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Introduction: the cosmological constant problem
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GENERAL RELATIVITY

Einstein-Hilbert action plus a cosmological constant term:

4
167Gy

/d4x\/_g(R - 2/\) + Smatter [g,uzza W] . (1)

Field equations:

1 871G
R/.Ll/ - Eg,uuR + Ag;w = TNT;W . (2)

A was introduced by Einstein in order to model a static universe [A.
Einstein, Sitzungs. Konig. Preuss. Akad. (1917) 142-152]. It has been
rejected afterwards being the expansion of the universe
observationally established. It revives today as the most successful
model for the accelerated expansion of the universe.

OLIVER F. PIATTELLA

ON THE HIDING OF THE COSMOLOGICAL CONSTANT



INTRODUCTION

000e00000000000

THE VALUE OF A FROM COSMOLOGY

So, there is strong observational evidence of A driving the
accelerated expansion of the universe. The amount of A energy
density in the universe is about 70% percent, hence:

PA = Qpper = 107 GeV* ~ 10752 m2 . (3)

What is the problem with A?

» Huge discrepancy with the predictions coming from quantum
field theory (old cosmological constant problem);
» Why pa has the above tiny value? (new cosmological
constant problem).
The first question was tackled already by Zel'dovich and Sakharov
[Y. B. Zeldovich, JETP letters 6 (1967), 316-317; A. D. Sakharov, Dokl.
Akad. Nauk SSSR (1967) 177, 70-71].
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VACUUM FLUCTUATIONS

In Minkowski space we have that

<T/uz> X TIW ) (4)
hence by the equivalence principle, in curved space one has:
(Tuw) = —pyac(X)8uv (5)

and because of Bianchi identities py.. has to be a constant. So,
the field equations become:

G + Net 8w = 8GN Ty (6)
with
Aeft = N\ + 87 Gppvac (7)
the effective cosmological constant (whose measured value is
10747 GeV*).
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CLASSICAL CONTRIBUTIONS

These come from fields which settle at the minimum of the
potential to which they are subject. Consider a simple example:

1
Tiw = 0,90, — g | 58779,90,% + V(®)| . (8)

If the field rolls down to a minimum of its potential:
<TW> = _V((Dmin)g/w . (9)

If we can set V(®pin) = 0 there is no contribution to Acg. Phase
transitions are therefore quite problematic because the position of
the minimum is shifted and V/(®p,in) = 0 can be realised only
before or after the phase transition.
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ELECTROWEAK PHASE TRANSITION

Realistic cases are the electroweak phase transition and the QCD
transition. In the electroweak case (after the transition) we have
the potential (A~ 0.1 is a coupling):

/\v A v A

V(H) = -~ 2H? + - H® H4 1

(H) + )\ + 5 7 + 16 (10)

with m?, = Av? being the Higgs mass and v = (H). Then:

L 5 2 V2
Prac = =, mpv" ve = 4G;%- , (11)
lead to: \[
mH 8 4

vac = ~—-12x1 \% 12
p 16 G2 x 10° Ge (12)

Gr ~ 1.16 x 107° GeV~2 is Fermi's constant and mpy ~ 125-GeV.
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ELECTROWEAK PHASE TRANSITION

HiGGS POTENTIAL (PLOTS TAKEN FROM MARTIN’S REVIEW )
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Fig. 2. Effective potential of the Higgs boson before and after the electroweak phase transition. The left panel corresponds to a situation where the vacuum
energy vanishes at high temperature. As a consequence py,c is negative at temperature smaller than the critical temperature. This is the situation treated
in the text where the quantity —m?/(42) is explicitly calculated. On the right panel, the off-set parameter Vo is chosen such that the vacuum energy is
zero after the transition. As a consequence, it does not vanish at high temperatures.
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QUANTUM-MECHANICAL CONTRIBUTION TO A.g

SIMPLE EXAMPLE OF A SCALAR FIELD

Let us see the calculation of the zero-point energy-momentum
tensor for a massive non-interacting scalar field:

d3k ik x T —iktx
q)(X) = / m(ake 4 ake ‘u) s (13)

with
we=kS=Vk2+m2. (14)

The energy-momentum tensor is:
d3k
<THV> :/(271_)32/(()!(“/(1, . (15)
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QUANTUM-MECHANICAL CONTRIBUTION TO A.g

