Black Hole Perturbation in
Einstein-Maxwell-Dilaton Gravity

Martin G. W. Richarte
UFES-VQ2023-Ubu-Anchieta

13 de abril de 2023

Y EYe AT SRR 2{le FIs W VI S SSRVIaplspX MU Black Hole Perturbation in Einstein-Maxv 13 de abril de 2023

1/49



Table of contents

@ The Problem Of Stability
© A little Bit Of History

© Einstein-Maxwell-Dilaton’s Model
@ Some Results

© Future Plans

Y EYe AT NI 2{l FIs - W VI S SSRVIaplspX MU Black Hole Perturbation in Einstein-Maxv 13 de abril de 2023 2 /49



Stability Analysis

@ What does it mean the stability analysis of a black hole solution? If the
precise initial data related to the BH solution are perturbed a bit, the
basic features of the corresponding solutions do not change much.

@ However, the black hole stability conjecture is a challenging problem in
the analysis of nonlinear partial differential equations and is one of the
major open problems in mathematical relativity.

@ There are various levels of increasing difficulty in proving the stability
of generic perturbations, Z?[¢] = 0 on .# (OP). One may consider the
linearized version of the OP, d Z[¢] = 0 on ., with ¥(t,r,0,¢) =
e ™tS(r,0,¢). For the LOP, one may show that: 1- No modes expo-
nentially grow in time (mode stability) and 2-All solutions of the LOP
decay in time (full linear stability). Solutions to the full nonlinear
equation (OP) decay in time (full nonlinear stability).

Y EYe AT NI 2{l FIs WU S SSRVIaplspX MUl Black Hole Perturbation in Einstein-Maxv 13 de abril de 2023 3/49



A little Bit Of History

Time-line-I

The theory of metric perturbations of static black hole spacetimes is an old
and well-studied subject:

@ In 1957, Regge and Wheeler analyzed the linear, (axial) metric pertur-
bations, of the Schwarzschild metric. In a suitable gauge, metric pertur-
bations decouple into even-parity and odd-parity perturbations. They
presented the master Regge-Wheeler equation for an invariant scalar ¢
component of the metric, i.e. On¢ = Vé with V = (4/r?)(1—2m/r).

@ In 1971, Price showed that for large t and fixed r, the scalar waves
decay as t~(2¢+2); an effect known as “Price tails".

@ In 1974, Moncrief presented a gauge-invariant formalism for studying
BH perturbation. Later, in 1979, he examined the mode stability for
the RN metric.
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Time-line-11

@ In 1973, Teukolsky employed a curvature perturbation approach based
on the Newman-Penrose (NP) formalism to study the stability of the
Kerr family. He noticed that the extreme curvature components, rela-
tive to a principal null frame, are gauge invariant and satisfy decoupled,
separable, wave equations. The equations, bearing the name of Teu-
kolsky, are roughly of the form O, 90 = Z[¢], where Z[] is a first
order linear operator in ).

@ In 1973, Press and Teukolsky studied numerically the mode stability of
gravitational perturbation (s = 2) the Kerr black hole for 0 < a < M.

@ In 1975, Chandrasekhar initiated a transformation theory relating the
two approaches. He exhibited a transformation which connects the Teu-
kolsky equations to a Regge-Wheeler type equation. Though originally
it was meant only to unify the Regge-Wheeler approach with that of
Teukolsky, the Chandrasekhar transformation, and various extensions of
it, turn out to play an important role in the field.
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A little Bit Of History

Time-line-1ll

@ In 1979, Zerilli obtained the dynamical master equation associated with
linear polar perturbations.

@ Wald (1978 ) and Kay (1986) showed the boundness of the perturbati-
ons of the Schwarzschild background. If the initial data (¢(g,m)(0, ), Ord(e,
has compact support then the perturbations are bounded: |¢ ;) (t, r)| <
K(¢,m) for all t and r > 2M [Wald-Kay's Thm].

