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Beyond General Relativity

General Relativity is based on some fundamental principles

Weak Equivalence Principle

Einstein Equivalence Principle

Strong Equivalence Principle



Weak Equivalence Principle

According to Newton   mg = mi

Eötvös experiment

torsion fiber
⃗M = ⃗OA × ⃗F a + ⃗OB × ⃗F b

M =
1

| ⃗F A + ⃗F B |
( ⃗OA − ⃗OB ) . ( ⃗F A × ⃗F B)

⃗F A = mgA . ⃗g + miA ⃗c

⃗F B = mgB . ⃗g + miB ⃗c

M ≃
miAmiB

miA + miB
[(

mg

mi
)A

− (
mg

mi
)B] ( ⃗OA − ⃗OB ) . ( ⃗g × ⃗c )

| ⃗g + ⃗c |

c = R⊕ω2 sin λ

Eötvös parameter η

|η | < 10−15 MICROSCOPE arXiv:1712.01176



Einstein Equivalence Principle

Einstein Equivalence Principle: Weak equivalence principle + In a reference frame where                 
                                                    gravity is negligible, forces are described by special  
                                                    relativity 

If  all forces which contributed to the mass, contributed similarly to  and   mg = mi mg mi

 binding energy between proton and neutron contributes similarly to  and ⇒ mg mi

 all forces (except gravity) should contribute similarly to  and ⇒ mg mi

But these forces are described by special relativity

 local Lorentz invariance⇒

 local position invariance⇒

e.g.: electric force between two charged particles is the same at any position of space and in any moving 
reference frame 

EEP can be tested by looking if fundamental constants, change in time or in space



Strong Equivalence Principle

The Strong Equivalence Principle generalizes to gravity the EEP, even gravity  
contributes similarly to  and mg mi

So the gravitational constant should be the same everywhere in the Universe  
and at any epoch

Fifth force experiments …

Modified gravity is usually equivalent to a violation of the (W/E/S)EP



Jordan-Brans-Dicke theory

The main idea is to consider is not only the result of the metric but also a scalar field

Thus, the name Scalar-Tensor theories

L = −g(ϕR −
ω
ϕ

∂μϕ∂μϕ) + Lm

plays the role of the gravitational constant dimensionless parameter ∼ 𝒪(1)

gμν = ημν + hμν

ϕ = ϕ̄ + δϕ

cosmological value

g00 = − 1 +
1
ϕ̄

2ω + 4
2ω + 3

2M
r

= − 1 +
2Geff M

r

gij = δij(1 +
1
ϕ̄

2ω + 2
2ω + 3

2M
r ) = δij(1 +

ω + 1
ω + 2

2Geff M

r )
ϕ = ϕ̄(1 +

2M
(2ω + 3)ϕ̄r )

γ

|γ − 1 | < 2.3 10−5ω > 40.000 ⇐

Geff =
1
ϕ̄

2ω + 4
2ω + 3

| ·Geff /Geff | < (7.1 ± 7.6) × 10−14 yr−1

constraint on the cosmological evolution of ϕ  should be constant?ϕ

Class.Quant.Grav. 35 (2018) 3, 035015LLR



redefinition of the metric

L = −g(ϕR −
ω
ϕ

∂μϕ∂μϕ) + Lm(Ψm; gμν)

g̃μν = ϕgμν

L = −g̃(R̃ −
ω + 3/2

ϕ2
∂μϕ∂μϕ) + Lm(Ψm; g̃μν /ϕ)

redefinition of the scalar field ϕ = eβψ L = −g̃(R̃ −
1
2

∂μψ∂μψ) + Lm(Ψm; e−βψ g̃μν)β = (3 + 2ω)−1/2

Geodesic equation ··xσ + Γσ
μν

·xμ ·xν = 0 ⟺ ··xσ + Γ̃σ
μν

·xμ ·xν −
β
2 (2 ·xσ ·xμ∂μψ + ∂σψ) = 0

weak field approximation ⃗F 5 =
β
2

⃗∇ ψ

Non-minimal coupling  Fifth force⟺

which is highly constrained 

Jordan-Brans-Dicke theory



Einstein vs Jordan frame

Einstein frame vs Jordan frame



Jordan frame

Einstein frame

They are an infinite number of frames, are they equivalent

arXiv:astro-ph/9910176

Of course, it’s just a field redefinition

But they are infinite debates on the physical frame, which one is physical

Einstein vs Jordan frame

S = ∫ d4x −g[F(ϕ)R −
1
2

gμν∂μϕ∂νϕ] + Sm[gμν, Ψ]

S = ∫ d4x −ḡ[R̄ −
1
2 ( 1 + 3F′ 2

F2 )ḡμν∂μϕ∂νϕ] + Sm[F−1gμν, Ψ]

m̄(ϕ) =
m

F



a(t)
<latexit sha1_base64="D8dqwFT6keG6y82XItMZVYWYyAM=">AAAB/nicdVDLSgNBEJz1GeNrVTx5GQyCXpbdTTQ5ScCLxwgmBpIQZiedODj7YKZXDEvAX/HiQRGvfoc3/8bJQ1DRgoaiqnt6uoJECo2u+2HNzS8sLi3nVvKra+sbm/bWdkPHqeJQ57GMVTNgGqSIoI4CJTQTBSwMJFwFN2dj/+oWlBZxdInDBDohG0SiLzhDI3XtXXbYRrjDyUuZgt4ow9FR1y64jlvxiyc+dR2v7B/7Y1Ks+J5bop7jTlAgM9S69nu7F/M0hAi5ZFq3PDfBTsYUCi5hlG+nGhLGb9gAWoZGLATdySZLR/TAKD3aj5WpCOlE/T6RsVDrYRiYzpDhtf7tjcW/vFaK/UonE1GSIkR8uqifSooxHWdBe0IBRzk0hHElzF8pv2aKcTSJ5U0IX5fS/0nDd7yi41+UCtXTWRw5skf2ySHxSJlUyTmpkTrhJCMP5Ik8W/fWo/VivU5b56zZzA75AevtEzC5lkg=</latexit>

the Universe is expanding

How do we observe it?

