Quantum Graphs and Applications

Marcos G. E. da Luz®

Verao Quantico 2019
Feb 17-22, Ubu-Anchieta, ES, Brazil

SUniversidade Federal do Parana-UFPR
Curitiba-PR, Brazil




Oultine

» Path integrals and Green's functions (a brief review)
e Graph structures
e Semiclassical-like approximation (made exact)
* Quantum draphs (through Green's functions):
“a sum over paths” approach

e Examples

 Final conclusions




A) Time-dependent Propagator

e In quantum mechanics (with |W(¢;)) known)

H(t)|U(t)) = m%wwm
Defining (U(t,t) = 1)
() = Ut )| U(L)).

then

() Ulty, 1) = i Ul 1)
f

For T being the time ordering operator (identity operator) if
[H(t"),H(t")] #0 ([H (t”) H(t’)] = 0), with ¢ # ¢/, formally

Z/l(tf, ) = Texp —h/tf dt H (t )]

e In non-relativistic quantum mechanics we are most in-
terested in causal processes, namely, ty > t;. In this way,
one can define the time-dependent propagator in the rep-
resentation p—v as [for 6(-) the usual step function, with

00(-)/0 - = §(-) Dirac’s delta function]

K(pp,tyivi,t;) = <Mf|f((tfaj)|7/i>v
K<tf7 ) - e(f_t)u(tfati)'



By choosing: p =v =r, u=v =p, u =v =r+ip, and
[ = p, ¥ =1, we have, respectively, configuration, momenta,
coherent state, and Kirkwood, representations.

e From the blue equations we get

. 0
H(ty) — ih—

which in the configuration representation reads

K(tp,t;) = —ihd(ty —t)1,

[H(I‘f; tf) - Zh(;Z] K(I‘f, tf; I‘Z',ti) = —ih (5(tf — ti) 5(I'f — I'Z').
f

Surely, the above is a Green’s function type of equation, hence

(re|W(ty)) /er (rp, by, ty) (ri|W(t;)).

e Suppose (at least in principle) an appropriate time-
dependent orthonormal basis {|¢, (1)), |©,(t))} for the prob-

lem. Then, from %, (¢, (1)) {0, (1) + /do |0, (1)) {(ps(t)] = 1
(valid for any time) and the definition of K, it follows that

K(ry tprit) = 3 én(ry,ty) ¢, (ri ti)
‘i"/ do ¢, rfatf) goj;(r@, té)



B) Energy-dependent Green’s function

e Suppose H # Iﬁ[(t) and let us set £y = ¢ and ¢; = ty. One

can define the energy-dependent Green’s function as
A 1 A

+00 ’L
G(F) = 7 s dr exp[hET]K(T).

e Considering the magenta equation for K and the above
expression for G, we find (assuming Im[F] = ¢ and ¢ — 01)

(E—H)G(E)=1, or G(F) = (E—H)™"
Therefore, G (E) is the resolvent of the system Hamiltonian.
e [nserting a (time-independent) basis, for which >, [¢,,) (¢,,|+

fdo—‘@aﬂ@a‘ = 1, mto G(rfvri;E) - <I‘f‘<E o H)_llr’»
(E = K12/ (2m),

G(ryri k) = 27;7;%:%(17) O (ri)

(k> — k7))
2m oo Po(Ts) @y (Ti)
+? 0 dO' (k}Q — 02) .

The poles of GG result from the discrete and the G branch cuts
come from the continuous states.



C) Feynman’s path integrals

e In a brilliant insight (as typical!) |[Physikaalische Z. der
Sowjetunion 3, 64 (1933)], Dirac mentioned that infinitesi-
mal quantum transitions can be described by the classical La-
grangian. In the simpler case (H = T + V) for order O(5t!)

1

K" v’ 6t) = ("] exp] h(T+V)5t]\r'>

~ (r"] exp[—%V&] exp[—;fét] ')
= [drdp (x| exp[—;Vc?t] r)

(e] expl—1 751] ) (ol

=/ dp exp[—(T(p) + V(r))o#

x (r"p)(pIr’)
= [ dp expl— (T(p) + V(")
1 Z 1/ !/
(27h)D/2 GXPHHP (v — 1))

Recalling that L = p-# — H, S = Ji/ dt L(r, ) ~ L(x" %) 6t
(with " — ¢/ = §t) and assuming quadratic kinetic energy,
T(p) = p*/(2m), the above integral is a simple Gaussian, so

