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INITIAL-DATA PROBLEM
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VWhat are the geometrical quantities
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ceometrical quantrties
e Spatial metric at 24¢ : Vi

| L e i/l NOTA
* Time derivative of "fij : TENSOR
I ‘

e Extrinsic Curvature : K;; = L7

0, 5
K, <i< 815 : + (gauge freedom),,
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’hysical meaning

eVariables: 1ij, K;;

*(Vacuum) Einstein’s equations : Constraint Equations
b (3) 5 e (Hamiltonian

H:=n"n"Ge = "R+ K" — K;; K~ =0 Constraint)

P, := n%¢; Gab _ e (K —vi;K) =0 (Momentum

Constraint)
n
2t
€;
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(Vacuum) Maxwell Equatlons

Dynamical Equations:

Initial Data:
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Constraint Equations:

V- E=0 V-B=0
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INITIAL-DATA PROBLEM

’hysical meaning

* Constraint Equations : H =0 (Hamiltonian Constraint)
P; =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem
o~ iy (R

Sinner Outer Boundary

|

Sout - infinity (“r — o0”)

| |
|« Which infinity ? i{
» How to perform the limit 7 — OO/
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* Schwarzschild Spacetime:
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T

2M

r

e|ntroduce the new coordinates{r,o}:

1

o

t:QM{2TI

In [o(1 — 0)]\

o

/

(Hy
el

iz
) dr? + r?dw?

herboloidal

~dinate)



FITPERBOLOIDAL SLICES

* Schwarzschild Spacetime:

IM INEN
ds’® = — (1 ) G (1 ) dr? + r?dw?

T T

e|ntroduce the new coordinates{r,o}:

E {27 I 2 Sr U)]l (Hyaelrbo\oidal
o ) coordinate)
i (spatial compactification)

o



FITPERBOLOIDAL SLICES

* Schwarzschild Spacetime:

IM INEN
ds’® = — (1 ) G (1 ) dr? + r?dw?

T T

e|ntroduce the new coordinates{r,o}:

= 2M {27 L mp—oyl  (Fyperboloidal
g ) coordinate)
2M . . .
i (spatial compactification)

: .
e (1 g)dr - (1 Lo)do (1 =2aldrdars Zde

o

: : e
Conformal factor: AN
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» Generic Properties:
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FITPERBOLOIDAL SLICES

» Generic Properties:

Gab = {) 2gab
/ \ a ) f
Physical metric “non-physical’” metric
Irregular at & T \ regular at & T

F T located at ) = ()

* Einstein’s equation pick up Q2 terms, thus
rregular at 4"

X One needs robust numerical methods to
deal with them



INITIAL-DATA PROBLEM

’hysical meaning

* Constraint Equations : H =0 (Hamiltonian Constraint)
P; =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

Sout :inﬂnity (“T o OO”) Vg — Q_Q’%‘j

Souti )V — 18

* Boundary Conditions:

Regularrty conditions of
H =0 S

(L. Andersson, P Chrusciel and H. Friedrich 92,
L. Andersson and P Chrusciel '93 '94)
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’hysical meaning

* Constraint Equations : H =0 (Hamiltonian Constraint)
P; =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem
‘ | 9
B er Inner Boundary b 00”)

Sinner ' Black-hole horizon '
|

/
e How to perturbe the black hole? |

1
i

| » Local definition of horizon? !
|
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» Outgoing / Ingoing light-rays directions: €4 / f_
* Expansion of outgoing / ingoing light-rays:

Ot = q;; VW, with @i = Yijlg

nnnnn

Sinner
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PER T URBED BLACK HOEES

* Outgoing / Ingoing light-rays directions: €_|_ / é_

* Expansion of outgoing / | mgomg ight-rays:
O, =K —s'st + ®v,s

* White Hole apparent Horizont: ©_ = 0
(ingoing light-rays stop “expanding inwards” - contracting)

0 T ag s s

Sinner




INITIAL-DATA PROBLEM

’hysical meaning

* Constraint Equations : H =0 (Hamiltonian Constraint)
P; =0 (Momentum Constraint)

*Elliptic Equations : Boundary value problem

Sinner . Black-hole horizon
Sinner' O, =0

* Boundary Condition:

K — SiSj o[ (B)Vz-si = (
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*Variables: Yij K;; (2,3X3 symmetric tensors)

= [otal of: 2 x 6 = | 2 unknown variables

* Constraint Equations : H =0 (Hamiltonian Constraint)
P; =0 (Momentum Constraint)

= [otal of: 4 equations

*We can freely specify 8 quantities

* Constraint equations (with boundary conditions) fix
the other 4 variables

“Conformal transverse traceless decomposition”
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PER T URBED BLACK HOEES

*We can freely specify 8 quantities :
Read from Kerr space-time (= 3;) Black Hole
in hyperboloidal coordinates = 0 = oy,