We do not observe the expansion of the Universe

We observe cosmological redshift

So in the Jordan frame, we have expansion of the Universe

Let’s work with conformal time

And perform a conformal transformation

So in this frame, the Universe is static, we do not have expansion, we do not have redshift

Frames are not physically equivalent

Einstein vs Jordan frame

ds2 = − dt2 + a2(t)dx2

Eobs =
Elab

1 + z

ds2 = a2(η)(−dη2 + dx2)

gμν = a2 ḡμν

ds̄2 = − dη2 + dx2



All frames are physically equivalent

In the new frame, masses change with time

n=1

n=2

n=3

n=4

Energy levels change with time

When photon was emitted In the laboratory, today

compared to

The photon never lost energy,  
our reference has changed

But we observe the same, 
a redshift

http://www2.yukawa.kyoto-u.ac.jp/~misao.sasaki/PDF/conformal1.pdf

Einstein vs Jordan frame

m̄(η) = m a(η)

En = −
mee4

2(4πϵ0)2ℏ2

1
n2

E ≡ hν = En=3 − En=1

Eobs =
Elab

1 + z



Standard Model

The scalar field is minimally coupled 
Dark Energy 

Inflation

The scalar field is non-minimally coupled 
Modified Gravity

Non-minimal coupling  Fifth force⟺

Three roads ahead



Dark energy

Dark Energy



Dark energy

Observational evidence of the acceleration of the Universe

ds2 = − dt2 + a(t)2(dr2 + r2dθ2 + r2 sin2 θdϕ2)
Friedmann equations

3H2 = κ2(ρm + ρr + ρΛ)

−2 ·H = κ2(ρm +
4
3

ρr)

1 = Ωm + Ωr + ΩΛ

Ωi =
κ2ρi

3H2
constant  

could be related to vacuum energy

h2 ≡
H2

H2
0

=
κ2ρm

3H2
0

+
κ2ρr

3H2
0

+
κ2ρΛ

3H2
0

= Ωm,0a−3 + Ωr,0a−4 + ΩΛ,0

a(t) =
1

1 + z
But ⇒ h2 = Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + ΩΛ,0 Ωm,0 + Ωr,0 + ΩΛ,0 = 1

For an object of intrinsic luminosity , the measured energy flux  defines the luminosity distance  to the objectL F dL

dL ≡
L

4πF
= (1 + z)∫

z

0

dz′ 

H(z′ )

dL =
1 + z
H0 ∫

z

0

dz′ 

Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + ΩΛ,0

Ωm,0 + Ωr,0 + ΩΛ,0 = 1

H0dL = z + (ΩΛ,0 +
Ωm,0

4 )z2 + 𝒪(z3)



Dark energy

H0dL = z + (ΩΛ,0 +
Ωm,0

4 )z2 + 𝒪(z3) 3H2 = κ2(ρm + ρr + ρΛ)

−2 ·H = κ2(ρm +
4
3

ρr)
⇒

··a
aH2

= 2(ΩΛ +
Ωm

4
−

1
2 )

ΩΛ +
Ωm

4
−

1
2

> 0Acceleration means

ΩΛ +
Ωm

4
−

1
2

= 1 ± 0.4Supernova Search Team, A. Riess et al. arXiv:astro-ph/9805201

Supernova Cosmology Project, S. Perlmutter et al. arXiv:astro-ph/9812133



Dark energy

Planck 2018 arXiv:1807.06209



Dark energy

Planck 2018 arXiv:1807.06209



The Standard Model is Perfect 

Why to look to something else 

Are they any problems with the cosmological constant?



Problems

Pantheon, Scolnic et al. arXiv:1710.00845

w ≡
P
ρ

Observational



Problems

Pantheon, Scolnic et al. arXiv:1710.00845

w ≡
P
ρ

w ≡ w0 + wa
z

1 + z

Observational



Problems

Theoretical

No positive cosmological constant in String Theory

Cosmological constant problem?

Coincidence problem?

Curiosity

Testing GR



Quintessence



Dark energy

The simplest model: Quintessence

L = −g(R −
1
2

∂μϕ∂μϕ − V(ϕ)) + Lm(Ψm; gμν)

Applying this model to cosmology, we get an additional fluid

ρ =
1
2

·ϕ2 + V(ϕ) P =
1
2

·ϕ2 − V(ϕ)

··ϕ + 3H ·ϕ + V′ (ϕ) = 0

H2 =
κ2

3 (ρm + ρr +
1
2

·ϕ2 + V)
·H = −

κ2

2 (ρm +
4
3

ρr + ·ϕ2)

⇒ 1 = Ωm + Ωr + x2 + y2 x =
κ ·ϕ

6H
y =

κ V

3H

2x′ = 3x3 + 6y2λ − 3x(1 + y2)

2y′ = y(3 − 6xλ + 3x2 − 3y2)

