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BLACK HOLE    913,000,000

NEUTRON STAR 23,800,000

In virtual reality black hole are 
ƳƻǊŜ ȫǊŜŀƭΩ ǘƘŀƴ ƴŜǳǘǊƻƴ ǎǘŀǊǎΦ
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  Gravitational wav

One hundred years later ...

The first observing run (O1) of Advanced LIGO 

es

  Black holes

       Two predictions of the Einstein's General 
                         Relativity (1915)

was scheduled to start 

9 am GMT (10 am BST), 14 September 2015. Both gravitational-wave 

detectors were running fine, but there were few a extra things the 

calibration team wanted to do and not all the automated analysis had 

been set up, so it was decided to postpone the start of the run until 

18 September. No-one told the Universe. At 9:50 am, 14 September 

there was an event. 



https://christopherplberry.files.wordpress.com/2016/02/fig1_split_v17_top_standalone.png


3 Dec 2018 -- The LIGO Scientific Collaboration and the Virgo 

Collaboration have released the results of their search for 

stellar-mass coalescing compact binaries during the first and 

second observing runs using an advanced gravitational-wave 

detector network. This includes the confident detection of ten 

binary black hole mergers and one binary neut

4 new events. Th

ron star merger.

e "most mass

 

ive case" GW170729. Its source 

is made up of black holes with masses  50 M and   34 M .







49

Masses  35M   and 30M . Final mass 62M , 3M  

was emitted in the form of gravitational waves. This 

is about 5% of the total mass. 3.6×10  watts ï 50 

times greater than 

            Facts about GW150914

80

 the combined power of all light 

radiated by all the stars in the observable universe. 

It was observed about 8 cycles from 35 Hz to 250 Hz. 

Total number of emitted gravitons 10 .
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ent happened at the distance r 400mpc 1.4 10  

light years, r 1.3 10 . The grav. radius of 60M   

1.8 10
R 60 3 1.8 10 , 0.25 10 .
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Gravitational collapse will always occur on 
any star core over 3-5 solar masses, 
inevitably producing a black hole.  

Approximately 1/3 of the star systems in 
the Milky Way are binary or multiple. The 
rest 2/3 are single stars. A heavier 
companion in the stellar binary has faster 
evolution than the lighter one. If the mass 
of the heavy star is large enough a system 
may become a black hole binary. 



Known candidates for stellar mass black holes 
were discovered in such systems. The motion 
of a star companion in the binary can be 
detected. This gives information about the 
mass of the black hole candidate. 

8 9

Estimates give :  the number of stellar mass black 

holes in our Galaxy is about 10 10 . A similar 

or larger number of neutron stars exist in the Gal .axy

-



 X-ray object in a binary system,

 Its mass measuring by means of Newton's law,

 Existence of an accretion disk,

 Velocity of matter at 

    Indirect methods of seach for

      stellar mass black holes

¶

¶

¶

¶ the : Broading of

   Fe  lines,

 Total brightness of the accretion disk.

ISCO

a

¶
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ÅStellar-mass black holes with 
Å(Super)massive black holes with 
ÅIntermediate-mass black holes with 
ÅPrimordial black holes with mass up to 
ÅMicro black holes 
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The quantum gravity effects become important 
for black holes with                         . The black 
holes of smaller mass do not exist, at least in 
the standard classical sense. 

PlanckM M<
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 BH in the center of our Galaxy, Milky Way. Sagittarius A* 

   is the location of a supermassive black hole of mass 4 10 .

 SMBHs in the center of other galaxies.

         Supermassive black holes

M

¶

³

¶



A black holeis a compact massive object, the 
gravitational field of which is so strong that nothing 

(even the light) can escape from it.

The boundary of the black hole, called the 
event horizon, is a surface at which the 

escape velocity is equal to the velocity of 
light.
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John 
Archibald 
Wheeler 
(1911--
2008)

The name "black hole" was invented in December 1967 by John 
Archibald Wheeler. Before Wheeler, these objects were often 

ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ ϦōƭŀŎƪ ǎǘŀǊǎά ƻǊ ϦŦǊƻȊŜƴ ǎǘŀǊǎϦΦ 





Event horizon (BH boundary) is almost everywhere 
null surface

Black hole surface topology is     .