X

"o, —_ m\D/2 3 "o
K(r", r';ot) ~ <27Tz'h5t> exp[thtL(r 1)
m  \D/2 (A
(Grigr) 0SE )

Q




e Feynman in an even brighter insight [Rev. Mod. Phys. 58,
449 (1986)] has used such idea (for some historical account, see
S. Schweber, Rev. Mod. Phys. 58, 449 (1986)]) calculating
a finite time quantum transition as (t; = ty+1, ti = fo;
ry=TrNy1, It = ro')
K(rp,tpirat) = (epUd(ty, b))
= (r ‘ IT,— NHU(tnatn 1)|ri)

117Z / drj| =Y (e | U (t, tat)Tn1),

which in the limits: (¢, — t,,_1) going to zero and N going to
infinity; has the final expression in a somehow formal notation

(P = (r,t)) |
K(rptgrat) = [,/ Dir(r)] explrS(r(r)] (+)

e This formalism for the quantum mechanics has pro-
moted tremendous progress in many arcas, allowing a different
view on a broad range of distinct phenomena. Certainly,
this one and the whole series of path integral conferences are
good examples of the great success of such approach to physics.

e Much has be done using (), as seen from sources as



Semiclassical approximation and (just a bit) beyond

e In our previous (x), basically D[r(7)| says we should con-
sider all imaginable paths leaving from P’ and getting to P”,
calculate (given the potential V') the corresponding action .S,
and then finally to sum up all these contributions, so to obtain
the quantum propagator. A formidable task indeed! Can we
make things a little easier?

o Well, let us look at exp[7S(r(7))]. This may be a rather
oscillatory function, depending on the character of the differ-
ent paths. So, we can expect many cancellations as we sum
over r(7). But hopefully, a certain class of paths might end
up contributing the most to K.

e In classical mechanics we know that 0.5 = 0 is the condition
to determine the system correct classical trajectories. So, the
idea is then to write K only as a sum over the trajectories
of the corresponding classical system. Doing properly the
calculations (via stationary phase ideas), one gets the Van
Vleck-Gutzwiller formula [J.H. Van Vleck, Proc. Nat. Acad.
Sci. USA 14, 178 (1928); M.C. Gutzwiller, J. Math. Phys. 8,

1979 (1967)], or (x the Morse index: # of conjugate points)
1 ? ™

Kee = 595 2 \Callr, P —Sal(Pr, B) — i5Xal-

(2mh)l>/2%¢ 1\ Pr Bi) explp SalFy, B) = 5l

C is associated to the density of trajectories.




e The energy-dependent Green function is just the Fourier
transform of K (for time-independent problems). So, one could
write K as the path integral expression, to perform an extra
integration (over time) and finally to consider the stationary
phase approach [see M.C. Gutzwiller, Chaos in Classical and
Quantum Mechanics (Springer-Verlag, 1990)]. Thus

27T 1 T
GielB) = (2mih)(D+1)/?2 % Mei exp[hSd(rf, r; E) — 2277(:1],
1 1/2
My = ‘I.‘fHI,‘.‘(—l)DHdet(—@SQ/@rf8ri)]Ted

Again M, is related to the density of the classical trajectories.

e Can one extend the above expression? The answer is
a (considerably courageous!) ves simply proposing the ansatz

i
Gl ) = = Wayespl Suey. 1 B

The sum is performed over a class of paths (let us call

then “special paths”), with the amplitude Wy, weighting the

)

contribution of each sp to the sum.

e The big questions are hence: (1) Are there systems for
which the above expression is a good approximation; (2) In
case there exist, is it possible to identify these “special paths”?
In general I have no clue, but for graphs we can say vyes.
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rarer: EXamples of (a) open and (b) closed quantum graphs.
(¢) A open star graph with a single vertex V(I' = {1}
connected to E(I') = {ey,...,e,} leads.

A quantum graph 1s a metric graph structure
I'(V, E), on which we can define a differential
operator H (usually the Schrodinger Hamilto-
nian) together with proper vertices boundary con-
ditions.

A schematic representation of quantum graphs
1s depicted in Figure 1.



