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But whatis a Primordial Black Hole?

1- Inflationary perturbations in the early universe;

2- Quantum fluctuations during inflation generate
overdensities;

O . :
3- Density contrast 6 = f — “compaction function” C(r);

4- If C > C, at horizon entry = PBHs are formed;




Why do they matter?

1- Different to astrophysical BHs;

2- Dark matter candidate;

3- Seeds of supermassive black holes;
4- LIGO-Virgo—-KAGRA merger events;

5- Constraining early universe physics;




A setup where the superhorizon scale curvature perturbation
consists of two uncorrelated parts (£ ,{,) = 0 which we label
as the inflaton part ¢ , and the curvaton part ¢,

c(k) =, (k) +C (k) (1)

We assume that the inflaton part dominates on CMB scales

Pk = 0.05Mpc™") = P, (k = 0.05Mpc™") = 2.1 x 107

and that the curvaton part dominates on the small scale k_
relevant for the PBH formation

qué’(kc:) = t?J(;((kc) (2)




A concrete template for the spectator sector is given by

In [)( (Zends X)z] = (X(tena)’)
<)((tend)2>

where a is a constant andy = y(z,,,4) denotes the spectator field at
the end of inflation.

6, (X) =a (3)

Such a y* form can arise in the curvaton mechanism
(Sasaki,Valiviita, and Wands, 2006):

a weakly coupled scalar field lighter than the Hubble rate during
inflation, around the minimum of its potential V(y) = m?y?/2.
where m is the effective mass of the curvaton.




Fluctuations in the energy density op,, of a light spectator with a

vanishing mean are manifestly non-Gaussian (IHerranen, Markkanen
and ' ranberg, 2014; Markkanen, Rajantie, Stopyra and | enkanen,

201Q)

'1'he dimensionless density parameter for the curvaton at the decay
time 1S

where we are considering instantaneous decay of the curvaton
particles, radiation dominated era for ¢, , < 1 < fy, X = ay/a and

Q)(O = ()(3)/6Ml2,l




'I'he fully nonlinear relation between the primordial curvature

pertur

bation, ¢, the radiation perturbation, ¢, t

pertur

1C curvaton

bation ¢ ; is given by (Sasaki,Valiviita, anc

- Wands, 2006)

where we will define a new variable with the mean subtracted

¢, = ¢, —({,),and also

Cy =

1 In y?
3 (x%)

1
<:%>=—§(1n2—yg), and () =0 (6)




Since we are interested in the regime of PBHs formation where €, is

large, let us consider the following ansatz

z:=g(+%1ngz%+5 (7)

S0 we get the asymptotic approximation of curvaton perturbation as
COn) = a [In(r)* = (In(*)] > = f71 (8)

where ® is the Heaviside step function, @ = 1/3 for the curvaton
model, y = y(t,,4) denotes the curvaton field at the end of inflation,

3/4
wd 2= () (1-Q,) /9,




In order to make sure the curvaton contribution does not spoil the
cosmological evolution

the spectrum of ., has restrictions on the space of parameters,

indicating that we need a massive curvaton field to
satisty

So if we have m?/H? = 0.9, this translates to the power spectrum at
large and small scales, respectively

P (0.05Mpc™) =38x 107" and P, (10°Mpc™) =2x 107 (9)




By considering that the high peaks in the density field that form PBHs
can be approximated as spherical

dk /. X I
x(1,X) = [ 27y (ak)(k + a*_k)(_*k) e/

dk . dk
= ){k(t)4ﬂz L7 (kx)Y,,(X)Y, (k)J o) ——— Jo(kX)}y
Im

J Q2r)

'The correlators of the curvaton field y(r) and its derivative y'(r) are
given, in terms of the power spectrum (k), by

(y(r))y = | d In(k)jgkr)P(k)  (10)

a(y'(n) = | dIn(k)(kr)jo(kr)jo(kr)P(k) - (11)

(' (r) = [d In(k)(kr)? [jé(kr)]zg’(k) (12)




We assume the lognormal shape for the Gaussian power spectrum

A - In? (k/k,)
NN i 2A

with amplitude A, width A, and peak scale & .

The expected value (In( y)?) is computed by

(In()?) = dewnn(x)z =In(c2) —In2—y; (14)

where the equilibrium probability distribution of the curvaton field
P, () was written as (Starobinsky and Yokoyama, 1994)

P.(x) : ( : 2) (15)
) = exp
‘ A /27:0)?% 2 6)%)(




Another ingredient that we will need is

(o) [dIn(k)2kjy(kr)jo(kr) P (k)
62, [dn(k)idtkr)Pk)

=2D" (16)

In order to estimate whether a perturbation will collapse to form a

PBH, we will use the compaction function C (Young, Byrnes and
Sasaki, 2014 )

where C; is the linear part of the compaction function.




