 24πGa2k̂ik̂

j(δT ij − δT llδij/3)

Modified contribution for DM

δT 0
0(DM) = −ρ0δ

ikiδT 0
i(DM) = ρ0

kv

1 + σ0/2

δT ii(DM) = ρ0
v1

1 + σ0/2

k̂ik̂
j(δT ij − δT llδij/3)(DM) = ρ0

Π

1 + σ0/2



Adiabaticity

Tds =
dρ

n
− ρ+ p

n2
dn

Tds = 0 for DM

δ

1 + w
= δn w ≡ σ0/3

1 + σ0/2

Therefore

v1 =
5

3(1 + w)
σ0δ =

1 + σ0/2

1 + 5σ0/6

5

3
σ0δ

Thus, assuming Π = 0

δ̈n +
ȧ

a
δn +

ḧ

2
+
ȧ

a

ḣ

2
+

5

9
k2σ0δn = 0



DM power spectrum
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DM and baryon transfer function
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DM power spectrum
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DM and baryon transfer function
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DM power spectrum
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DM and baryon transfer function
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DM power spectrum

10-2 10-1 100 101 102

k [h/Mpc]

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

102

104

P
(k

)

β2 =10−9

β2 =10−12

β2 =10−15

ΛCDM



CMB TT spectrum
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Summary and Conclusions

1. Velocity dispersion of DM acts as a pressure

2. Fluctuations in the velocity dispersion of DM act as a
pressure perturbation

3. A Jeans scale is set

4. This scale is very small, because DM velocity dispersion is
relevant at very early times

5. Qualitatively, today β2 has to be smaller than 10−9.



Future work

1. Spherical collapse

2. Mass function

3. Seeds for cosmological simulations

4. Extension for WDM (it decouples relativistically, so our
treatment is no more valid)
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