The total wave function W 1s a vector with m
components, written as

( Wel(xel) )
P — Wez(:xez) . (1)

\ 1 em(xem) )
The Hamiltonian operator on E(I') consists of
the following unidimensional differential oper-
ators defined on each edge e (the dressed case)
h2 d2
He (Xe,) = T2 + Ve (Xey). (2)
Hdxg

Here, Ve (x¢,) 1S the potential (usually assumed
to be non-negative and smooth) in the interval
0 < xe, < Le,. It 1s usual to have for any e, that
Ve, = 0. Then, the component ¢, (xe,) of the
full ¥ is the solution of (k = /2uE/h)

d*y,
d - = k29”es(xes)

weS(XQS) — C+7€S eXp[+lkXeS] + C—,es eXp[_lk.XeS]
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ree > A quantum graph with V(I') = {1,2,3,4,5} and
Ed) = {{1,2},{2,3},{3,4},{3,5}} and the indication of
the ., components of ¥ in each one of the I edges. The
wave functions must be matched through the boundary
condition at each vertex i € V(I'). Specifically: ati = 1:

Wes a1 =20 Yo, Weys AT = 32 oy, Yoy, Weys at i = 41 i,
ati = 5: Y,,.

All these wave functions must satisfy appro-
priate boundary conditions at the vertices.

Technically, the match of the boundary con-
ditions in each vertex is the most cumbersome
step in obtaining the final full ¥ (in Figure 2 we
illustrate which components must be matched
in which vertices for a particular example).



e In an undressed graph edges e can be viewed
as free 1D spatial directions of length ;..

e The vertices are point structures (0D), whose
action 1s to impose the proper boundary condi-
tions on the ¥’s.

e In the usual 1D quantum mechanics, arbitrary
zero-range potentials, also known as point in-
teractions, have exactly such effect. A textbook
example is the Dirac delta-function potential.

e Hence, to describe the quantum dynamics along
a graph we can take the j’s as arbitrary zero-
range interactions:

(a) The j’s become point scatterers, which are
completely characterized by their reflections and
transmission amplitudes.

(b) General point interactions are very diverse
in their scattering properties.



e We define for each vertex ja matrix S of ele-
ments SU(k) = () and S’ ) = 17k
(we label edges e; and e;, simply as s and r):

(1) t&s’r)(k) 1s the quantum amplitude for a plane
wave, of wave number k, incoming from the
edge r towards the vertex j to be transmitted
to the edge s outgoing from ;.

(11) rE.S)(k) 1s the quantum amplitude for a plane
wave, of wave number k, incoming from the
edge s towards the vertex j to be reflected to
the edge s outgoing from j.

e The required conditions for probability flux
conservation along the whole graph demands
that S(K)ST(k) = ST(k)S(k) = 1 and S(k) =
ST(=k) at each vertex.



e The exact Green’s function for an arbitrary fi-
nite 1D array of potentials of compact support1
has exactly the form of a Generalized Semiclas-
sical Expression.

e For these general array of potentials, the ex-
act Green’s function for a fixed energy E (and
end points x; and x¢) 1s given by

m l
G(E) = — Wepexp [=S ¢p(x £, X5 k)].
(E) ihzk; sp €XP [58 sp(x . xi2 )]

e The above sum is performed over all scat-
tering paths (sp) starting in x; and ending in
x¢. A “scattering path’ represents a trajectory in
which the particle leaves from x;, suffers multi-
ple scattering, and finally arrives at x .

'V,(x) 1s said to have compact support in the interval
I, ={x|a, < x < b,}if V,(x) identically vanishes for x ¢
7 ,. An arbitrary array of N potentials of compact support
is given by V(x) = ZnNzl V.(x), for all 1,’s disjoint.



e Ssp = k Lgp 1s the classical-like action, with
Ly the trajectory length. Wy, is the sp weight,
constructed as the following: each time the par-
ticle hits a potential V,, it can be reflected or
transmitted by it. In the first case, Wy, gets a
tactor r,, and 1n the second, W, gets a factor ¢,,.
The total Wy, 1s then the product of all quantum
coeflicients ry,’s and ¢,,’s acquired along the sp.

e The extension to quantum graphs 1s natural.
The two main ingredients necessary in the deriva-
tions, namely, unidimensionality and localized
potentials, are by construction present in graphs.

(i) First, since the quantum evolution takes place
along the graph edges, regardless the graph topol-
ogy, the dynamics is essentially 1D.

(ii) Second, the potentials (scatters) are the ver-
tices, which can be treated as point interactions,
a particular class of compact support potentials.