* Constraint equations (wrth boundary conditions) fix

the other 4 variables
Sinner3@+:() at U:U’H#O’h

Perturbation parameter: Ac = o — oy




NUMERICAL SOLUTION

* AXisymmetry

* Pseudo-Spectral methods

* Gaul3-Lobatto grid points
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* Newton-Raphson method
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NUMERICAL SOLUTION

* AXisymmetry
* Pseudo-Spectral methods
* Gaul3-Lobatto grid pol
* Newton-Raphson met

RS
nod

* BicCGStab with Tinite-difference pre-conditioner

10°

1072 3

10~4
e
Error
1078
10—10
iDes

==

Accuracy down to
machine precision:
| I~12 decimal digits
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Irapped Regions
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Irapped Regions
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White Hole s-. 0

* Astrophysical: solution not relevant
- No scenario In nature leading R
to white holes Q= S
/7 /future/ iter
\\ //7-[+ j+
\\ //AO'H ~ 0
e
// Aa;qsf AJ{{H
e S -
* Mathematic perspective: | I :
7 €1
- Any role In stability of Kerr?
- Bifurcation point?



Bondi Mass and Angular Momentum

e Bondi mass: Hawking mass evaluated at £+

Mp =

lim
Sl 7

Wi

6

1

ST

7{ 0,0_dA
S 3

L

* Angular momentum: Komar angular momentum
(or Asthekar's first angular multipole )

1

|
ST H

JB

J

:M—%

Kij ¢ZS]dA

* Dimensionless angular momentum:



| Mass and Angular Momentum

BoNc
Mg /M
: --- Aoy <0
‘\\ —_— Aa{f > Aoy >0
10! \\ == Aoy > Aag{f
i ® AO’H =0
10" \_ _____________________
—-0.6 —-04 —-0.2 0 0.2 04 0.6 0.8

(j = 0.5)
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MB%M
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| Mass and Angular Momentum

J/ M3
1

[,
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=02 0 02 04 06 08
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e Maximum:
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18 — 0.0
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Bondi Mass and Angular Momentum

8wt/ Ay

0.854

0.8952

e Maximum:

o or Aoy >> Aa;{{

MB%M
18 — 0.0

RO 01908 5 28 | 28.05

30 35 40 45 50
Ay /M3



Black hole inequalities

* Assuming weak cosmic censorship to hold,
Penrose conjectured

* Reasoning to the inequality passes through an
intermediate stage

Ay < 167TM]_%,

o Stronger inequality since Mp < Mapwm

 Rigidity: equality holds only for Schwarzschila
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Black hole inequalities

e For Kerr, Dain et al. (02) introduced a refined inequality

G — An =

SW(MiDM 75 \/MiDM B JQ)

* Following the arguments for the Penrose inequalrty,
we (thanks to J.L. Jaramillo) propose a stronger relation In

terms of a Dain-Bondi nhumber

Az
8m(M3E + \/ Mg — J?)

=

CAB —

* Rigidity: equality holds only for Kerr



Black hole inequalities

1_€AB

e Results confirms

the Inequality

(within numerical
precision)

* Spectral methods
are essential to
attest the validity of

such inequalities




e |ntial data -
metric b

Sym
Blac

< holes (

Future VWork

‘Or axiIs-
nary

nead-on)

N hyperboloidal slices

Credit: David Schinkel

-100

-200

200

100 =

|
0 50 100 150 200 250 300




e |ntial data -
metric b

Sym
Blac

< holes (

Future VWork

‘Or axiIs-
nary

nead-on)

N hyperboloidal slices

Credit: David Schinkel

-100

-200

200

100 =

|
0 50 100 150 200 250 300




Future VWork

* [Ime evolution of Einstein’'s equations

* Fully-spectral Numerical Code: |. Comp. Phys 276 357 (2014)

1

le-5
le-10
le-15
1le-20

le-25
0.01 0.1 1 10 100 1000 1le+4

e
Linear Regime ( Teukolsky Equation)



Conclusion

* |nitial data for perturbed rotating black hole on
hyperpoloidal slices

* [rapped surfaces showed a rich structure for

strong perturbations

- New black and white hole regions

* Fast rotating perturbed black holes 7B = 0.95

free parameters (j = 0.5)

e Dain-Bonc

the standarc

| nUM
pictu

CAB —

per as a relevant quantity In

re of gravitational collapse
Az

8m(M3 + /Mg — J?)
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Mass and angular multipoles

* Does the solution describes a perturbed black hole
or Is It just Kerr in a different slice (with new
parameters)!

* Ashtekar's mass and angular multipoles:

M, MHR—H% VR (1) P (1)) d A

Rn 1
7, j[Kq)S VP (i) dA

- Compute MO and J1 from the solution

- Assume Kerr space-time with M = My and a = —
- Compare higher multipoles
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Mass and angular multipoles
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- Small perturbation regime (no new trapped surfaces)
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Black hole inequalities

* Rigidity:
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"Strong perturbation”
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