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INITIAL-DATA PROBLEM
How do we obtain( \) ?

What are the geometrical quantities
describing It?

How do we give a physical meaning to I
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INITIAL-DATA PROBLEM

geometrical guantities
¥Spatial metric ati; Vij

¥Time derivative ofYij
I
¥Extrinsic Curvaturek;; = Lz!;;
Kij o % +(gauge freedom)

NOT A
TENSOR



INITIAL-DATA PROBLEM

Physical meaning
¥Wariablestii Kjj
¥(Vacuum) EinsteinOs equations : Constraint Eq

et b _ (3) pR e e (Hamiltonian

P = n?ePGyp = @11 (K " 1; K)=0 (Momentum

Constraint)
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ANITIAL-DATA PROBLEM

(Vacuum) Maxwell Equatlons

Dynamical Equations:
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Initial Data:
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Physical meaning

¥Constraint Equationst = 0 (Hamiltonian Constraint)
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INITIAL-DATA PROBLEM

Physical meaning

¥Constraint Equationst = 0 (Hamiltonian Constraint)
P, =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

| ~ L | b
Sinner Quter Boundary [ — 00”)

Sout :inIDnit)(“""‘ — 00”)

Y |
¥ Which inbnity ? |
¥ How to perform the limitr — oo ?
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¥Minkowski Spacetime: it
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HYPERBOLOIDAL SLICES

¥Schwarzschild Spacetime:

— 1l
d32:—(1 2|:/I>dt2+(1 2';”) dr? + r?d! 2

¥Introduce the new coordinatgés" }

1 ; .|  (Hyperboloidal
t=2M 32! + -1 In[" (1! .
{ e )],> coordinate)
E % (spatial compactiPcation)
G = - - ——02(1 —0)dr?+(1+ o)do*+ (1 — 20)drdo + %de-

o
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¥ Conformal factor: AN
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¥ Generic Properties:

Jab — () Zgab
e N S
Physical metr Onon-physicalO me
Irreqgular a v regular a #+

Z 7T located at) —

" 7+ Is casually disconnected from nume
domain: no need of artibcidoundary

condition for time evolution
g7 " formal mathematical debnition of

radiation zone: clean, well-debned notio
gravitational waves



HYPERBOLOIDAL SLICES

¥ Generic Properties:

S
ab — (2 Jab
e N SiE0 .
PhySiCa| metric OnOn-phyS|CaIO metric
Irregular atZ + v regular atZ +

77T located at() = (

| EinsteinOs equation picksup terms, tht
irregular at/ "

| One needs robust numerical methods to
deal with them
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Physical meaning

¥Constraint Equationst = 0 (Hamiltonian Constraint)
P, =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

Sout :inbnity(“r i, Yij = _Qﬁ/z'j

Sout: Q T O

* Boundary Conditions:

Regularity conditions of
H=20 Pi =0

(L. Andersson, P. Chrusciel and H. Friedrich (
L. Andersson and P. Chrusciel 093 094)
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INITIAL-DATA PROBLEM

Physical meaning

¥Constraint Equationst = 0 (Hamiltonian Constraint)
P, =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

‘w 79
s Inner Boundary b o0”)

| Sinner : Black-hole horizc
v G

| ¥ Local debnition of horizon? |
¥ How to perturbe the black hole? |
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PERTURBED BLACK HOLE!

¥Outgoing / Ingoing light-rays dlrectlowﬁw /0

¥ Expansion of outgoing / ingoing light-rays:
O+ = gjj \V4 ZJ with 4i; = %3‘3
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PERTURBED BLACK HOLE!

¥Outgoing / Ingoing light-rays dlrectlowﬁw é_/

¥ Expansion of outgoing / | mgomg light- rays
O, =K —s's +®vys

¥ White Hole apparent Horizont:! _ =0
(ingoing light-rays stop “expanding inwards” - contracting)
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INITIAL-DATA PROBLEM

Physical meaning

¥Constraint Equationst = 0 (Hamiltonian Constraint)
P, =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

Sinner . Black-hole horizon
Sinner: O =

* Boundary Condition:

K — SiSj i (3)%373 = (
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PERTURBED BLACK HOLE!

¥Variables?ij Kj  (2,3X3 symmetric tensors)

" Total of: 2 x 6 = 12 unknown variables

¥Constraint EquationsH = 0 (Hamiltonian Constraint
P, =0 (Momentum Constraint)

" Total of: 4 equations

¥We canfreely specify 8 quantities

¥Constraint equations (with boundary conditions)
the other 4 variables

OConformal transverse traceless decompositiol
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¥We canfreely specify 8 quantities
Read from Kerr space-time (= 3;) Black Hole
in hyperboloidal coordinates = o0 = oy,

¥Constraint equations (with boundary conditions)

the other 4 variables
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PERTURBED BLACK HOLE!