PUTTING A CUTOFF

Consider a cutoff M — oco. Then:

M4
1672

]__|_m_2 1_|_m_2 _m_4|n M+M ]__|_m_2
M2 2M?2 2M4 m m M2
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QUANTUM-MECHANICAL CONTRIBUTION TO A.g

PUTTING A CUTOFF

and also for the pressure:

_1 1 M K4

_3 472 \/m
1 M* m? 3m 2
A YL 1+
b |V (1 ) ( M)]

1m
1-— (17
T 31672 ( I\/I2 > (17)
At the leading order (m/M — 0) (p) = (p)/3, as radiation does,
so something is going wrong. Indeed, putting a cutoff spoils
Lorentz invariance. Considering just the logarithmic terms instead
gives the expected behaviour (p) = —(p).
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QUANTUM—MECHANICAL CONTRIBUTIONS

DIMENSIONAL REGULARISATION

Using dimensional regularisation one gets:

4d1

(p) = (2’; — 12/ dkk?=2d92Quoy

pt T(=dj2) (m\*?
- 2(4m)dtT(-1/2) <_> ’

(18)
with g an arbitrary scale. Similarly
ot T(=dj2) (m\?
# =t () (49)

Now (p) = —(p) as expected.
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QUANTUM—MECHANICAL CONTRIBUTIONS
RENORMALISATION

Considering d = 4 — € one can easily investigate the pole structure
of the Gamma function and see that:

<p>:—6;n—;2[§+g—7—ln<4:;2>]+.... (20)

By subtracting the divergent term we finally have:

0= g (%) (1)

In general one can show the same result for any free field, provided
a minus sign for the fermionic ones. Hence:

1 m,27
) = gz S </T> . (22)
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QUANTUM—MECHANICAL CONTRIBUTIONS

PaurLt Sum RULES

Pauli already observed in 1951 (ETH lectures) that even using a
UV cutoff the correct result is obtained if the following conditions
are met:

Z(_1)2Sngn -0 ,Z(_ 25,,g m -0 Z 25,, —0.
n n

(23)
Visser shows how these conditions provide a bridge between the
finiteness of the zero-point energy and Lorentz invariance. He also
speculates on the consequences of taking these relations to be
valid non-perturbatively, leading to the necessity of physics beyond
the standard model (M. Visser, Phys. Lett. B 791 (2019) 43
[arXiv:1808.04583 [hep-th]]).
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THE VALUE OF THE COSMOLOGICAL CONSTANT AND
THE PROBLEM

Summing up all the contributions considered so far, we have:

1 2
Pvac = W Z(_l)zsngnmi In <1u > +p/\ +pvac +p9aCCJD o
n

(24)
We don’t know g, so we could simply fine tune it and pg in order
to give the observed result. The problem is that such a fine-tuning
is needed at each loop order, since the coupling constants are not
all smalls in the Standard Model. In other words, perturbation
theory doesn’t work here. Just taking the electroweak scale:

~ —1.2 x 108 GeV* . (25)

p Va.C

This has the wrong sign and it is in modulus way larger than the

ohserved value
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HIDING THE COSMOLOGICAL CONSTANT

In [S. Carlip, PRL 123, 131302 (2019)] the author describes a
mechanism by which the effect of a huge cosmological constant
might average out on macroscopic scales.

He relies on Wheeler's notion of a spacetime foam, where a
possibly huge cosmological constant is generated at the Planck

scale.

The framework is the initial value formulation of General Relativity.
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THE INITIAL VALUE FORMULATION OF GENERAL
RELATIVITY.

Adopting a 3+1 foliation of spacetime, with ¥ a Cauchy
3-hypersurface, where to establish our initial conditions, the metric
can be written as:

ds? = —(N? — N;N/)de? + 2N;dx'dt + gjdx'dx/ | (26)

and the usual Einstein equations in vacuum and in presence of a
cosmological constant are equivalent to two constraints:

R— KK +K>*—2 =0, (27)
Di(K'; — 6jK) =0, (28)

and two evolution equations:
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THE INITIAL VALUE FORMULATION OF GENERAL
RELATIVITY.

