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Charge—velocity—0ependent one—scale model
for cosmic string nettootrt evolution

Chacun a son défaut, ou toujours il revient
J. de la Fontaine, Fables, 1668

Based on

Generalized velocity-dependent one-scale model for current-carrying strings
C. J. A. P. Martins, PP, I. Yu. Rybak and E. P. S. Shellard,
Phys. Rev. D103, 043538 (2021) [astro-ph 2011.09700]

Charge-velocity-dependent one-scale linear model
C. J. A. P. Martins, PP, I. Yu. Rybak and E. P. S. Shellard,

Phys. Rev. D104, 103506 (2021) [astro-ph 2108.03147]
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Model: cosmic string

T.W.B. Kibble, J. Phys. A9, 1387 (1976)
M.B. Hindmarsh and T.W.B. Kibble, Rep. Prog. Phys. 58, 477 (1995)
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Nambu-Goto strings
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https://commons.wikimedia.org/wiki/File:Cosmic_strings evolution during the expansion of the Universe.webm



Velocity one-scale model

Prel/m/nar/es Uniformly expandlng universe, the string EoM are:
Using conformal time ¢° = 7 and the transverse gauge

x-xX =0 /7
the string equations become /

1
2\ o [
acceleration = X+ 2a+ gf) (1 —X )X e e curvature
-2
damping (2 T gf) x“e=0,

2
x/

where ¢ is the energy per unit o is ¢ =T
— X
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Thermodynamic approach: Total network energy

E = pa(r) / edo . B/\ _,\Q/\

Time derivative - energy conservation equation

dp Vv?
— 2H (1
7 + ( + v ) €f
where the averaged rms velocity Is defined by
5 .o | Xedo Kibblel980; Vilenkin 1982
vt = (X7) = [edo = Marins & EPS 19956

p=20.

Brownian network ‘correlation length’
1 string uL per correlation volume 3

ez,
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Governs large-scale network evolution over cosmic history
Martins & EPS 1995,6

dL Lv?
2— = 2HL(1 +v2) =+ CUso -
dt 7 f U N AN
Hubble stretching & redshifting  damping loop creation
dv k 1
— = (1= |=—v|(2H+ ]| .
dt ( ) [R ( ff)]
. / f T friction
acceleration curvature Hubble damping o
. 1- X)X -u
where the curvature term is ko) 2/2 1 — k(v) = \ o1 —)(m )
V) = ~

NB: only one free parameter ¢ ™ 1+ 8°

For scale factor a(t) « t” we have

Solution has .

11/ 1/2 _____________
linear scaline: _ { k(k + (3) ] 5 L [k(l — ﬁ)]
Inear ing L 13— B) [ [ 3+ o)

thatis, L <t and v =const. with p. o2



Momentum parameter: k(v) =




Momentum parameter: k(v) =
v(1 — v?)
, , 2v/21 — 8v° :
From Nambu-Goto network simulations  kye (v) = V2 - 8U = (1—2%) (1 + 2\/5”05)
s VP
: : : : 1 — (av?)P
From Abelian-Higgs simulations ks (V) = ko

1+ (av?)P



Momentum parameter:
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GW stochastic background

C. Ringeval & T. Suyama, JCAP 17,12 (2017)
J. J. Blanco-Pillado & K. D. Olum, Phys. Rev. D96, 104046 (2017)
J. J. Blanco-Pillado K. D. Olum & X. Siemens. Phys. Lett. B778., 392 (2018)
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M odel: Witten superconducting cosmic string

1 1 1 « 1 «
L=—-F, F' — ZG‘“’GW + §DMQ> (DF®)" + §DME (DFY)” =V (®,X)
_ Covariant derivatives
Field strength tensors D,® = (0, —ieyB,)®

G, =0,B,—0,B,

DY = (8, —iegA,) %
F = 0,4, —d,A, . g .

Potential
A Ao m?
(2 = n?) + f(2P = PSP + TN + SIS

V(o) =



M odel: Witten superconducting cosmic string

1 1 1 N 1 .
L = —ZFWFW — ZG“”GW + §DM<I> (D) + 5DME (DFY)” =V (D, 3%)
lindrical coordinates (¢, 7,6, z
cy ( ) Ansatz
1
B,dx" = — [n — P(r)]df
Co




M odel: Witten superconducting cosmic string

1 1 1 .1 .
L=~ Fuk" = 7GuG" + 2D (D'®)" + 2D, % (D'%)" — V(2,5)

Cylindrical coordinates (¢, 7,0, 2)

Background and condensate 2D Schrodinger equation
_ ind
N(t,r, 2) = no(r)ett

Negative energy solutions
— Instabilities

-

E. Witten, Nucl. Phys. B249, 557 (1985)



Model: Witten superconducting cosmic string

1 1 1 | x
L=~ FuF" = GG + D, ®(D'®)" + -D,% (D'S)" - V(@,)
Cylindrical coordinates (¢, 7,0, 2)
Ansatz