Its surface area never decreases (EC)

Soon after their formation black holes become 
ǎǘŀǘƛƻƴŀǊȅ όǘƘŜ ȫōŀƭŘƛƴƎ ǇƘŀǎŜΩ                ύ.

Stationary black holes are either static (Schwarzschild) 
or axially symmetric (Kerr).

2S

/gT r c



Uniqueness theorem:  Stationary isolated BHs are 
uniquely specified by their mass and angular 

momentum and are described by the Kerr metric.

The Kerr metric besides the evident ST symmetries 
has also hidden symmetry.

Geodesic equation of motion are completely 
integrable. Masslessfield equations allow the 

separation of variables.

Black holes are classically stable.



The radius =2M is known as the gravitational radius or the Schwarzschild 
radius. In physical units, after restoring G and c constants, it has the value
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describes the gravitational field in vacuum, outside a spherical distribution of 
matter. This matter may be either static or have radial motion preserving the 
spherical symmetry. According to Birkhoff's theorem, the external metric does 
not depend on such motion. In the absence of matter, the metric describes an 
exterior of a spherically symmetric static black hole. In this case          is the 
radius of its event horizon.
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The equation U = -V determines a three-dimensional spacelikeslice of the 
Kruskalspacetime. This slice passes through the bifurcation surface of the 
horizons. It has two branches. This subspace is called the Einstein-Rosen
bridge. Its internal geometry
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2(1 2 )r Mr r= + / .

The geometry of a two-dimensional section                     of the metric can be 
embedded in a  at three-dimensional space as a revolution surface

2q p= /



2 2 2 2 2 2 2 22(1 )dL dz dr r d dr r dzf f= + + = + + ,¡

2 2 ( 2 )z M r M=° -where
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In the `physical' spacetimethe signature of the metric is ( - ; + ; + ; + ). The 
Schwarzschild metric is static and it allows an analytical continuation to the 
Euclidean one ( + ; + ; + ; + ). This continuation can be obtained by making the 
Wick's rotation                      . The corresponding space, called a Euclidean black hole, 
has interesting mathematical properties and has important physical applications.
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The two-dimensional part of the Euclidean metric
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In a general case this metric has a conical singularity. This singularity vanishes if    
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Consider the (t-r)-sector of the Schwarzschild metric
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In the vicinity of the horizon: S(1 ) 1r r y y= + , .

the proper length distance from the horizon 
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2 2 2 2 2d dt dg k r r= +

S1 (2 ) 1 (4 )r Mk= / = / is the surface gravity of the black hole.

2 2 2 2 2 2 2

Sds dt d r dk r r wº + +
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Why  enters the expression for the temperature?

We keep  in the relations, but put 1
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Euclidean time. 

 



This regular four dimensional Euclidean space is called the Euclidean
black hole or the Gibbons-Hawking instanton. The inverse period in Euclidean 
time is equal 

is called the Hawking temperature of the black hole.
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Rotating black holes



4D Kerr-NUT-(A)dS 
Derivation in 3 Simple Steps

Step 1: Write flat ST metric in ellipsoidal coordinates
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Step 3: Use this form of the metric to solve Einstein
equations

mn mnl
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The other equations fix some constants
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rotation parameter, mass,

`NUT' parameter, `cosmological term'
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If we put = 0 and change coordinates 

cos , , ,

we obtain Kerr solution in standard Boyer-

Lindquist coordinates  ( , , , ).

N

y a t a a

t r

l

q t f y f

q f

-

=

= = - =



2 2
2 2 2

2 2

2 4 sin sin
1

Mr Mra A
ds dt dt d d

dr d

q q
f f

q

å õ
=- - - +æ ö

S S Sç ÷

S
+ +S ,
D

2 2 2 2 2

2 2 2 2 2

cos 2

( ) sin

r a r Mr a

A r a a

q

q

S= + , D= - + ,

= + -D .



The event horizon is located at
Which are the roots of the equation

The event horizon of the Kerr 
spacetimeis a null 3-dimensional 
surface. Its spatial slices have the
geometry of a 2-dimensional 
distorted sphere.

The rotating black holes exist only for 

For                the Kerr solution does 
not have a horizon and it describes 
a naked singularity. It is generally 
believed that such a singularity does 
not arise in real physical processes. 

2 2r r r M M a+ °= , = ° - .
( ) 0rD =
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Metric  is a trivial example of the Killing tensor.

Kerr metric has 2 Killing vectors  and .