© In 1979-80, Gerlach and Sengupta formulated a covariant and gauge-
invariant formalism to describe the metric and matter perturbations of
a generic spherically symmetric spacetime.

@ In 1989, Whiting explored the mode stability of linearized gravitational
perturbations of Kerr black holes and showed the lack of exponentially
growing modes, for the Teukolsky equation on Kerr.
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Time-line-1V

PERTURBATIONS OF A ROTATING BLACK HOLE I. FUNDAMENTAL An analytic representation for the quasi normal
EQUATIONS FOR GRAVITATIONAL, ELECTROMAGNETIC modes of Kerr black holes
AND NEUTRINO-FIELD PERTURBATIONS®
Save A Teuwousert By E W Luaven
Collinenls Sushunn haclogy. Puadens Depmrtment of Plhysca Uwivermiy of {lah Sali Labv (uy
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Mode stability of the Kerr black hole

Bernard . Whiting
Fasernic of Field Physcs. Department of Physscs and Asronomy. Unsversity of North Carolina. Chapel

Mathematical Theory ML Noreh Carling 7399.3233
f B| k H ‘ (Recerved ) January 1989 acoepted for pubbcation § February 1989)
of Black Holes

There are no exponentially growing modes for

of the Einstein equation

in Schwarzschild [Regge-Wheeler (1957), Zer
S. Chandrasekhar in Reissner-Nordstrom ]
in Kerr [Teukolsky
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Time-line-V

© In 2007, Dafermos and Rodnianski (without using spherical harmo-
nics) showed the general stability of scalar waves [Dafernos-Rodniaski
'sThml].

@ In 2010, Aretakis showed that for solution to [J;W = 0 on extremal
RN one has analogous boundedness results as in the non-extremal case,
and similar decay results away from the horizon [Aretakis’ Thm].

© In 2013, Dotti studied the non-modal linear stability of the Schwarzs-
child black hole. He proved that the perturbation could be described by
two scalar fields: gauge invariant combinations of perturbed algebraic
and differential invariants of the Weyl tensor. These fields measure the
geometry distortion caused by a generic perturbation and are shown to
be pointwise bounded on the outer region r > 2M [Dotti’s Thm].
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Time-line-VI

@ In 2018, P. Hintz showed the non-linear stability of Schwarzschild de-
Sitter BH.

@ In 2021, Dafermos et al. studied the nonlinear stability of the Schwarzs-
child family of black holes and the subextremal Kerr family [600 pages].

© In 2022, Giorgi, Klainerman, and Szeftel reported wave equation es-
timates and the nonlinear stability of slowly rotating Kerr black holes

[900 pages].

o
Schwarzschild

Kerr

Reissner-
Nordstrém

Kerr-Newman
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Einstein-Maxwell-Dilaton’s Model

Theory+ Background

Martin G. W. Richarte UFES-VQ2023.
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EMD theory-|

@ Consider an EFT with a Hilbert-Einsten term &, a dilaton field ¢ plus a
coupling between the % (1) gauge field A, and the dilaton field cemmers.

78&Ferrara+, '95] .

7= / d*xv/ =8 (K — V696 — “Ee R F ).

@ Inalocal chart #* = (t, r,0, ), the theory admits a black hole solution
with one horizon, .Z = R4 x R>,, x S2, 1. ibbonstrtacds, ‘/Clement <t al, 200]

1
ds? = —f(r)dt? + ——dr® + h(r)d*Q, F = dr A dt,

f(r)

2¢:Lf :r—b
==

fro
,h(r) =, (1)

where b=4M >0 and r, = Qv2 > 0.
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EMD theory-II

@ In the Penrose-Carter diagram, the black hole region is Bt = .#\J=(_7 )
(region 1) and the (future) horizon, H™ = BT = 01~ (_# 1), is located
at r, = b.
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EMD theory-IlI

e Future null infinity — # T—is defined to be the endpoints of all future-
directed null geodesics along which r — +o00. It has the topology of
R x S? with the function U talking values in R. Thus a null hypersurface
Sy intersects _# T at infinity in a two sphere, Sy u.