1 1

Natgij = 2Kj + N(DjNi + DiN;) , (29)
1 . . . .
NatK’j = —R’j — KK'J' + 5}/\

DIDN | L
NN

K'«DiN* — K¥; DN + Nk D K'}) | (30)

where Kj; is the extrinsic curvature.
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TWO IMPORTANT PROPERTIES

Since:

1. The equations are time reversal invariant, i.e. if (g, K) is
allowed initial data for a manifold X, so is (g, —K)

2. Two manifolds ¥; and X with initial data (g1, K1) and
(g2, K2) can be glued to form a manifold X;#Y, (connected
sum) for which the initial data are unchanged outside
arbitrarily small neighborhoods of the points where the gluing
is performed. [P. T. Chrusciel, J. Isenberg, and D. Pollack,
Phys. Rev. Lett. 93, 081101 (2004), Commun. Math. Phys.
257, 29 (2005)]

then it is natural that, averaging over a sufficiently large volume:
(K'j)) =~0. (31)
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GENERALITY

The result is quite general because any orientable 3-manifold is
isomorphic to a connected sum of prime manifolds and this sum is
unique. [J. Milnor, Am. J. Math. 84, 1 (1962); D. Giulini, Int. J.
Theor. Phys. 33, 913 (1994)]
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TIME EVOLUTION

IS THE ABOVE PROPERTY PRESERVED WITH TIME?
Define the average [T. Buchert, Gen. Relativ. Gravit. 32, 105
(2000)]:

<X)D—VLD/DX\/§d3x, VD—/D\/§d3x. (32)

Use (K) = 0 as initial condition. On the same hypersurface:

k)= / N(=R + 370) VEdx . (33)

Since N > 0, there are infinite possible choices of it such that
(K)* =0, as long as —R + 3A has not a definite sign. A similar
argument goes on for higher derivatives of (K), which envolve
higher derivatives of N.
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TIME EVOLUTION

EVOLUTION EQUATION FOR (K)

| wanted to better characterise this argument, so | thought of
obtaining a closed differential equation for (K).

. v 1 [ _ %
(K =~ (K) + 4 [ 1K+ Kg/ el Vadx =~ (K)
v % %
1
+v /[N(—R +3A) + D*DyN + N¥Di K + KDk N¥]/gd®x . (34)
The derivative of the volume is:

v =y [e/ealVESx = [(NK+ DN EPx . (35)
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TIME EVOLUTION

EVOLUTION EQUATION FOR (K)

We then have:
(K)* = —[(NK) + B1](K) — (NR) + 3(N)A+ Ba + K, (36)

where By > are the boundary terms depending only on the shift and
lapse functions, respectively:

1 1
By = V/Dka\/Ed3x, By = V/DkaN\/Ed3x, (37)

and K is a boundary term involving K itself:
1 k 3
K= v D (KN™)\/gd>x . (38)
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TIME EVOLUTION
EVOLUTION EQUATION FOR (K)
The evolution of (K) is then described by:
(K)® = —(NK)(K) — (NR) + 3(N)A + B> . (39)

We now get rid of (NK) and find a closed equation for (K). This
can be done using the following lemma. For a generic quantity W,

one has: _
(W) = (V) + (NKV) — (NK)(V) . (40)
Therefore, choosing W = 1/N, we obtain:
(1/N)* = —(N/N?) + (K) — (NK)(1/N) , (41)

from which we can obtain:
(K) (1/N)* 4 (N/N?)
R 7 A VL N 2
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TIME EVOLUTION

EVOLUTION EQUATION FOR (K)

Therefore, we can find a closed equation for (K) = X which takes
the form of a Riccati equation:

X = —f(t)X? + g(t)X + h(t) (43)
where:

. \ 2
()=« 600 = T

(1/N)
h(t) = —(NR) + 3(N)A + B, . (45)

(44)
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TIME EVOLUTION

EVOLUTION EQUATION FOR (K)

It should be possible to employ our freedom in the choice of N and
of the integration volume in order to set h(t) = 0. But then:

X =f(t)X2+g(t)X, X=(F)X2+2XX + (&)X +gX,

(46)
implies that if X = 0 at some initial time, then all its derivatives
are also zero at that time (provided f and g are regular) and thus
X = 0 is the solution of the equation. In practice, we have
explicitly realised Carlip’s proposal.

An issue to check here is whether this solution X = 0 is stable and
if f and g are regular indeed.
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