λ = −
V′ 

κV

If  V(ϕ) = V0e−nκϕ ⇒ λ = n

If we neglect radiation, we have Critical points

 matter era(0,0)

 kinetic era (±1,0) w = 1

 scaling solution, exists if , for which ( 3
2n2

,
3

2n2 ) n2 > 3 w = 0

 era during which , exists if   

and stable if 

( n

6
, 1 −

n2

6 ) w = − 1 + n2/3 n2 < 6

n2 < 3



Dark energy

 matter era(0,0)

 kinetic era (±1,0) w = 1

 era during which , exists if  and stable if , produces acceleration only if ( n

6
, 1 −

n2

6 ) w = − 1 + n2/3 n2 < 6 n2 < 3 n2 < 2

 scaling solution, exists if , for which ( 3
2n2

,
3

2n2 ) n2 > 3 w = 0

n = 1 n = 2 n = 3

Scaling solution

We would like the scaling solution to replace matter, so  but that would eliminate accelerationλ ≫ 1



Dark energy

One of the first model considers the so-called Ratra-Peebles potential

V(ϕ) =
M4+n

ϕn

Phys.Rev.D 37 (1988) 3406

If  is not constant, then we need an equation for itλ

2x′ = 3x3 + 6y2λ − 3x(1 + y2)

2y′ = y(3 − 6xλ + 3x2 − 3y2)

λ′ = 6λ2x(1 − Γ)

Γ =
VV′ ′ 

V′ 2

Γ = 1 +
1
n

But  so we need to compactify the variable λ ∈ [0,∞[ z =
λ

1 + λ

Tracking behavior arXiv:1712.03107



Dark energy
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Dark energy

Potentials which satisfy the constraint  have a de Sitter attractorΓ =
VV′ ′ 

(V′ )2
≥ 1

So they are more interesting for dark energy,  are used for inflationΓ < 1

w =
P
ρ

=
1
2

·ϕ2 − V(ϕ)
1
2

·ϕ2 + V(ϕ)

Freezing models Thawing models

 gradually decreases to the attractor w
w = − 1

The scalar field has been frozen by the friction  
term  in the equation for the scalar field H ·ϕ ··ϕ + 3H ·ϕ + V,ϕ = 0

 starts around -1 and evolves when the mass of the 
scalar field becomes larger than the Hubble function 
w

H

V(ϕ) ∼ V0 + ϕn

V(ϕ) ∼ cos2 ϕ

V(ϕ) ∼ ϕ−n

arXiv:astro-ph/0505494



Dark energy

Problems with quintessence

In order to obtain an acceleration at the right moment, one needs to fine-tune M

Doesn’t solve the cosmological constant problem

Might solve the coincidence problem

Not coupled to other fields, so difficult to detect locally

In principle it could be detected with cosmological observations

Background metric is different from CDM 

LLS constraints 

Λ

δm = δρm /ρm δ′ ′ m +
1
2

(1 − 3wΩϕ)δ′ m −
3
2

Ωmδm = 0

So far nothing has been observed



Dark energy

Quintessence

L = −g(R −
1
2

∂μϕ∂μϕ − V(ϕ)) ≡ −g(R + X − V(ϕ))
X = −

1
2

∂μϕ∂μϕ

K-essence

L = −g(R + K(ϕ, X)) arXiv:astro-ph/9912463
arXiv:astro-ph/0004134

One motivation is to have acceleration without potential

It also can be motivated by higher order corrections to the action

arXiv:hep-th/9211021 Low energy effective string theory, dilaton comes with  
terms such as X2

Unstable mode D-branes arXiv:hep-th/0203211

w =
P
ρ

=
K

2XK,X − K
If  known as Ghost condensate arXiv:hep-th/0312099K = − X +

X2

M4

w =
1 − X /M4

1 − 3X /M4 we have an acceleration if  today if 1/2 < X /M4 < 2/3 M ≃ 10−3 eV

arXiv:hep-th/9904075



Dark energy

H(2) = (K,X + 2XK,XX) (δ ·ϕ)2

2
+ K,X

(∇δϕ)2

2
− K,ϕϕ

(δϕ)2

2

Let’s consider the perturbation  in a flat background, the Hamiltonian at second order isϕ = ϕ(t) + δϕ

K,X + 2XK,XX > 0 K,X > 0Stability conditions

Speed propagation of the perturbations is c2
s =

K,X

K,x + 2XK,XX

Which is positive under the stability conditions and subliminal under the condition K,XX > 0

The causal structure is modified

⇣
K,Xgµ⌫ �K,XX@µ�@⌫�

⌘
@µ⌫�� 2XK,�X +K,� = 0

<latexit sha1_base64="e5Z3WlnAjDRvTWpEqdEmuBs68Hc="></latexit>

Variation wrt ϕ

  effective metric= G̃μν(ϕ, X)

This equation is hyperbolic if  has Lorentzian signature (Leray theorem, Wald p.251)G̃μν

, c2s > 0
<latexit sha1_base64="X7JMuTLzw+kElDkbaY0TQhj05H8=">AAACAHicdVC7SgNBFJ2NrxhfUQsLm8EgWC2zm2hShYCNhUUE84AkhtnJbDJk9sHMXSWENP6KjYUitn6GnX/j5CGo6IELh3Pu5d57vFgKDYR8WKml5ZXVtfR6ZmNza3snu7tX11GiGK+xSEaq6VHNpQh5DQRI3owVp4EnecMbnk/9xi1XWkThNYxi3gloPxS+YBSM1M0etC+5D0r0B0CViu4w6+obt0y62RyxScnNn7mY2E7RPXWnJF9yHVLAjk1myKEFqt3se7sXsSTgITBJtW45JIbOmCoQTPJJpp1oHlM2pH3eMjSkAded8eyBCT42Sg/7kTIVAp6p3yfGNNB6FHimM6Aw0L+9qfiX10rAL3XGIowT4CGbL/ITiSHC0zRwTyjOQI4MoUwJcytmA6ooA5NZxoTw9Sn+n9Rd28nb7lUhVykv4kijQ3SETpCDiqiCLlAV1RBDE/SAntCzdW89Wi/W67w1ZS1m9tEPWG+fdcOWTg==</latexit>