EXAMPLE 1

R B
—> <«
U NS G SR SR S
A B A B
(c) (d)
A B A B

reex A SIMple graph with two vertices, A and B, a finite
edge labeled 1 (of length ¢;), and left, i, and right, f,
leads. (a) The starting positions of two families, P; and
P>, of sp. (b)-(d) Schematic examples of individual sp.

This open graph has two vertices, A and B, one
finite edge (of length £;) 1, and two semi-infinite
edges (leads),iand f. For 0 < x; < +00 (x; =0
at A)iniand 0 < x¢ < +oo (xy = 0 at B) in f,
G fi(x ¢, xj; k) describes the transmission across
the full structure, 1.e., from the left to the right
leads.



e Notation
(a) rﬁ.s) and t&s’r) are the reflection and transmis-
sion amplitudes for the vertex j.

(b) P; represents the contribution from an entire
infinite family / of sp, so that G = m/(ih%k) 3; P;.

e To obtain G we need to sum up all the possi-
ble sp for a particle starting at x;, in i, going
through multiple reflections between the ver-
tices A and B, and ending up at x¢, in f.

e In Fig. 3 (b)—(d) 1t 1s depicted three sp’s.

e The scattering path in Fig. 3 (b) represents
the ‘direct’ propagation from x; to x¢. For it,
the sp of Fig. 3 (b) contributes to G with

Wsp = tg’i) tg’l) and

Lsp = (xf + x;) + {7 (the length of this sp).



e Following the same type of analysis, we have:

hH (1) a 1
(c)WSp: 1(4) %)I(sz)%f)

1 1 1 1
(d) WSp — (l”( )) ( ( ))2 (L1,i) (f )

e The full Green’s function 1s written as a sum

over all the existing terms of the above form, or
m (1,0)

G = — explikx; Ly
fl lhzk P[ l]

x( Z[rg)]” [F3 1" explik(2n + 1)¢])
n=0

X tg’l) exp[ikxf].

e The above 1s in fact a convergent geometric
series since |r§.S)|2 < 1and Itg.s’r)l2 < 1.



e So, the Green’s function reads
G fi(xf, x5 k) = ﬁ— T¢;i explik(xs + x; + £1)],

with

ALD (1)
A B

1 - ( ) ( )exp [21k€1]

Iy =

e Note that Eq. T¢; can be recognized as the
transmission amplitude for the whole system.

e This 1llustrates the fact that by properly re-
grouping several vertices, they can be treated as
a ‘single’ vertex, effectively contributing with
overall reflection and transmission amplitudes

to G.

e Such a feature strongly simplifies the calcu-
lation of the Green’s function for more compli-
cated systems.



e For our example, to identify all the infinite
possible sp is relatively direct. But when the
number of vertices and edges increases, this can
become a very tedious and cumbersome enter-
prise. Fortunately, the task can be accomplished
by means of a simple diagrammatic scheme,
separating the sp into families.

e To illustrate 1t, consider again G ¢; for the graph
of Fig. 3. For any sp, necessarily at the be-

ginning the particle leaves x;, goes to A, and

then 1s transmitted through A. Once tunnel-

ing to x; = 0% (always with positive velocity),

there are infinite possibilities to follow (some

displayed in Fig. 3 (b)—(d)).

e So, schematically we represent all the trajec-
tories headed to the right, departing from x; =
07, as the family Py, Fig. 3 (a).



e Now, a sp in P initiates traveling from A to
B. Then, in B it may either cross the vertex
B, finally arriving at the final point x¢, or be
reflected from B, reversing its movement direc-
tion (at x| = 51_). For this latter situation, all
the subsequent trajectories from x| = £, can be
represented as the family P,, Fig. 3 (a).

e But exactly the same reasoning shows that for
any sp in P», the particle leaves B towards A, it
1s reflected from A, and then becomes one of
the paths in P;.

e Hence, the above prescription yields for the
Green’s function

m , 1,i
Gfi(Xf, Xi;k) = W exp[zkxi] l:(4 2 Pl,
where

(1)
P
Py = explikt;] { ' 2

Gy

ty exp[ikxf],



and
Py = explikty1ry Py.

e ‘{’ represents the possible splitting for the sp
in the family Pq.

e The algebraic equation equivalent for Py 1s
Py = expliky](ry) Py + 1" explikx 1)

e Thus, solving for Py and P,, one obtains

(f D expliklq] exp[zkxf]

Py =
-0 ) expl2ikey)

e By direct substitution into the present G, we
get the previous exact formula.

e In this way, the identification and summation
of an infinite number of sp 1s reduced to the
solution of a simple system of linear algebraic
equations.