@ However, the black hole in the EMD theory has a different topology
provided the radius vanishes at ¢, namely R x {p}.

@ Another difference is that the conformal factor has VC|jEtMD = 0 whe-

reas VC| =+ 0
‘/Schwarzschild #
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EMD theory-IV

o Take two real and two complex null vectors —X, X% = 0 with X¢ =
{l, n,m, m}*— such that the following cross-normalization is adopted,

1“ng, =-1

«Q — = —
1¥“mg, =0, n%my =0,

o=
, m¥myg =1

@ The Weyl scalars are defined as several contractions among the Weyl
tensor and the null basis,

\Uo = - aﬁ,ﬂ;/amﬁnm‘s,
Wl = - OC/g,y(g/oznﬁ/wmé,
\Ug = - aﬁvglamﬂn'ﬂn‘s,
W3 = - amglo‘nﬁﬁﬂn‘s,
v, = -— O[ﬁwgnanﬁﬂnwn"fs
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EMD theory-V

@ Only the gravitational monopole of the source, VU, = —f;gf’z, is diffe-
0

rent from zerol

@ To determine which kind of Petrov-Pirani-Penrose spacetime the black
hole solution represents, one computes the following algebraic quanti-
ties:

| =Wy — VW3 + 303 K = WiW; — 3W,W3 + 203

L=VWy — W3 D=/3-27%2 N=12[2 - V3|

v, V3 W,
J =det \U3 \Uz Wl
Yy, WV Wy

@ It turns out to be a Petrov D spacetime provided D = K = N = 0,
I #0, and J #0.
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EMD theory-VI

@ This means that the Weyl tensor can be expressed as

Caﬁvz? = \UZ (chﬁ U’yé + Uaﬂ vwé + Waﬁ W’yé)a

where the bivectors are constructed as an antisymmetric combination
of the null vectors,

Uaﬁ = —2/[(1[7_'76],
Va/g = 2n[ar715],
Waﬁ = 2m[an_73] — 2n[a//3].
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Einstein-Maxwell-Dilaton’s Model

Warped
Spacetimes+Decomposition
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Warped Spacetimes+Decomposition-I

o Consider warped spacetimes-.# = ¢ x JZ- such that the line element
can be written as

ds® = gapdz® ® dz” = gapdx® @ dx® + r*(x)yasdy” @ dy®, (2

where each manifold has a covariant derivative, i.e, (.#,gu3,Va),
(ﬁ7gab7va)1 and (%,’YAB,-@A)-

o If # = S? is closed (compact without boundary), any vector field on
K decomposes as

VA= U2+ 275, 2,U” =0.
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Warped Spacetimes+Decomposition-||

o If the submanifold ¢ is Einstein-type (Zag x Yag), then any sym-
metric 2-rank tensor on J# contains a scalar field S, a divergence-free
vector field V4, and a TT tensor field Qa5:

1 1
Tag = Qag + ZaVe) + (Za%5 + E’YABD)S +7a8J,

where n = dimK, the TT part is Qﬁ =0,28Qag =0, and J = T/f\‘_

@ Terms in the above expression are orthogonal to each other, with the
pairing product defined as (U, V) = [ V*AV,
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Warped Spacetimes+Decomposition-|lI

e Any symmetric 2" rank tensor field on .#Z = € x ¥, such as the
metric perturbation itself,

h _ hab haB
%~ \hap hag)’
can be decomposed from the J# -viewpoint as a set of % -scalar, divergence
free vector, and TT-tensor fields as follows:
o h,p 3-scalar fields in 4D,

e hyg = hag + Pgh, 2-scalars and 2-vectors,

o hag = hiL + Qahey + (Z2aZs + 17a80)S + Lvapd (2-scalars,
1-vector, 1-tensor).

o Maxwell field is decomposed as A, = (A, Aa) = (As, Ua + Z4S):
1-scalar and 1-div-free vector.
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Warped Spacetimes+Decomposition-1V

@ Group theory arguments indicate that scalar, vector, and tensor modes
of h,p do not mix, so one gets a 3-separate untangled set of equations:
scalar mode equations (even), vector modes (axial ) and tensor modes
(absent in 4D with spherical horizons). The isometry group of .Z is
R x SO(3) x P.