Hyperbolicity is identical to hamiltonian stability

arXiv:hep-th/9904176



Beyond General Relativity

Considering fluctuations around some given solution ϕ = ϕ0 + δϕ

1p
�G

@µ
⇣p

�GGµ⌫@⌫��
⌘
+M2

eff�� = 0
<latexit sha1_base64="U0kOOKNBYwD4DlbSbbBf/InwmSk="></latexit>

Gµ⌫ =
cs
K2

,X

G̃µ⌫ , G = det(G�1
µ⌫ )

<latexit sha1_base64="PRG88TJSE7j1Yq75M/PaTWIrN5M="></latexit>

The fluctuations around the solution propagate in an emergent geometry

ds2 = G�1
µ⌫ dx

µdx⌫
<latexit sha1_base64="uwnjCFc3JopzicXak53AQyJLh2g="></latexit>

arXiv:0708.0561

This influence cone is larger than those one determined by the metric  ifgμν

Light cone
K-essence cone

K,XX

K,X
< 0

<latexit sha1_base64="BdIIYh+EbHU0UOC9hjCeUyCQ1A0=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAILmTITKvtQqTgRnBTwbYD7VAyaaYNzTxIMkIZxo2/4saFIm79C3f+jelDUNEDFw7n3Mu993gxZ1Ih9GHkFhaXllfyq4W19Y3NreL2TktGiSC0SSIeCcfDknIW0qZiilMnFhQHHqdtb3Qx8du3VEgWhTdqHFM3wIOQ+YxgpaVeca/rC0zSq1567DhZNiNZdoZ6xRIyUc0un9oQmVbVPrEnpFyzLVSBlommKIE5Gr3ie7cfkSSgoSIcS9mxUKzcFAvFCKdZoZtIGmMywgPa0TTEAZVuOv0gg4da6UM/ErpCBafq94kUB1KOA093BlgN5W9vIv7ldRLl19yUhXGiaEhmi/yEQxXBSRywzwQlio81wUQwfSskQ6wjUTq0gg7h61P4P2nZplU27etKqX4+jyMP9sEBOAIWqII6uAQN0AQE3IEH8ASejXvj0XgxXmetOWM+swt+wHj7BFMfls0=</latexit>

arXiv:gr-qc/0511158

Present



Beyond General Relativity

Let’s consider K(�, X) = X + ↵X2 ⌘ �1

2
(@�)2 +

↵

4
(@�)4

<latexit sha1_base64="bL35smYyuEOeOn91AuFl1J/1DtQ="></latexit>

↵ < 0
<latexit sha1_base64="Mu+Dm310p2+TacivATTi5dTG0VM=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZndRJODSMCLxwjmgckSeieTZMjs7DIzK4SQv/DiQRGv/o03/8bJQ1DRgoaiqpvurjARXBtCPpzMyura+kZ2M7e1vbO7l98/aOg4VZTVaSxi1QpBM8ElqxtuBGslikEUCtYMR1czv3nPlOaxvDXjhAURDCTvcwrGSncdEMkQ8AUm3XyBuKTiF899TFyv7J/5M1Ks+B4pYc8lcxTQErVu/r3Ti2kaMWmoAK3bHklMMAFlOBVsmuukmiVARzBgbUslREwHk/nFU3xilR7ux8qWNHiufp+YQKT1OAptZwRmqH97M/Evr52afiWYcJmkhkm6WNRPBTYxnr2Pe1wxasTYEqCK21sxHYICamxIORvC16f4f9LwXa/o+jelQvVyGUcWHaFjdIo8VEZVdI1qqI4okugBPaFnRzuPzovzumjNOMuZQ/QDztsngsSQJg==</latexit>

arXiv:1106.2054 arXiv:2003.1373↵ > 0
<latexit sha1_base64="m9OdQ35zGIWUtHHj5WwQnz9csgU=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgacluq+2pFLx4rGA/sC1lNk3b0Gx2SbJCKf0XXjwo4tV/481/Y7atoKIPBh7vzTAzL4gF14aQDyeztr6xuZXdzu3s7u0f5A+PmjpKFGUNGolItQPQTHDJGoYbwdqxYhAGgrWCyVXqt+6Z0jySt2Yas14II8mHnIKx0l0XRDwGXMWkny8Ql1T84qWPieuV/Qs/JcWK75ES9lyyQAGtUO/n37uDiCYhk4YK0Lrjkdj0ZqAMp4LNc91EsxjoBEasY6mEkOnebHHxHJ9ZZYCHkbIlDV6o3ydmEGo9DQPbGYIZ699eKv7ldRIzrPRmXMaJYZIuFw0TgU2E0/fxgCtGjZhaAlRxeyumY1BAjQ0pZ0P4+hT/T5q+6xVd/6ZUqFVXcWTRCTpF58hDZVRD16iOGogiiR7QE3p2tPPovDivy9aMs5o5Rj/gvH0ChdCQKA==</latexit>

Event horizon Sonic horizon
Sonic horizon Event horizon?