EXAMPLE 2
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s« A tree-like quantum graph. (a) By regarding
the whole region C—O—2B (including the leads) as an
‘unique’ effective vertex D, the original graph is reduced
as 1llustrated. (b) In the reduced graph, P, represents the
family of trajectories which suffer multiple reflections
between D and A, and finally tunnel the vertex A to the
lead f. (c¢) The auxiliary graph (and the corresponding
sp families) necessary to calculate r(Dl) and tg’l).

e We can simplify the calculations for a large
quantum graph by decomposing it in blocks, as
done for the example shown in Fig. 4 (a).



e Suppose the Green’s function for the initial
position x; in lead i and the end position x¢ in

lead f (Fig. 4 (a)).

e We then treat the whole block indicated in
Fig. 4 (a) as a single vertex D. Any information
about the inner structure of such region will be

contained in the amplitudes tg’i) and rg). Thus,

we reduce the original graph to the simpler one
depicted in Fig. 4 (b).

e From Fig. 4 (b), we have that the Green’s
function can be written as

G ri(xp, xi3 k) = m/(ih*k) T ; explik(x s + x)],
with

. . |
Tfi = l‘g’l) exp[zkfl](rgl)Pl + t1(4f’ )).



e Then, the infinite family of trajectories P
yields Py = r')) expl2ikt;](r Py + D), or

(1) (f )exp[Zlkf ]
F1 = X > D (3)
1 — exp[szfl]

e [t remains to determine the coefficients tg’l)

and r(Dl). They follow from the auxiliary quan-

tum graph of Fig. 4 (c).

e Recall that tg’i) (rg)) represents the sp con-
tribution for the particle to go from lead i (edge
1) to edge 1 through the region B—O—¢C. In-

specting Fig. 4 (c¢), we see that t(l 2. S’i) +
SZ)P3 + tg Z)P and rg) = (1) + t(3 1)P3 +

"o O
t(Oz’l) P>, where for the P’s

( P3 = I’(g) €Xp[2ik53](7‘(03)P3 + t(02’3)P2 + 1
(2) : (2) (3,2)
Py = 2ikt Py+1ty"P3+t
P2=rp exp[2i 2](r0 2 +1, 7Py +

(1,3)

0,
(1,2)

0,

N\

e The above 1s readily solved.

)
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rares O€VEral graphs whose G’s can be obtained from the
solutions of other topologies by eliminating, redefining

or regrouping the vertices reflections and transmissions
quantum amplitudes.



BOUND AND SCATTERING STATES

e The Green’s function with x; in lead i and
x¢1n lead f for the graph in Fig. 5 (a) 1s

m :
Gfi(xf, Xj k) = zh_Zk Tfi exp[zk(xf + x;)],

(D D (D ik

Ty = () A" 1o
1) :
1 - o) Y expl2ikey)
e For both x; and Xf (0 < x;, Xf < {1, Xf > X;)
in the edge 1, we get

m 1

k(1 - ) rD expl2ike; 1)
(1)

exp[zkxl])
X (exp[ikx 1+ r1(4 ) expl2iklq]

X (exp[—zkxi] + 7,

X exp[—ikxf]).



e For open graphs, like that in Fig. 5 (a), de-
pending on the characteristics of the vertices,
the system may support bound states (a trivial
textbook example 1s the usual 6-function poten-
tial 1n the line: 1if its strength y 1s negative, the
problem has exactly one bound state).

e In these cases, the eigenstates are calculated
from the residues of G(xy,x;;k) at the poles

k = ky, which give the problem eigenenergies
through E, = k%k2/(2m).

e By inspecting the above Green’s functions,
we see that they can diverge (consequently pre-
senting poles) only if g(k = k) = 0, with

g(k) = 1)) ') expl2ikey .

e As an example, consider the vertex O being a
generalized ¢ interaction of strength .



e The reflection and transmission coeflicients
forOare (h=m =1and N = 3 edges)
i .
rk) = 15 = 19 k) = rotk)
2y = (N - 2)ik  2y—ik
Nik -2y  3ik-2y

1,i .1 )

o) = 19 k) = 1) = 10 (k)
2ik 2k

Nik -2y 3ik -2y

e For the vertex A we take the boundary con-
dition —¢/(A) = AY(A), leading to
k+ A

k) ="
Ak =

e Any pole of the scattering amplitudes in the
upper half of complex k-plane along the imagi-
nary axis represents a bound energy.