@ One may use a modal decomposition: Introduce the operator J1, J», J3
canonical basis of KVFs on sphere: J2 = anzl(fjmf

@ One can further decompose the perturbation in harmonics modes over
S? and according to its parity:

e, e, ‘, ., .
o PHUT =01+ 0h, 3shT) = imh{T) with [m| < €.

o PhE = £(—1) Wl (Axial /Polar).

a!
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Some Results

Axial Perturbation
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Second order perturbation in the EMD theory

° Perturlz all fundamental field_s at first order in &, i.e, gu = &u + Khuw,
A, =A,+K0A, and ¢ = ¢ + kd¢. Retaining the Lagrangian density
up to O(x?),

1 1 1
Z8) = VB[~ 7 Vahuw VO + SVahVh = VoV ke

1o 1 - o _
VN o+ SRR — W) 4 S (M0 — hhﬂﬂ)%p],

- h_ - F _ _
2@ = —% —z [Z(¢)y<2> +52(@)F W + 2 Z(@)(h — 21" b))

_ h-  _ o
Z3(3)7 Wo0 + SFZ(8)56 + Z35(8)Fo¢?)

K
7@ = %\/ [ )+ %U §(/12—2/1“'//1W)],

—2
where Z(¢) = e29.
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Some Results

Axial perturbation-I

@ Axial perturbations are characterized by h = 0. The bases of the covec-
tor and tensor for the metric perturbation over S? involve { Eqgd8 Y (61
and {E(AC.@C.@B)Y(Z”")}, where yap = diag(1,sin?0) and Epgp =
VY€ag. Initially, the non-zero components of the perturbation are
htaa hra, and hAB-

@ Due to the invariance of the theory under diffeomorphism, one may use
gauge transformations (x* — x* + &) to remove unphysical variables
through the relations h,, — h,, +.Zcgu, and A, — A+ Z: A +V A
This leads to hag = 0 (Regge-Wheeler gauge).

@ The gauge-invariant variables to write down the axial perturbation are
Q ha=3(1m ho(x)Eagd® Y& (metric contribution)
Q ha= Z(&m) h1(x)Eagd® Y(&™) (metric contribution)
© Az =2 (1m) U(x)Egad” Y™ (electromagnetic part)
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Some Results

Axial perturbation-I|

@ The action at the second order in the Regge-Wheeler gauge (hy = 0)
can be written as

0,- X" [ szl
(m”? ’

@ The Lagrangian is given by i cameui &redisues Bacs, 20221

(2)
"%(Z,m

, = ay"™hg + a3 + 22" ™ 2" U(h'o — hy)
. , -
+ age’m)[hi + h'g + 4r7h0h’1 — 2h0h'1]
+ agﬂ,m) Uho +aé€,m) U2 + agﬁ,m)U2 +aé€,m)uv2’

where the coefficients a(e’m)(rl) forall1<i<8.

i
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Some Results

Counting the DOFs

Martin G. W. Richarte UFES-VQ2023.
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Some Results

Intermezzo-I

@ A natural question is: How many degrees of freedom does the system
have?

@ Even though there are three functions, U, hg, and hy, not all the
EMDFEs are algebraically independent.

o To extract the true DOFs , it is convenient to use the Dirac's method
for a system with (hidden) constraints.

o Using .2 one constructs the total Hamiltonian through a Legrendre
transformation:
Hr = A +/ drollo,
P2
where the computation of the canonical momenta reveals a first
constraint (Mg ~ 0) on the space phase of the field configurations
defined by the pairs # = {(U,My), ( ho, M), (h1,M1)}.