The code crashes before the formation  
of the event horizon

Superluminal propagation

arXiv:1904.05874
But this model violates “positivity bounds” (α < 0)

Conditions to be UV completed



Standard Model

The scalar field is minimally coupled 
Dark Energy 

Inflation

The scalar field is non-minimally coupled 
Modified Gravity

Non-minimal coupling  Fifth force⟺

Three roads ahead



Modified gravity

arXiv:1501.07274



Modified gravity



Tessa Baker

Modified gravity



Janina Renk

Modified gravity



Ostrogradski ghost



Ostrogradsky ghost

A bit of propaganda

Third Patricio Letelier - School on Mathematical Physics

S = ∫ dt L(q, ·q) ⇒ δS = ∫ dt [ ∂L
∂q

δq +
∂L
∂ ·q

δ ·q]
= ∫ dt [ ∂L

∂q
δq −

d
dt ( ∂L

∂ ·q )δq] = 0

⇔
∂L
∂q

−
d
dt ( ∂L

∂ ·q ) = 0

R. P. Woodard arXiv:1506:02210

A. Ganz, K. Noui arXiv:2007.01063

K. Aoki, H. Motohashi arXiv:2001.06756

∂2L
∂ ·q2

··q +
∂2L
∂q∂ ·q

·q

≠ 0 nondegeneracy condition

If       
∂2L
∂ ·q2

≠ 0 ··q = f(q, ·q)



Ostrogradsky ghost

p =
∂L
∂ ·q

(q, ·q) ⇒ ·q = F(q, p)

⇒ H = p ·q − L = pF(q, p) − L(q, F(q, p))

S = ∫ dt L(q, ·q, ··q) ⇒ δS = ∫ dt [ ∂L
∂q

δq +
∂L
∂ ·q

δ ·q +
∂L
∂··q

δ··q]
= ∫ dt [ ∂L

∂q
δq −

d
dt ( ∂L

∂ ·q )δq +
d2

dt2 ( ∂L
∂··q )δq] = 0

⇔
∂L
∂q

−
d
dt ( ∂L

∂ ·q ) +
d2

dt2 ( ∂L
∂··q ) = 0

∂2L
∂··q2

····q + ⋯

≠ 0 nondegeneracy condition

If       
∂2L
∂··q2

≠ 0 ····q = F(q, ·q, ··q, ···q )



Ostrogradsky ghost

X1 = q P1 =
∂L
∂ ·q

−
d
dt ( ∂L

∂··q )
X2 = ·q P2 =

∂L
∂··q

⟹ ··q = G(q, ·q, P2)

H = P1
·X1 + P2

·X2 − L = P1X2 + P2G(X1, X2, P2) − L(X1, X2, P2)

Function of (X1, X2, P2)Linear in P1

⟹ Unbounded Hamiltonian

Energies

Ground state

Excited states
coupling

If we have a Lagrangian  

non-degenerate ,    

H will be unbounded from below and above

L(q, ·q, ··q, ⋯, q(N))
∂2L

∂q(N)2
≠ 0 N ≥ 2



Ostrogradsky ghost

L = ··q ·q + α ·q2 + βq2 which is degenerate  
∂2L
∂··q2

= 0

⇔ L =
1
2

d
dt ( ·q2) + α ·q2 + βq2

⇔ L = α ·q2 + βq2

L = ··q2 + α ·q2 + βq2 which is nondegenerate  
∂2L
∂··q2

≠ 0

ℒ = − 2 ·q ·Q − Q2 + α ·q2 + βq2 ≡ ℒ(q, ·q, Q, ·Q) ⇒
d
dt ( ∂L

∂ ·Q ) =
∂L
∂Q

⇒ ··q = Q

⇒
d
dt ( ∂L

∂ ·q ) =
∂L
∂q

⇒ ··Q − α··q + βq = 0
⇒ ····q − α··q + βq = 0

⇒ ····q − α··q + βq = 0

ℒ = − 2 ·q ·Q − Q2 + α ·q2 + βq2 = α( ·q −
·Q
α )

2
−

·Q2

α
− Q2 + βq2

= −
1
2 [( ·q + ·Q)2 − ( ·q − ·Q)] − Q2 + βq2

If α ≠ 0

If α = 0

X = q −
Q
α

X = q − Q, Y = q + Q

ℒ = α ·X2 −
·Q2

α
− Q2 + β(X +

Q
α )

2

ℒ = −
·Y2

2
+

·X2

2
− (X − Y

2 )
2

+ β( X + Y
2 )

2

If α ≠ 0

If α = 0



Ostrogradsky ghost

L(q, ·q, ··q, x, ·x) ⇒ det

∂2L
∂··q2

∂2L
∂··q∂ ·x

∂2L
∂··q∂ ·x

∂2L
∂ ·x2

≠ 0 non-degeneracy condition

L = α··q2 + β ·q2 + γq2 + κ ·x2 + δx2 + 2μ ·x ··q degeneracy condition  α =
μ2

κ

L =
μ2

κ
··q2 + β ·q2 + γq2 + κ ·x2 + δx2 + 2μ ·x ··q

= κ( ·x +
μ
κ

··q)
2

+ β ·q2 + γq2 + δx2

= κ ·X2 + β ·q2 + γq2 + δ(X −
μ
κ

·q)
2

Coupling (in the right way) a possibly problematic field to a normal field gives 
a way to avoid Ostrogradsky ghost with higher derivatives

In summary, to avoid the Ostrogradsky ghost, you should

construct theories with first order derivatives in the action

have higher derivatives but appropriately coupled to another field



S = ∫ d4x −g (F(ϕ, X )R + Cμνρσ ∇μνϕ∇ρσϕ)

Ostrogradsky ghost

Cμνρσ =
1
2

α1 (gμρgνσ + gμσgνρ) + α2 gμνgρσ +
1
2

α3 (ϕμϕνgρσ + ϕρϕσgμν)

+
1
4

α4(ϕμϕρgνσ + ϕνϕρgμσ + ϕμϕσgνρ + ϕνϕσgμρ) + α5 ϕμϕνϕρϕσ

ADM decomposition

And calculate the det of the kinetic matrix

Horndeski

Beyond Horndeski

DHOST



L2 ≡ G2(ϕ, X )
L3 ≡ G3(ϕ, X ) □ ϕ
L4 ≡ G4(ϕ, X ) R − 2G4,X(ϕ, X )(□ϕ2 − ϕμνϕμν)