¥We canfreely specify 8 quantities
Read from Kerr space-time (= 3;) Black Hole

in hyperboloidal coordinates = o0 = oy,
¥Constraint equations (with boundary conditions)

the other 4 variables
Sinner:@—l—:() al UZO’”H#Uh

Perturbation parameteSo = o, — oH

D

R — (7]




NUMERICAL SOLUTION

¥AXisymmetry

¥Pseudo-Spectral methods
¥Gaus-Lobatto grid points , 1
¥Newton-Raphson method ey u
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NUMERICAL SOLUTION

¥AXisymmetry

¥Pseudo-Spectral methods

¥Gaus-Lobatto grid points

¥Newton-Raphson method

¥BicCGStab with Pnite-difference pre-conditioner

Accuracy down to
machine precision:
| I~12 decimal digits

Error

| | | |
10 20 30 40
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Trapped Regions

s e Acs] Al
Ao — 0.33 ¥Numerical Boundarie:
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|¥Region I:
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Exterior solution
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Trapped Regions

s e Acs] Al
1 S O ¥Numerical Boundarie:
,,,,,,,,,,,,,,, KR g+ 0 =0y
05 | 1 ¥New surfaceS
/ O =0
cos 0t TN I - ¥ _
Region I:
0.5 | ! @—I— >0 O_ <0
e Exterior solution
. . . . | XRegion i
BRGHEHMNEG (S 0.6770 0.677 0.6765 0.676 0.6755 0.675 0.674:

> O, >0 G
05 White Hole



- No scenario In nature leadingg e
to white holes PN
i
\\ Aoy ~0
;0 \x/ I

/ Aaﬁs < ANoil

/7

// Hp g \\HE = i
¥Mathematic perspective: . m v
- Any role in stability of Kerr?
- Bifurcation point?



Bondi Mass and Angular Momentur

¥Bondi mass: Hawking mass evaluatgtitat

: | Ag | 1
Mz = Ilim — |14+ — ¢ |
i Sl @ aF { 167T E 87T g

_|_ my e

}

¥ Angular momentum: Komar angular momehtum
(or AsthekarOs Prst angular multipole )

e

J=— K;"'s/dA

Ty

¥Dimensionless angular momentum:

J

B
Mz



Bondi Mass and Angular Momentur

Mg /M
: --- Aoy <0
‘\\ — Aa{f > Aoy > 0
10! \\ == Aoy > Aag{f
i ® Aoy =0
¥For Aoy >> Ack]
K Mg — M
10" \_ ____________________
—0.6 -04 -02 0 02 04 06 0.8

(§ = 0.5) i



Bondi Mass and Angular Momentur

J /Mg

1 . ¥Maximum:
0.8 jB ~ 0.95
0.6 e

---------- ¥For Aoy >> Aos/

= .-' Mp — M
i ' 1B 0.5

00804 02 0 02 04 06 02

(j = 0.5) o
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0.2

Bondi Mass and Angular Momentur

8wt/ Ay

0.854

0.8952

N

RO 01908 5 28 | 28.05

30 35 40
Ay /M3

45

50

¥Maximum:

¥For Aoy >> Aos/

MB%M
s — 0.0



Black hole inequalities

¥Assuming weak cosmic censorship to hold,
Penrose conjectured

¥Reasoning to the inequality passes through an
Intermediate stage

Ay < 167TM]_%,

¥Stronger inequality sinddp < Mapwm

¥Rigidity: equality holds only for Schwarzschild



Black hole inequalities

Az /(167 M2)
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Black hole inequalities

¥For Kerr, Daint. al. (O02ntroduced a rebned inequall

€EA . — AH S ]-7

SW(MiDM 75 \/MiDM B JQ)

¥Following the arguments for the Penrose inequality,
we (thanks to J.L. Jaramillo) propose a stronger relati

terms of aDain-Bondi nhumber

An i
B(ME 4/ Ms -~ T3S

CAB —

¥Rigidity: equality holds only for Kerr



Black hole inequalities

1_€AB

| | |
—j0-5V ¥ Results conbPrms
---5=0.9

the inequality
(within numerical
precision)

¥ Spectral methods
are essential to

attest the validity of
such inequalities




Future Work

¥lInitial data for axis-
symmetric binary
black holes (head-on)

200

100 =

iIn hyperboloidal slices °

-100

-200

Credit: David Schinkel

-300

50 100 150 200 250 300
p



Future Work

¥lInitial data for axis-
symmetric binary
black holes (head-on)

200

100 =

iIn hyperboloidal slices °

-100

-200

Credit: David Schinkel

-300

50 100 150 200 250 300
p



Future Work

¥Time evolution of EinsteinOs equations

¥Fully-spectral Numerical Codlebsmp. Phypss 357 (2014)

1

le-5
le-10
le-15
1le-20

le-25
0.01 0.1 1 10 100 1000 1le+4

-
Linear Regime (Teukolsky Equation)




Conclusion

¥lnitial data for perturbed rotating black hole on
hyperboloidal slices

¥Trapped surfaces showed a rich structure for
strong perturbations

- New black and white hole regions

¥Fast rotating perturbed black hojes~ 0.95
free parametergj = 0.5)

¥Dain-Bondi number as a relevant quantity in

the standard picture of gdaavitational collapse
H

8m(M3E + /M5 — J?)

CAB —
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Mass and angular multipoles

¥Does the solution describes a perturbed black hole
or Is it just Kerr In a different slice (with new
parameters)?

¥AshtekarOs mass and angular multipoles:

M, MHR—n 7{ 2 R(1) P (fi(p))dA

Rn 1
n \%KCIDS P/ ///\L )dA

: ComputeMO and/; from the solution 7
- Assume Kerr space-time with= M, ane ——

My
- Compare higher multipoles
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Mass and angular multipoles
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- Small perturbation regime (no new trapped surfaces
- Solution Is a perturbed rotating black hole



Black hole inequalities
¥Rigidity:

N OStrong perturbation®
K OH 0y

with the same
Mp — M parameters

jB%j EABél

¥Similar pehaviour also In J.L. Jaramillo, N.Vasset an
Ansorg (O08) : In terms of ADM mass

- Is 1t still a perturbed black hole or Is it Kerr?
- Does eap = 1 = Kerr ?

¥Possible way to answer this question is to compute
multipoles for Ostrong perturbationsO (future work)