Y EYe AT NI 2{l FIs WU S SSRVIaplspX MUl Black Hole Perturbation in Einstein-Maxv 13 de abril de 2023 27 /49



Some Results

Intermezzo-I|

@ The consistency of the first constraint leads

o = {N(). #7(7)} pg = 221 ho + a5 U = o,

@ The consistency of the condition ¢9 = 0 on # leads to a second
constraint

o = {0(r), 7(r')} pg = 210 + a5 U = no.

e Taking 1o = 0 on % one obtains the Lagrange multiplier
)\0 = —as U/2al.

@ The algebra of the constraints {[1(r),%(r")}pg = —2a; points that
the system only has two second-class constraints.

e DOFs = J[dim# — 2% — ] = 2. One proves that the EFT for the
axial perturbations only has 2 DOF.
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Some Results

@ Removing the hidden constraints and defining XT = (z, U), one
constructs a new Lagrangian that is a quadratic non-degenerated form:

@

axial —

= KX X — LXIIXT — MyXixd

@ The matrices for the EFT based on the perturbed Lagrangian are
(o O _ (A O o m 3
3 8 (32w

@ For the gravitational perturbation, one avoids a ghost instability
provided oy > 0 for £ > 2 and r > ry,.

@ The mass term Mj; requires further diagonalization, especially if one is
interested in exploring tachyon instabilities!
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Some Results

Mechanical Stability

Martin G. W. Richarte UFES-VQ2023.
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Mechanical Stability-|

@ Define a new set of variables q = rMpz and A, = U\/apr() — 2).
Introducing a new vector V; = (q,A,), the Lagrangian takes the fol-
lowing form,

2 2
.,Zﬂ( ) — — 2) ;4 [\U (9 V, ) V,'j\U,'\UJ'],
i AV

where A = £(¢+1), £ > 2, and the tortoise coordinate is defined through
the relation 0y = f(r)0,. This is a set of coupled ODEs that looks like
wave equations with a source term encoded in the non-diagonal matrix
Vj;. The E-L equation are —9?W; + 02¥; — V;W; = 0.

@ In another base, \IlfE = PV}, the source term becomes diagonal:

V f 1
+_ (V+ - 2_
V;J-—(O V_>, Ve=_ll+3) $\/2€€+ )] >
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Mechanical stability-II

@ Stability means that no perturbation grows unbounded in time. For
that, one Fourier transforms as W; = e_’w’fcbj such that one gets a
Schrédinger-like equation H;®; = w2®; where Hij = —5,-1-8)2( +Vj .

@ The frequency E = w? appears as the eigenvalues of the operator Hij.
o Unstable modes are equivalent to purely imaginary w, E = w? < 0.

o The stability of the spacetime is related to the positivity of the spectrum
O'(HU) > 0.

o Theorem: If the operator 7;;®; = w?®; is a self-adjoint and positive
definite on a Hilbert space L?(R, dx) then o(H;) C Ry te neet and simont.

Y EYe AT NI 2{l FIs WU S SSRVIaplspX MUl Black Hole Perturbation in Einstein-Maxv 13 de abril de 2023 32/49



Mechanical stability-Il

@ To show that the above theorem holds, several steps are needed. Define
the inner product over L2(R, dx):

(0, 0) = /de¢7¢".

@ The positive condition is (¢, H®) >0V & € D( H). This (sufficient)
condition implies that given a well-behaved initial data, of compact
support, ® remains bounded for all time. One obtains

(&, HP) :/dx(y¢’1 1012+ [0 + S0 + 0 + S5 2)

A2 A
+/dx(|( . )f¢1+\/G¢2\2+—2]¢2|2) >0
r r
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Mechanical stability-1V

@ One employs Weyl" s theorem to prove that the operator is essentially
self-adjoint (Thm X.6 RS). Arbitrary solutions of the ODE H¢ = E¢
on R has two L.I solutions for any complex E.