L5 ≡ G5(ϕ, X ) Gμνϕμν +
1
3

G5,X(ϕ, X )(□ϕ3 − 3 □ ϕ ϕμνϕμν + 2 ϕμνϕμσϕν
σ)

Ostrogradsky ghost

Horndeski
G. W. Horndeski, Int.J.Theor.Phys. 10 (1974) 363–384

g̃μν = C(X, ϕ)gμν + D(X, ϕ) ϕμ ϕν

M. Zumalacárregui, J. García-Bellido, arXiv:1308.4685

G. Domènech et al., arXiv:1507.05390

Degrees of freedom do not change if we do an invertible transformation

Beyond Horndeski

LbH
4 ≡ F4(ϕ, X )ϵμνρ

σ ϵμ′ ν′ ρ′ σϕμϕμ′ ϕνν′ ϕρρ′ 

LbH
5 ≡ F5(ϕ, X )ϵμνρσϵμ′ ν′ ρ′ σ′ ϕμϕμ′ ϕνν′ ϕρρ′ ϕσσ′ 

C(C − XCX + 2X2DX) ≠ 0

with constraints on  and F4 F5



Ostrogradsky ghost

DHOST

L(2)
1 = ϕμνϕμν , L (2)

2 = (□ϕ)2 , L (2)
3 = (□ϕ)ϕμϕμνϕν

L(2)
4 = ϕμϕμρϕρνϕν , L(2)

5 = (ϕμϕμνϕν)2

L(3)
1 = (□ϕ)3 , L (3)

2 = (□ϕ) ϕμνϕμν , L (3)
3 = ϕμνϕνρϕμ

ρ ,

L(3)
4 = ( □ ϕ)2 ϕμϕμνϕν , L(3)

5 = □ ϕ ϕμϕμνϕνρϕρ , L(3)
6 = ϕμνϕμνϕρϕρσϕσ ,

L (3)
7 = ϕμϕμνϕνρϕρσϕσ , L(3)

8 = ϕμϕμνϕνρϕρ ϕσϕσλϕλ ,

L (3)
9 = □ ϕ (ϕμϕμνϕν)

2
, L(3)

10 = (ϕμϕμνϕν)
3

.

Represent all the possible contractions (at second and third order) of the second-order derivatives   
with the metric  and the scalar field gradient 

ϕ,μν

gμν ϕ,μ

D. Langlois, K. Noui, arXiv:1510.06930

D. Langlois, arXiv:1811.06271

D. Langlois et al. arXiv:1703.03797



Screening mechanisms



Screening mechanism

S = ∫ d4x −g[R − Zμν(ϕ, ∂ϕ, ⋯)∂μϕ∂νϕ − V(ϕ)] + Sm[e2βϕgμν, Ψm]

d2xμ

dτ2
+ Γ̃μ

ρσ(e2βϕgμν)
dxρ

dτ
dxσ

dτ
= 0

d2xμ

dτ2
+ Γμ

ρσ
dxρ

dτ
dxσ

dτ
+ β[2

dxμ

dτ
dxν

dτ
∂νϕ + ∂μϕ] = 0

d2xμ

dt2
= − ∂μΦ − β∂μϕNewtonian limit

Unnatural solutions, as Brans-Dicke     β = 1/ 2ω + 6 ≪ 1

Screening the Fifth force because of the potential : Chameleon mechanism      , Brans-Dicke with …(V ) f(R) V(ϕ)

Screening the Fifth force because of the kinetic term : Vainshtein mechanism        DGP, massive gravity…    (Z )



Chameleon mechanism

S = ∫ d4x −g[R −
1
2

gμν∂μϕ∂νϕ − V(ϕ)] + Sm[e2βϕgμν, Ψm]

□ ϕ = V,ϕ + βeβϕρm

Large ρm

□ ϕ = Veff,ϕ with Veff (ϕ) = V(ϕ) + eβϕρm

Small ρm

m2
eff (ρ) =

d2Veff

dϕ2
≡ V′ ′ (ϕ) + β2eβϕρm

eβϕρm

eβϕρm

J. Khoury, A. Weltman 
arXiv:astro-ph/0309300, arXiv:astro-ph/0309411



Chameleon mechanism

V(ϕ) =
M5

ϕ

For analytical simplicity, I will assume  eβϕ = 1 + βϕ

Veff (ϕ) = V(ϕ) + eβϕρm

Veff (ϕ) =
M5

ϕ
+ (1 + βϕ)ρm

The field sits at the minimum of the effective potential

dVeff (ϕ)
dϕ

= 0

Which means ϕmin = ( M5

βρm
)

1/2

The effective mass becomes

m2
eff = V′ ′ eff (ϕmin) = 2M−5/2(βρm)3/2

Scalar field is light in empty environments and therefore produce a long range force λ = m−1
eff

But is heavy in dense environments, like in the lab, so produce a short range force

If we consider a specific model:



Chameleon mechanism

□ ϕ = V,ϕ + βeβϕρm

d2ϕ
dr2

+
2
r

dϕ
dr

= V,ϕ + βeβϕρm

Boundary conditions:

ϕ′ (r = 0) = 0 ϕ(∞) = ϕ∞



Chameleon mechanism

First case: the contrast density between the exterior and interior of the spherical object is small

ϕ(r) ≃ ϕ∞ −
β
4π

Mce−m∞(r−Rc)

r



Chameleon mechanism

Second case: the contrast density between the exterior and interior of the spherical object is large