- — 1
o Y (P) : Buda = — [n— P(r)]d6

i ! €
2-0_— An actual solution i O(r,0) = nd(r) oind
15| - A dxt = A, (r)dz + A(r)dt
o L(p) olp) S(t, 7, 2) = o (r)el =+

0 |
00 5.0 10.0 150 20.0 —
P =\ Apr

PP, Phys. Rev. D45, 1091 (1992)



Model: Witten superconducting cosmic string

N
1 1 1 . 1 .
L= Bl = GG 4+ S D@ (DF®) 3 D, (D'E)" = V(®, %))
i=1
Cylindrical coordinates (¢, 7,0, 2)
3.0
25+ I
~01(p)
20 Two condensates i
o2 (p) I
o P(p) Qb(P)
"0 5| Distance to thell(s)tring core p 1:5 2 P = v )\¢77T

M. Lilley, X. Martin & PP, Phys. Rev. D79, 103514 (2009)



Model: Witten superconducting cosmic string

1 1 1 .1 .
L=—2FuF" — GG + 2 D,® (D'®)" + 2D, S (D'S)" — V(P, %)

Cylindrical coordinates (¢, 7,0, 2)

~  Non abelian condensate
|\ (no symmetry breaking)

o(p)

Ho(o) N | o
y T - " | P =/ AN

M. Lilley, F. Di Marco, J. Martin & PP, Phys. Rev. D82, 023510 (2010)



Model: Witten superconducting cosmic string

1 1 1 .1 .
L=—2FuF" — GG + 2 D,® (D'®)" + 2D, S (D'S)" — V(P, %)

Cylindrical coordinates (¢, 7,0, 2)

Non abelian condensate
(symmetry breaking)
1A olp)
il $(p)
04 |- P ( p)
o) 5, w ------------- S s 1 P = A /)\(bnr

M. Lilley, F. Di Marco, J. Martin & PP, Phys. Rev. D82, 023510 (2010)



Model: Witten superconducting cosmic string

1 1 1 .1 .
L=—2FuF" — GG + 2 D,® (D'®)" + 2D, S (D'S)" — V(P, %)

Cylindrical coordinates (¢, 7,0, 2)
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Model: Witten superconducting cosmic string
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Neutral limit: (avoid complications due to long-range interaction...) PP Phys. Rev. D46, 3335 (1992)

e, — 0 Phys. Rev. D47, 3169 (1993)
A.u — 0 E(xa) — g(xl)eiw(éa)
Conserved current 7, = 02(74)(9”5 1 0
0 0
wty, — kz, =w 0 — k 0
0 1

7“ rdr

Integrated (macroscopic) current ¢, = / d*zt 7, = 270,1 / o’

Scalar current = 1/ |c,ct|

Scalar state parameter w = ¢/” 0,40, — k? — w?

> ,u—27n/]w/ r)rdr .

/N
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Stress energy tensor 777 = —2

Integrated for macroscopic treatment

THY = /T“’”deL

= UuMu” — To*v"
(U —T)u!u” —TnH"

i i

U—-T=vu

Legendre transform — dual formalism
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Macroscopic perturbations (stability constraint)
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U=T+ pv

Legendre transform — dual formalism

B. Carter & PP, Phys. Rev. D52, R1744 (1995)
B. Carter, PP& A. Gangui, Phys. Rev. D55, 4647 (1997)

Macroscopic formalism

State parameter «v — worldsheet lagrangian £(w) and w = k70,00

Se =-m? [ E6/TL (w)

Master function (dual to lagrangian) A(y): set x = R0y a0t

» 2 conserved (orthogonal:~,,n“z% = 0) currents

. or . OA
9

2% = n® =

90,
Equivalent alternative dynamical description

v? = |w|

u” = x|

Sp s Sy = —m? / 267/ ~7A (v)



Current amplitudes

Equivalent formulations

Kz% = kg0% =
| S— —2% —
dw

]6 p— —’C_l

Legendre transformation A = £ + Ky

I&na — Roaaw
~ dA

-1 _ _o %
K Oy

—  w =K%

@ntifi cation for the macroscopic descri p@

Regime U T w and X current
Electric —AN | =L <0 timelike
Magnetic| — £ | —A > () spacelike

U=T+4 uv
_dU

SR
dT

T



Specific models

o Nambu-Goto (structureless) L =-m*’ — U=T

o Small field expansion L=—m’+ g — A=-m’+ % self-dual

Subsonic equation of state U +T =2m? = c,<c =1

o Kaluza-Klein L=-mvm?2—-—rx — A=-my/m?—yx self-dual

Transonic equation of state UT = m* =— ¢, =c¢, <1
2
o Small field expansion (higher order) £ = —m? + g + f 5 + O(k?)
m*
p e\ L ™ Supersonic
o Witten magnetic model £ =—m?+ = (1 — equation of state
2 m; <ec,. <1
> €L, X Cp >
2
: : UL K Phase frequency
= —m- — In{1-—
o Witten electric model L m , In ( mz) ) threshold

lim p =00
V—r— M«
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o Witten electricmodel £ = —m? — M 1 (1 v )