e For example, for the usual (1D) Dirac 6-function
with intensity y < 0 (attractive ¢), the transmis-
sion coeflicient 1s 5 = ik/(ik — y). In this case,
the unique negative energy reads E| = k% /2 =

—yz /2, where k; = ily| 1s the only pole of #5(k).

e So, for our graph the eigenvalues are obtained
from the following transcendental equation (with

Relk;] = 0 and Im[k,;] > 0)
kn) = 1— 2k, 1] = 0.
g(kn) (3ikn “ 2y, (ikn B /l) expli2k,ti]

e Further, we note that (g’(k,) = dg(k)/dkly, )

C (E-Ep) 1 .. (K=K K
Iim = — Iim = .
E—E, gk) 2 k—k, g(k) g’ (kn)




® So, the residue of G (x; and x ¢ in the leads) 1s

s 1
D eepund () = 3 Jim (8 k) G it 31 )

= {NG(kn) to(kn) expliknx 1}
x {NG(kn) to(kn) expliknxil},

e And that for G (x; and x¢ in edge 1) 1s

2w () = 3 lim = k) G (. xi: )

= { Ng(ky) ( exp[—iknx ]
+ rg)(kn) explik,x f])}
X {NG(kn) (eXP[_iknxi]+

1ty (kn) expliknxi]).

Here
1

Jig ke ')

NG(kn) —



@ (b)

raes. 1 NE bOUnd eigenstates probability distribution along
the quantum graph, {; = 1. The vertex O 1s a ¢ inter-
action of strength v = —3/2. At A we have —y/(A) =
AY(A), with 1 = =2. (a) |y;(x)|* for which x; = 0.463618
and (b) |y2(x)|? for which k, = 2.022448.

e For k;,, = ik, with k;; > 0, ¢ in both leads have
the general form ¥, (x) = N exp[—«ux] (x > 0).
Hence, they decay away from the origin (vertex
O) exponentially, as it should be. The N’s also
lead to the correct normalization for the eigen-
states. The same results follow from the direct
solution of the Schrodinger equation



e For our G with the end points in the leads i
and f, as already discussed, the quantity |Tf,-|2
(in G ¢;) can be interpreted as the total proba-
bility for a particle of wave number k incident
from the lead i to be transmitted to the lead f.

e Similarly, for x; and x in lead i, we have

Gii(xf. xi:k) = - { explikley — il
+ Rjexplik(x s + x,-)]},

W, (00 DD expl2ikey)

0T 3 D expl2ike;]

R; =

e Then, |R;|? represents the total probability for
a particle of wave number k incident from the
lead i to be reflected to the lead i. By choos-
ing different quantum amplitudes for the ver-
tices, we naturally get different scattering pat-
terns from R; and T ¢;.
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s Transmission |Tp|* (solid) and reflection |R;|?
(dashed) probabilities versus = k for 4 = 0 (Neumann-
Kirchhoff bc at A). y at O: (a) O, (b) 1, and (¢) -3/2.

e [et us assume the Neumann-Kirchhofl bound-
ary conditions at the vertex A, so we set 4 = 0
in r for A (with £; = 1). For O, we consider
three values for the parameter y: (a) v = 0O (so,
also Neumann-Kirchhoft); and the generalized
0 of strengths (b) y =1 and (¢c) y = —-3/2.



REPRESENTATIVE QUANTUM GRAPHS

e The widely analyzed (with the most distinct
purposes, like to investigate scattering fea-
tures of 3D graphs) hypercube;

e The binary tree, e.g., useful to highlight dif-
ferences between classical and quantum walks
as well as to test the speed up gain — which
1s actually exponential — in searching algo-
rithms based on quantum dynamics. We should
observe that the graph of Fig. 4 (a) 1s in fact
an extension of a binary tree, being a frag-
ment of a large-scale ternary tree network;

e Triangular Sierpinski-like structures, a nice
illustration of graphs which in the limit of
infinite vertices would be fractal. It has been
considered in connection with molecular as-
sembling and with the mathematics of logi-
cal games like the Hano1 tower.
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e The Green’s function for closed graphs can
be obtained by the regrouping technique. Thus,
once can use this procedure to get the Green’s
function for the cube quantum graph of Fig. §
(a) (where all edges have length £). In Fig. 8 (b)
we show a planar representation of the cube.



e Now, let us examine the closed cube graph
eigenstates supposing all the vertices having the
same properties. Hence, for the cube eight ver-
tices we assume the generalized ¢ interaction.

e The eigenenergies come from the poles of G,
1.e., from the roots of: g = (1-T7'(k) exp[ikf])z—
R(k)? exp[2ik€] = 0. Note this 1s a very sym-
metric case, so all T’s and R’s are equal.