ϕ(r) ≃ ϕ∞ − (3
ΔRc

Rc
) β

4π
Mce−m∞(r−Rc)

r

ΔRc

Rc
≃

ϕ∞ − ϕc

6βΦ
Φ =

GMc

Rc

But because fifth force , the fifth force could be suppressed if  ∝ ϕ′ (r) ΔRc

Rc
≪ 1 known as the thin-shell condition



Chameleon mechanism

But because fifth force , the fifth force could be suppressed if  ∝ ϕ′ (r) ΔRc

Rc
≪ 1

Let’s consider that the system; earth, moon, sun, have a thin-shell

We want to know, if the thin-shell is strong enough to suppress any fifth force over the earth and the moon

In order not to have a violation of the equivalence principle

amoon − aearth

amoon + aearth
< 10−13

a⊕ ≃
GM⊙

r2 [1 + 18β2ϵ2
th,⊕

Φ⊕

Φ⊙ ] ,

aMoon ≃
GM⊙

r2 [1 + 18β2ϵ2
th,⊕

Φ2
⊕

Φ⊙ΦMoon ] ,

ϵth,⊕ =
ΔR
R

for the earth

ϵth,⊕ <
8.8 10−7

β

ϵth,⊕ <
8.8 10−7

β
⇒ M < 10−3 eVV(ϕ) =

M5

ϕ
Energy scale for dark energy



Chameleon mechanism

Small galaxies should move faster than large ones in general  

Stars within unscreened galaxies may show the effects of modified gravity  

       Enhanced gravitational force makes stars of a given mass brighter and hotter than in GR  

       More ephemeral since they consume their fuel at a faster rate  

Internal motions of objects inside an unscreened galaxy  

       majority of stars inside an unscreened galaxy are themselves screened  

       diffuse gas inside the same galaxy likely remains unscreened because the gravitational potential at a gas  
       cloud should be dominated by the potential of the galaxy rather than that of the gas cloud itself  

       Therefore, at the same radius from galactic center, gas clouds should move with an acceleration that is  
       larger than that of the stars by a factor of , which is  for 1 + 2β2 4/3 f(R)



Chameleon mechanism

Atomic particles in an ultra-high vacuum chamber can mimic cosmos conditions  

The experiment is realized inside a vacuum chamber in order to reduce the screening effect  

An atom beam is split in two, one half of it is subjected to some field, and then the beams are combined again  

From the resulting interference pattern one can extract the force that acted on the beams

P. Hamilton et al. arXiv:1502.0388

This result rules out chameleons that would reproduce  
the observed acceleration of the cosmos



Other screening mechanisms



Other mechanisms

Almost similar to chameleon mechanism, but with a bit different idea

S = ∫ d4x −g[R −
1
2

gμν∂μϕ∂νϕ − V(ϕ)] + Sm[A(ϕ)2gμν, Ψm]

V(ϕ) = −
μ2

2
ϕ2 +

λ
4

ϕ4 A(ϕ) = 1 +
ϕ2

2M2
V(ϕ) =

1
2 ( ρm

M2
− μ2)ϕ2 +

λ
4

ϕ4

Symmetron mechanism

Dilaton mechanism

V(ϕ) = V0e−ϕ/MPl A(ϕ) = 1 +
(ϕ − ϕ0)2

2M2 V(ϕ) = V0e−ϕ/MPl +
(ϕ − ϕ0)2

2M2
ρm

T. Damour, A. M. Polyakov arXiv:hep-th/9401069

Kurt Hinterbichler, Justin Khoury arXiv:1001.4525



Vainshtein mechanism



Vainshtein mechanism

S = ∫ d4x −g[R −
1
2

∂μϕ∂μϕ +
α

4M4
(∂μϕ∂μϕ)2] + Sm[A(ϕ)2gμν, Ψm]

□ ϕ −
α

M4
∇μ[(∂αϕ∂αϕ)∂μϕ] = A′ (ϕ)ρm A(ϕ) = 1 +

β
MPl

ϕ

Newtonian limit for spherically symmetric solution

ϕ′ −
α

M4
ϕ′ 

3 =
1

4πr2

βm
MPl

r/rV r = rV =
1
M ( βm

MPl
)

1/2

Vainshtein radius

Fϕ =
β

Mpl
ϕ′ 

Fϕ /2βFN



Vainshtein mechanism

S = ∫ d4x −g[R + Λ4 1 −
(∂ϕ)2

Λ4
+ βϕT]DBI type of model

ϕ′ =
Λ2

1 + 16π2(r/rV)4
F5 ≃ 1/r2 r ≫ rV F5/FN ≃ (r/rV)2 r ≪ rV

S = ∫ d4x −g[R −
1
2

Zμν(ϕ, ∂ϕ, ⋯)∂μϕ∂νϕ] + Sm[A(ϕ)2gμν, Ψm]

Zμν = gμν +
1

M3
∂μνϕ +

1
M6

(∂μνϕ)2 + ⋯

At low energies Zμν ≃ gμν = 𝒪(1)

At high energies Zμν ≫ 1

−
1
2

Zμν(ϕ, ∂ϕ, ⋯)∂μϕ∂νϕ = −
1
2

∂μψ∂μψ ϕ =
ψ

Z
⇒ A(ϕ) = A( ψ

Z )

When ,   the field decouples from matter Z ≫ 1 A(ϕ) → A(0) = 1

The field is strongly coupled to itself and becomes weakly coupled 
to external sources 



Vainshtein mechanism

S = ∫ d5x −h[R + α(R2 − 4RμνRμν + RμνρσRμνρσ)]

Many of these non-linearities come from higher dimensional theories

Gauss-Bonnet

ds2 = gμνdxμdxν + eϕ(xμ)dw2Ansatz

S = ∫ d4x −g[R −
1
2

(∂ϕ)2 + αeϕ/ 3(RGB +
4
3

Gμνϕμϕν −
1

3
(∂ϕ)2 □ ϕ)] + Sm[e−ϕ/ 3gμν; Ψm]