Dynamics of current-carrying cosmic strings in expanding universes

Effective action § = / L(Kk)/—vd?0 = — o / f(K)y/—vdodo?
OXH oOX"Y
Induced metric  Yap = Gy - — = X' X}
do Job “
Worldsheet X/ (6%) = {X"(0",0"), X (0”,0')}  Gauge choice 1: X0 =

Background metric ds? . = a*(7) ((172 - da:Q) = dt* — a®(t)dz?

or Jdo ,
22 N
2 @Y

: X 0X . L
Gauge choice 2: d : d =X -X'=0 = A, = diag [ (1 _ X2> 7—aZX’Z]
— State parameter x = — — — =q¢° —j
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Use formalism to obtain the superconducting string equations of motion

(7‘-;;2 S0/2

2 (1_X2) a2X'?

State parameter ~ = — 2~ 42

Equations of motion

- a
87— ((U) -+ a(

(U+T)X?+0-T| =0,®

XU+ e (U+T) (1 - XQ) X =0, (—X’) L9BX' + X! (@ +9%%
a € a

0, (fua/PX7?) = 0, | fray/72(1 - X?)]

12
2 = X.
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Ihermodynamic approach: Total network energy now

including current/charges .
5 5 E = auyg / Uedo Energy
or just the strings
Ey = apyg / edo Bare energy
Total charge (Q* = (¢*) and current J* = (j*)
RMS velocity v = (X2) Integrated state parameter
K — Q2 o J2

Averaging assumptions:

Uncorrelated variables
(F(O)) = F({O))

. . V
+ Brownian string network F = HO

L2a?

C

oV
£2q2

— [y =

E = Bylf — 2¢°f,) — EE —F-2Q°F F(K)=(f(r) F'=(fs) F"=(fur)



Averaging process
/ Uedo Energy

By = apg / Bare energy

4 )

/ Oecdo
(0) = General variable

/ cdo

\ /

Integrated state parameter
Total charge () = (¢*) and current J? = (52 K =Q?—

RMS velocity v = 1/ (X?2)



General assumptions / hypothesis

Uncorrelated variables
(F(0)) =~ F(0))

4 o )
Vanishing boundary terms
/80 {F|X (0,7)]}do — jl{(‘)g {F[X (o,7)]}do =0
. | .
+ Brownian string network /) = gg:; — [y = 220;

E

E = Eo(f —2¢°f.) = = =F- 2Q°F' F(K) = (f(k

0



Equations of motion from formalism with general master equation (EoS)

(i it F - (@2 ) ] - (Q*+ 1) F') N

— © /2
dr o F — 20°F C

dv (1 - ’()2) k(?)) 9 1y a 5 O\ 7/
dr F_2Q2F/{LC\/F2Q2F/ (F+2J°F) QU(J,[ (@ =) F
d.J? 5 vk(v) a
— =2J — =
dr Len/F =2Q%F  a
d@Q* 20° F' +2J%F" vk(v) _a
NG Y
Chirality Charge 232 1 8ub

1 2 2 ,
K:QQ—JQ Y:§(Q +J7) Fxa (V) T 14 8



Phenomenological parameter:

loop chopping efficiency

(€ >~ 0.51n ordinary “VOS” model)

current chopping efficiency

dY
charge leakage —

T

leakage

Universe expansion: a(T)

dEO e E(J
dr loops / §c
dF 1))
= — g cv—
dr loops >C
Y y Y
& Lo /F —2Q°F  Lo/1+Y



o Dnear CVOS Model

First attempt: Take simplified linear EoS for calculational simplicity

Linear regime F'(K) =1 — il e

2
(CT k4 @ g+ V) +4Ay . )
> 14Y a 2(1+Y)3/2 ~
: 1 — 2 [k‘(l—Y) CL]
vr = — 2u—
I+Y [ (VI+Y a
vk @\ wve(g—1) AY
ey o = B
. vk a 2(1 — 2p,)AY .
K = 2K ay ol o —
(L(:m a,) L/1+Y L(:C(g ) ( )
Scaling solution L. =(r with C 0



RO B

Dynamical solutions No leakage
g=9,=0.9 ¢, =05 k(v)=k,=0.6

----------------------- n =2
e n—

| Y
? V
0.10|
0.01}
10716 1011 1076 107" 10* 10°
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eakage

Dynamical solutions With leakage g = 1 + 20Y
¢, =023 b=0 A=0.25

1'4 | I | 1 | | I I I | | I

1.2} -

1015 102 10! 10° 107 10° 103 10! 10! 103 10° 107 10°
T



Attractor (n = 1, radiation)
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Constraints




Scalarmodes
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