Carter (1968) found that it also has a Killing tensor.

This gives 4 integral of motion and make parti

gmn
m m

fx x

cle and

light equations completely integrable.
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5D vac. stationary black holes



(1) No Uniquness Theorem: For given  

      and  more than one BH solution

(2) Complete integrability and separation 

     of variables are generic properties 

     of HD analogues of Kerr H
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symm

(3) Stabilit
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Main Results

( ( ) )

:

(1) .

(2)

In the most general Kerr NUT A dS

higher dimensional black hole spacetime

Geodesic motion is completely integrable

Hamilton Jacobi and Klein Gordon equa

tions allow the complete separation of variables

- -

-

- - -



Motivations

Separation of variables allows one to reduce a physical 
problem to a simpler one in which physical quantities 
depend on less number of variables. In case of complete 
separability original partial differential equations reduce 
to a set of ordinary differential equations

Separation of variables in the Kerr metric

is used for study:

(1) Black hole stability

(2) Particle and field propagation

(3) Quasinormal modes

(4) Hawking radiation



Main lesson: Properties of higher 
dimensional rotating BHs and the 

4D Kerr metric are very similar.

HDBHs give a new wide class of 
completely integrablesystems
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Pope, Class. Quant. Grav. 23 , 5323 (2006). 
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Generator of Symmetries

PRINCIPLE CONFORMAL  KY TENSOR

[ ]

1
1

2-form  with the following properties:

(i)   Non-degenerate (maximal matrix rank)

(ii)  Closed  0

(iii) Conformal KY tensor

,

       is a primary Killing vector
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All Kerr-NUT-AdSmetrics possess a 
PRINCIPLE CONFORMAL  KY 

TENSOR
(V.F.&KubiznakΩлтύ



A solution of Einstein equations with 
the cosmological constant which 

possess a PRINCIPLE CONFORMAL  KY 
TENSOR is a Kerr-NUT-AdSmetric 

(Houri,Oota&YasuiΩлт ΩлфΤ 
Krtous, V.F. .&KubiznakΩлуΤύ

Uniqueness Theorem
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Killing-Yano Tower
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Total number of conserved quantities:

The integrals of motion are functionally 

independent and in involution. The 

geodesic equations in the Kerr-NUT

-AdS  ST ar
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Separation of variables in 
HD Black Holes



In 2  dimensional ST the Principal CKY 

tensor (as operator) has  2D eigenspaces with 

eigenvalues
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  Complete separability of Maxwell equations in

    4 and higher dimensional spacetime in the off-shell

    generalized Kerr-NUT-(A)dS metrics [Lunin (2017,

    FKK (2017);

               Recent  results

¶

   Complete separability of massive field equations in

    4 and higher dimensional spacetime in the off-shell

    generalized Kerr-NUT-(A)dS metrics [FKK (2017)];

¶



( )

"Black holes, hidden symmetries, and complete 

integrability",  VF,Pavel Krtous and David Kubiznak. 

Living Rev.Rel. 20 2017  no.1, 6  (195 pp.);   

arXiv:1705.05482.
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Denote by  `charge' of the particle of mass  and 

by  the field strength. Probability=

exp( / ) ( 2 ),

/  is the Compton length and  is a 

separation of particles when they become `real'
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In gravity: , ,
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. This relation is valid in any 

number of dimensions.
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Order of magnitude estimation



Barvinsky, V.F., ZelnikovΣ άWavefunctionof a Black 
IƻƭŜ ŀƴŘ ǘƘŜ 5ȅƴŀƳƛŎŀƭ hǊƛƎƛƴ ƻŦ 9ƴǘǊƻǇȅέΣ 
Phys.Rev. D51, 1741 (1995)



This regular four dimensional Euclidean space is called the Euclidean
black hole or the Gibbons-Hawking instanton. The inverse period in Euclidean 
time is equal 

is called the Hawking temperature of the black hole.
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Ĕ is a wavefunction of (free) quantum field .
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["Wavefunction of a Black Hole and the Dynamical Origin of Entropy"

Barvinsky,V.F., Zelnikov, Phys.Rev. D51 1995  1741-1763.]

 in the eternal black hole.
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  Entropy scales
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Relic gravitons 10

CMB photons 10

Relic neutrinos 10
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A single Black Hole in the Milky Way has 
larger entropy than all visible matter in 

the observable Universe