R.G., M. Sami arXiv:1107.1892
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Origin of the Vainshtein mechanism

Massive gravity

Considering the linear theory of gravity, we can add a mass term

S = ∫ d4x[−
1
2

∂λhμν∂λhμν + ∂μhνλ∂νhμλ − ∂μhμν∂νh +
1
2

∂λh∂λh −
1
2

m2(hμνhμν − h2)]

□ hμν − ∂λ∂μhλ
ν − ∂λ∂νhλ

μ + ημν∂λ∂σhλσ + ∂μ∂νh − ημν □ h − m2(hμν − ημνh) = 0

( □ − m2)hμν = 0, ∂μhμν = 0, h = 0

Wave equation for 5 propagating propagating dof

Solution for a point source

ϕ = −
4
3

GM
r

e−mr, ψ = −
2
3

GM
r

e−mrδij

We can rescale the gravitational constant G →
3
4

G

ϕ = −
GM

r
e−mr, ψ = −

GM
2r

e−mrδij

Even in the limit , predictions will be different than GRm → 0

This is the vDVZ (van Dam, Veltman, Zakharov) discontinuity



Origin of the Vainshtein mechanism

Stückelberg trick

S = ∫ d4x[−
1
2

∂λhμν∂λhμν + ∂μhνλ∂νhμλ − ∂μhμν∂νh +
1
2

∂λh∂λh −
1
2

m2(hμνhμν − h2) + hμνTμν]

Formalism to expose the origin of this discontinuity  

Taking  in the equations does not yield to a smooth limit, because degrees of freedom are lostm → 0

To find the correct limit, the trick is to introduce new fields into the theory in a way that does not alter  
the theory and then the limit can be found in which no degrees of freedom are gained or lost 

The first part of the action is invariant under linear diffeomorphism 

hμν → hμν + ∂μξν + ∂νξμ

Let us do the following transformation  hμν → hμν + ∂μAν + ∂νAμ

It is not sufficient to decouple all degrees of freedom, so we do  

  

Aμ → Aμ + ∂μϕ

S = ∫ d4x[−
1
2

∂λhμν∂λhμν + ∂μhνλ∂νhμλ − ∂μhμν∂νh +
1
2

∂λh∂λh −
1
2

m2(hμνhμν − h2) −
1
2

FμνFμν −
1
2

(∂ϕ)2 −
1
2

m2ϕ2 + hμνTμν + ϕT]

hμν → hμν + ϕημνand 
  

S = ∫ d4x[−
1
2

∂λhμν∂λhμν + ∂μhνλ∂νhμλ − ∂μhμν∂νh +
1
2

∂λh∂λh −
1
2

FμνFμν −
1
2

(∂ϕ)2 + hμνTμν + ϕT]



Origin of the Vainshtein mechanism

Why so much interest

S = ∫ d4x[−
1
2

∂λhμν∂λhμν + ∂μhνλ∂νhμλ − ∂μhμν∂νh +
1
2

∂λh∂λh −
1
2

m2(hμνhμν − h2)] + Sm

∂μνhμν − □h = 0

In the case  and taking double derivativeTμν = Λημν

□ hμν − ∂λ∂μhλ
ν − ∂λ∂νhλ

μ + ημν∂λ∂σhλσ + ∂μ∂νh − ημν □ h − m2(hμν − ημνh) = − Tμν

Which means R = 0

So the curvature scalar is zero in presence of a cosmological constant, this would be an example of degravitation

But the theory has a discontinuity

Vainshtein proposed that non-linearities could solve the problem



Origin of the Vainshtein mechanism

Massive general relativity

gμν = ḡμν + hμν

S = ∫ d4x[ −gR − −ḡ
m2

2
ḡμαḡνβ(hμνhαβ − hμαhνβ)]

But the theory has now 6 degrees of freedom and the additional one is a ghost (Boulware-Deser ghost)

Fortunately, there exist one potential U without a ghost, dRGT model

It has Vainshtein screening

Doesn’t admit flat FLRW solution

Exist open FLRW solution

Exist isotropic/inhomogeneous solutions

But all these solutions contain a ghost

D’Amico et al. arXiv:1108.5231

Gumrukcuoglu et al. arXiv:1109.3845

Gratia et al. arXiv:1205.4241

F. Kuhnel arXiv:1208.1764



Origin of the Vainshtein mechanism

Because of these problems, massive gravity has been extended 

Background metric   is dynamical, bi-metric theory  
 

ḡμν

Multi metric theory 

The mass is not constant but it’s a scalar field, quasi-dilaton massive gravity (D’Amico et al. 2013)

The model has bouncing, turnaround or cyclic solutions

To date, there is no (extended) massive gravity model which possesses a completely satisfactory 
self-acceleration solution

But it opens the door to degravitation 
a large cosmological constant does not strongly curve space-time

Any theory that exhibits degravitation must reduce to a theory of massive/resonance gravity (continuum of massive 
gravitons) at linearized level

R.G. et al. arXiv:1304.5095

N. Arkani-Hamed et al. arXiv:hep-th/0209227

G. Dvali et al. arXiv:hep-th/0703027

K. Hinterbichler, R. A. Rosen arXiv:1203.5783

S. F. Hassan, R. A. Rosen arXiv:1109.3515



Vainshtein mechanism

Vainshtein mechanism seems stronger than chameleon

In time-dependent situations, Vainshtein mechanism has been found to be less efficient than around static  sources

Possible way to find a degravitation model

No satisfactory model for the moment

Y-Z Chu, M. Trodden arXiv:1210.6651)



Obrigado