C, is related to the curvature perturbation by

4 /
:__rg ——ra{2@()( ﬁ2)<;—D>+x (Inp> = (Iny*)) [=6(x - ﬁ)+5()(+/3)]}

= C, (18)

One can think C; as the combination of two normally distributed and

uncorrelated random variables, y and y’, and therefore its probability is
given by

Pc(C) = Jd){Jd){’P(%x’)é(Cz -C) (19)

where
P(y,x) = : exp <——XTZ_1)_(> X =
2/ | 2| 2

[o{(m(r» ()((r);(’(r»] _ (@é Ot

T ™) Oy @) o2, o2,

44 XX




By computing the roots of C; — C, = 0, the probability P (C)) canbe
split into three regions

(©9)

-
Pc(C) =J d)(J dy'P(y. x5 | C

—Oo0

+[ d)(J dy'P(x,x)6 | C

Sra p

+ o(C)) J
—p

d)(J dy'P(x.x) (21)
p —00

which results in

3
——C=D' (23)




The evolution of the PDF for C; given by EQ.(22) assuming the lognormal shape for the
power spectrum with Q% = 0.1 (blue), Q)( = 0.5 (red) and Q)( = 0.9 (purple). Left Panel.

A = 0.3 (solid lines) and A = 0.03 (dashed lines). Right Panel. A = 0.003.




As pointed out in Kitajima, Tada, Yokoyama and Yoo 2021, for a monochromatic power
spectrum &Py(k) = Aké(k — k, ), we have a singular covariance matrix 2, i.e.

)
Ovr' = CuxOy'

which means that the variables ¥y and y' are not independent, but can be written as
O. .-/

¥y = ﬂ;{. So in that case, the full PDF collapses into a 1-D form given by

Oy

It is clear to see that the probability distribution function has infinity value at C; = 24.77 for
a=1/3 and z, =2.74, but it is zero everywhere else, including the region
0.87 < C; < 1.33 relevant for PBHs formation.




Constraints of C — (

Inferior Limit for C

R(r,1)

szR@@L

dR [4zR(r, 1] (p zpép >> (24)

Superior Limit for C

3 2
C)=C=5CF (26)




With the constraints, the PDF is only valid in the regime

4 5 4
—[1-4/=)<C <=
3 2 3

and then, the PDF has to be normalised to




'I'he mass spectrum of PBHs is described by the critical collapse
relation (Niemeyer and Jedamzik, 1998)

3 Y
m = KM, (cl —~ gcf — Cc> (28)

where y = 0.36 for a radiation dominated fluid, M,; indicates the
mass of the cosmological horizon measured at time f;, K = 1 is
the coeflicient which depends on the particular shape of the

perturbations, and C, = 0.587 is the critical amplitude of the

compaction function for a monochromatic curvature perturbation
power spectrum.

T'he scale r is chosen such that &, r = 2.74, which maximises the

compaction function for a monochromatic power spectrum
(Musco, De [uca, Franciolini and Riotto, 2021)




‘1'hen last step to compute the probability of forming a PBH is to
calculate the mass fraction

r mm

fosn= | dnmyfim) (29)
Jo

y+1
(q-%j—c)

C

fm)=2 (30)

r(1-36)
The horizon mass My evaluated at the peak scale
k, = 1.56 X 103Mpc ™! in the power spectrum is M, . and for

these values Z = 6.88 X 10!°. Also m_ . corresponds to
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The evolution of the mass distribution f(71), normalised by the
total dark matter fraction fpzy assuming the lognormal shape for
the power spectrum with A = 0.3 and z, = 2.74. T’he chosen
values for the energy density of the curvaton are Q)( = 0.1 (blue),

Q)( = 0.5 (red) and Q)( = 0.9 (purple).
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"T'he total dark matter fraction fpgy as function of €2, for A = 0.3
(solid line), A = 0.03 (dashed line), and A = 0.001 (dot-dashed

line).




1- Non-Gaussianity can greatly enhance PBH formation;

2- If the curvaton mass is reasonably heavy compared to the Hubble scale,

, then it will have a blue spectrum at small scales without
spoiling the large scale structure formation;

3- For the curvaton model with { y) = 0, there is a considerable probability to

form PBHs (1.11 X 107?) if the curvaton doesn’t decay too late,
for A = 0.3;

4- Our model doesn’t depend explicitly on the amplitude of the power
spectrum A, nor the the radial coordinate . The PDF will depend only on the
Z4, Which is associated to the peak scale by z, = rk,, and the width A;

5-By decreasing the width of the lognormal power spectrum, it is possible to
see that the condition to form PBHs becomes more narrow, for example, for

Q}( = 0.9 and A = 0.001, the mass fraction is fpgr; ~ 10~17°;




. . . . ,
The limit fppy < 1 puta tight constraint on the maximum value of €, !