In the Table we show the resulting first ten eigen-
valuesfory=0andy=1(m=h=1).

Y
State 0 1

1.230959 1.094322
1.919633 1.642395
3.141593 2.190764
4.372552 3.141593
5.052226 3.516328
6.283185 5.177393
7.514145 6.283185
8.193819 7.602957
9.424778 8.273085
10.65574 9.424778
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rareo. 1€ Original quantum closed cube graph 1s attached

to two leads (at the vertices A and G), thus becoming an
open graph structure.

e One also can study scattering through the orig-
inal closed cube by attaching leads to it. In Fig.
9 we display a possible configuration, where
leads are added to the vertices A and G of our
previous very symmetric graph. For the now
modified vertices A and G, we also assume a o
interaction of strength vy, only recalling that in
this case these two vertices have a coordination

number N = 4 (instead of N = 3).



e Calculating T; (and also R;) using the dis-
cussed techniques, we show in Fig. 10 the trans-
mission and reflection probabilities as function
of k fory = 0 and y = 1. Since for the for-
mer the individual edges transmission and re-
flections coefhicients are not function of k, we
do not see ITﬁ-I2 tending to 1 for k increasing
(as slowly seen fory = 1).
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rere 0. 1NE transmission ITf,-I2 (solid line) and reflection
IR;|* (dashed) probabilities for the open cube graph of
Fig. 9. All the vertices are generalized ¢ interactions of

strength (a) y =0and (b)y = 1. Here m = h = 1.



e As previously emphasized, the general way
the Green’s function can be written in terms
of arbitrary quantum coeflicients — encompass-
ing ‘blocks’ of vertices and edges — allows one
to use a recursive procedure to obtain the sys-
tem full solution. This 1s a particularly use-
ful protocol for graphs displaying a hierarchi-
cal structure, as the case of the binary tree de-
picted in Fig. 11 (which illustrates three ‘lev-
els” (I = 1,2,3) of the graph construction by
insertions). In the following we assume all the
edges having the same length ¢ (so, Fig. 11 1s
not shown 1n scale).
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e As a numerical example, consider the edges
with the same length £ = 1 and Dirac ¢ inter-
actions of intensity vy (fory = 0O andy = 1) as
the boundary conditions at all the vertices. For
the vertices with N = 2 edges (say B and C)
we have r = y/(ik — y) and ¢t = ik/(ik — 2vy)
and for those with N = 3 (say A and D) r =
2y — ik)/(3ik — 2y) and t = 2ik/QBik — 2y).
In the figure we show the reflection |Rl|2 (i —>
i) and transmission |7 l|2 (i — f) probabilities
for the basic structure (Fig. 11 (a)) and for
the three levels of insertions for the binary tree
(Fig. 11 (b)—(d)). As it should be expected, for
higher I’s the patterns of reflection and trans-
mission, as function of k£, become much more
complex. Also, we do not observe any sys-
tematic increasing of |Tl|2 as k 1ncreases be-
cause the rich interference behavior — due to
the wave propagation along the distinct edges
— takes place for any value of k.
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e One of the many reasons for the interest in
self-similar lattices is their utility to model sys-
tems which are self-assembled from an origi-
nal backbone (the motif of the replication), the
case of certain complex molecules. Sierpinski
graphs are very nice examples of structures which
can be recursively generated from a basic build-
ing block. They originate from the Sierpinski
gasket, a well-known fractal object introduced
by Sierpinski in 1915.

e Sierpinski graphs have been studied in rela-
tion to small-world networks Also, Sierpinski
gaskets have been analyzed elsewhere, where
Neumann-Kirchhoff boundary conditions were
considered. However, the most general case
of arbitrary reflection and transmission ampli-
tudes for the vertices are still not well explored
in the literature.
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rare 1 DINItE Sierpinski graphs with different number n of
recursive stages: (a) n = 1 (the initial Aypc structure),
(b) n = 2, and (c) n = 3. The P’s in (a) represent proper
infinite families of scattering paths useful to calculate
G. The generation of new vertices from (a) to (b) illus-
trates the elementary transformation to Aspc, the basic
step leading to the successive graph stages.