@ If for some E € C every solution in this two dim. space is square
integrable (locally) near x = —o0, i.e., for some constant d < 0

—0 é
/ dx|p|* = lim / dx|¢|? < oo,
d d——o0 d

then this also will be the case for any other E € C . One says the

Hamiltonian is limit circle (LC) at x = —oo, otherwise is limit point
(LP).

@ The condition of being LC/LP at x = +o0 is defined in the similar way.

© If the endpoints are either regular or regular singular points of the
ODE, a Frobenius series solution around these points is enough to
determine the LC/LP character at the endpoints.
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Mechanical stability-V

@ Weyl's theorem states that the associated Hamiltonian is essentially
self-adjoint if the endpoints are classified as LPs. This happens to be
case for the Hamiltonian associated with the even perturbations.

o If the operator Hj; is positive definite and self-adjoint, recalling that
E = w?, one concludes that its spectrum belongs R .

@ Black holes in the EMD theory are stable under axial perturbation!

@ Is this procedure enough to claim that the perturbations are bounded?
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Some Results

Mechanical stability-VI

o Let's double-check the previous statement. One way is by looking at
the perturbations of geometrical invariants near the endpoints and con-
firming that the perturbations are bounded and subdominant. Define
the averaging over the 2-sphere as follows,

(T By} = /S AT R 1,

. 20 Vo p 2 Vo,
_ /S U Ry 0) + /S PUT R 1)

@ At spatial infinity i®, one arrives at

- 4881 2k(20 4 1)w?
Uvop =
(R0 Ruwap)s 16(rro)* * (rro)*[€(¢ +1) —2]*

o (P WRyqs (1))s2 K(RP OR,,,0, (0))s2 provided k< 1.
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Some Results

The Zoo of Instabilities
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The Zoo of Instabilities-I

@ This result seems to be physically consistent with previous analysis for
the axial perturbations of the Schwarzschild and Reissner-Nordstrom
black holes.

@ But the question is: What happens with other kinds of instabilities?

@ Physically speaking, one must investigate at least four kinds of
instabilities in the presence of the scalar field.

@ Top 4 instabilities
o Ghost
o Gradient/Laplacian
e Tachyon
o Ostrogradsky
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The Zoo of Instabilities-11

@ To explore the existence of instabilities, it is much easier to work with
the quadratic non-degenerated Lagrangian:

£ = KyX' X — XX — MyXixd,
where the vector X = (z,U).

@ The matrix Kj; is positive definite according to the Sylverster’ s criterion
(K11 > 0N det(Kj;) > 0), which implies the non-existence of ghost
instabilities. Neither ghost instability arises in the gravitational sector
nor ghosts electromagnetic counterpart either.
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The Zoo of Instabilities-11|

@ In the k-small limit, by solving the det(w?Kj; — k?L;;) = O for the radial
linear dispersion w? = f2c?k?, one finds c? = 1.

o In the £-small limit, by solving the det(w?Kj;—¢2L;;) = 0 for the angular
linear dispersion relation w? = (f/r?)c3¢?, one finds that ¢ < 0 for
r € rp(1,1 + 6). Near the horizon there is an (angular gradient
instability).

@ The Ostrogradsky instability is absent, provided the reduced Lagrangian
for the perturbation is a quadratic non-degenerated form with derivati-
ves no higher than two. (no Ostrogradsky instability).
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The Zoo of Instabilities-1V

@ A tachyonic instability appears when the field has an effective negative
mass squared.

@ One must diagonalize the mass matrix and inspect the sign of its eigen-
values to explore the existence of a tachyon-like instability.

@ One obtains that Mj; = diag(.,~_) and the eigenvalues are given by

2k = —(11+7) = \/(’Yl —12)? + 02

@ The tachyonic instability could arise provided x_ < 0. However, this is
only relevant if |k_| < Hp. (Existence of tachyonic instability)!
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Some Results

Polar Perturbations
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Some Results

Polar perturbation-|

@ The polar perturbations in the gravitational, electromagnetic, and scalar
channels can be written as (. cameu &redrigues Bacs, 20221,

he = ho(r,t)YEM by =hy(r, t)YE™ h = hy(r, t) Y™
hea = B(r,t)ZaYE™ | hoa = a1(r, t)ZaY ™),

has = rPIK(r, )asYE™ + G(r, £) Y™,

5p = p(r,t)YEm),

5A: = Ug(r,t)Y®Em),

5A, = Uq(r,t)Ym),

6Ag = Ux(r,t)2gYm.

where Y™ = (22T + 30(C + 1)7as] Y.
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Some Results

Polar perturbation-I|

@ From now, one will work with the uniform curvature gauge, namely
Uy = K =G = 8 = 0 i cennouii &rodeisues seex 20221, 1 he Lagrangian is given by

(2)
"zﬂpolar
aghoal + aghth + alohld + a11d2 + b]_U% + b2U% + b3U’0 + b4Uf+
bsU'oU; + c1p? + op® + c3p’s 4+ diUrhy + doU’1hy + dsaUg+

dsU’ghg + dshoUs + erh1p + exhop’ + espya + eshop’+

= alhg + aghf + aghg + asa® 4 ashghy + aghoa + azhgh’s+

es(U’o — U1)p + eshop + erhop + egp’p.

@ Only some of the variables are independent, so one needs to apply
Dirac’s method to discover the true DOFs of the polar Lagrangian.
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Some Results

Polar perturbation-III

@ After removing 8-second class constraints from the theory, one can prove
that the numbers of DOFs=3. The Lagrangian at second order for the
polar sector can be recast as in terms of h, A, and s:

z,fﬁ,)a, —ash’ + Bih' + 1h? 4 0 A% 4 BoA 4 1, A2
3§ + B35 + 13A% 4+ o1 hA + ooh’ A + o,hA'+
osh’A’ + o4hA + nihs + mph's — mohs’ + 13h's'+
774f1é + 1A + 19sA’ — 18" A + 138" A’ + 14 AS.

where the coefficients depend on (r,¢) whereas A, h, and s are fields
on R,«Z,«h X R+.

@ In a compact form, one can write down,

Z8, = KyX' X — XX + DX X — MyXixd,
where Ky, L), M) € R**3 but Dpj; € R3*3.
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Polar perturbation-I1V

@ There is no ghost instability provided that K;; > 0, K11 Ko — K%z > 0,
and det(K;;) > 0.

e The matrix L(;) is positive definite, and consequently, no Laplacian
instability can rise in any limit (large k or large ¢).

@ The three eigenvalues of the mass matrix, M;, are all positives. The
tachyonic instability is absent. Besides, Ostrogradsky instability is not

present in the polar sector.

@ What about the mechanical stability?
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Polar perturbation-V

o Considering the potential matrix Vj; = diag(V4, V2, V3) with V; > 0 for
r € (rp,00) and making a local analysis near the boundaries, one reveals
that the endpoints are classified as LPs. Therefore, Weyl's theorem im-
plies that the associated Hamiltonian is essentially self-adjoint. Besides,
the operator is positive definite provided (¢, Hp) > 0V ¢ € Dom(H).
By ThmX.6 , the system is stable under polar perturbations.

@ Regarding the curvature invariant at spatial infinity, one finds that

488w N 4r(0(€+ 1) + 1)%w*
~ 16(rro)? (rro)8 '

(7P Ryop) s

o <%“”Uﬂ (1)%wjgp (1)>SZ = ﬁ(rro)_8<<@/“/gp (O)nyap (0)>SZ- This re-
sult ensures that polar perturbations remain small without demanding

k<1,
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Future Plans

Future Plans

@ Confirm the analytical findings with the numerical computation of the
QNMs to corroborate the linear (mode) stability for axial and polar
perturbations (work in progress).

o Consider another EFT with operators of dimensions Qg and Og and
perform a stability analysis in that case.

@ Study scalar-tensor theories and their stability using a different approach
called the covariant and gauge-invariant formalism.
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Future Plans
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