e In Fig. 13 we show three different stages (n =
1,2,3) of a Sierpinski graph. The basic step to
go from n to n + 1 1nvolves a transformation in
all the fundamental equilateral triangles Ay pc
of the graph n.



e Since at any stage n the graph always has
exactly three semi-infinite leads, the scattering
matrix 1s of order 3 and given by

(R (2 713
§p=| 72D @ 723
T<3 1) T(3 2) R<3>

e Above, R,(/la) and T,g @ are the resulting reflec-
tion (from lead a (= 1,2, 3)) and transmission
(from lead a to lead b, with a # b and a,b =
1,2,3) amplitudes for the group of 3" vertices
constituting the Sierpinnski graph at stage n (see
Fig. 13).



e Setting £ = €1 = 1 and the same delta point
interaction of strength y at all the elementary
vertices A, B, and C, we show in Fig. 14 (y = 0)
and Fig. 15 (y = 1), the behavior of the re-
flection and transmission coeflicients as func-
tion of k£ for the Sierpinski graph stage n, up to
n = 5. We notice that as n increases, the sys-
tem becomes more and more selective to which
k’s (or equivalently, energies) can be transmit-
ted through the structure. This effect 1s stronger
for y = 1 (Fig. 15) since then the elementary
r’s and t’s are also k-dependent. So, in this re-
spect the Sierpinski graph at the different stages
contrasts with the binary tree at different lev-
els, for which there 1s not a such filter-like phe-
nomenon.
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reee: The transmission |7, (solid line) and reflection |R,,|>
(dashed) probabilities for the stage n of the Sierpinski
graph, Fig. 13. Here { = ¢{; = 1 and at any elementary
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teraction of strength y = 0. The casesn = 1, n = 2,
n=3,n=4,and n = 5, are displayed, respectively, in

(a), (b), (¢), (d) and (e).
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PROBING THE TRANSMISSION FLUX IN
PARTS OF A QUANTUM GRAPH

o et us recall that G(xy, x;; k) can be generally
interpreted as the transition probability ampli-
tude for a particle (of energy E) initially in x;
(lead i) to get to x¢ in edge ;. Thus, the over-
all multiplicative term for exp[iS (x¢, x;; k)/ hl
in the formula for G typically will be
1
1 = Ryight Rieft exp|2ikly]

Ai | =

e So, 1f the graph supports a quasi-bound state
totally or partially localized in ¢;, an incident
wave (from lead i) with k close to the corre-
sponding quasi-bound state k®) value should
have a very high probability to be transmitted
to the edge ¢; region and |ﬂl‘,l|2 would be high.
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s AN Open graph, whose a modified version has been
studied in [J. Phys. A 36, LL.545 (2003)] in the context of
quantum protocols for information transmission.

e On the other hand, if for the scattering pro-
cess, the system geometry 1s such that destruc-
tive interference makes v in ¢; to be very low,
then this also should be the case for Iﬂi,llz.

e Consider the structure in Fig 16. Such graph
can display interesting features if one assumes
different boundary conditions at each vertex and
distinct lengths for each edge.



e We consider generalized delta interactions of
a same y at A, B, C, D, and either Dirichlet or
Neumann boundary conditions at E. Also, we
suppose all the edges with the length £ = 1.
Due to symmetry, the edges 1 and 4 and 2 and
3 must present similar scattering properties and
we can focus just on the inequivalent ampli-

tudes A; 1 (k), A; »(k), and A; 5(k).

e We show in Fig. 17 the behavior of the mod-
ulus square of these three quantities as func-
tion of k for the Dirichlet and Neumann bound-
ary conditions at E and the delta interactions
strength value y = 0.5 and y = 1.

e We observe a richer profile of resonances.
Also, the distinct boundary conditions at £ con-
siderably change the positions and sizes of the
E(@D) peaks. In general the peaks are higher and
narrower, so longer-lived, for the greater value

ofy (y =1).
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Conclusion (few take home messages)

Interesting systems still can be treated exactly through
path integrals approach

Graph structures are amazing systems to test different
fundamental and applied aspects of quantum mechanics

Semiclassical and semiclassical-like approximations are
still very useful tools to treat quantum systems in the
realm of path integrals

Similar systems to quantum graphs, notably, quantum
walks can be treated using the same ideas here




Many thanks Ubul!




