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1+3 Covariant Spacetime “Threading”

The time direction

Introduce “fundamental’ observers with 4-velocity

a
a_ dX* with Vg = —1. (1)
dr
Define the (proper) time derivative )
T =ulVaT. (2)

The 3-D space

Introduce the “projector”
hap = Qap + Ually,  with  hapt®? =0, h,2=3 and hach®y = hap. (3)
Define the spatial derivative

DaT = ho®’VpT, DpTa= h%htVyTe, etc. (4)

1+3 spacetime splitting

Use u, and h,y, to decompose every variable, every operator and every equation into their
timelike and spacelike parts.
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Covariant Kinematics

The motion of the us-congruence

Decompose the 4-velocity gradient Vus as

Vpla = Dpla — Aalp, (5)

where Dpua = hg?h2°V que and Az = Uz = UPVpua. Also,

1
Dpua = 3 ©hap + Tap + wap - (6)

The kinematic variables

@ © = V,u? = D4y s the volume scalar. Describes expansion or contraction.
@ o, = DUy s the shear tensor. Describes shape changes.

Q@ wy = Djpug is the vorticity tensor. Describes rotation. Note that

1 .
wa = 5 €abc°~7bC ) with €abc = nabcdud (7)
is the vorticity vector and defines the rotational axis.

@ Aa = Uy isthe 4-acceleration vector. Describes (non gravitational) forces.
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Gravitational Field

The Riemann tensor (total gravitational field)

1 1
Rabcd = Cabed + 5 (gacFl'bd ~+ 9ba Rac — GocRaa — gadec) B Rgabca , (8)

where
Gabcd = GacObd — JadObc,  Fabcd = Redap @NA  Rabcd = Rabjed) -

The Ricci tensor (local gravity)

R.p = Rcacb, with R.p = Rpa and R=R?,.

The Weyl tensor (long-range gravity)

Cabed = (gabqucdsr - 77abqp7lcdsr) uluEP" — (nabqucdsr A gabqpncdsr) uTusH”" , (10)

il Exp = Cacbducuda Hap = EaCd and Ccdbeue/zccacb =0.

The Einstein Field Equations

'y
A

Gab = Rap — 5 R9a = £Tap — NGab - (11)
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Matter Fields (1)
[ Imperfeotfivid .|

Imperfect fluid

Tab = pUalp + Phap + 2qalip) + Tap - (12)
where

p=TalPu’, p=Twh™/3, qa=—hTeet® and 7ap = hhy Tea.

Perfect fluid

| A

Tab = pUalp + phap , (13)
with p = 0 for dust, p = p/3 for radiation and p = —p for a (slow-rolling) scalar field.

| A,

Decomposing the EFE
Projecting the EFE along and orthogonal to u, gives

RapUPu® = % (p+3p)— A (total gravitational mass) , (14)

)
ha Rpell® = —Qa, ha®hy? Reg = 5 (0= P)hap + Ahap + map (15)
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Matter Fields (2)

Electromagnetic field

1 .
TEM = —FaoF® — 2 FoaF“ga, With Fap=2uEp +eacB°.  (16)

Fluid description of the Maxwell field

1 1
Tes" = 5 (E* + B*)uatp + & (E° + B*)hap +2Q(atley + Mas (17)

where

—_

On=cavcEPB°  and Mu = (52 + 32) Rap — EaEp — BaBy .

3

Scalar field

|

T = VapVpp — [E VepVoop + v} O, with V= V(p). (18)

Fluid description for the ¢-field

TY) = o sty + P9 ey, (19)

1. 1.
Uy = —; Va@, P((P) = é 902 i V((:O) and p(AF) - 5 (102 - V(QO) 0
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Conservation Laws

Energy-momentum conservation

Bianchi Identities = VG = 0= V2T =0. (20)

Energy density conservation

For an imperfect fluid
p=—0O(p+p) — D*Ga — 2A’qa — 0™ 'ras . (21)

For a perfect fluid
p=-0(p+p). (22)

Momentum density conservation

For an imperfect fluid

. 4
(p+ Pp)As = —Dap — Ga — §@(k — (oa + Wab)qb - Dbﬂ'ab - WabAbo (23)

For a perfect fluid

(p+ p)Aa = —Dap (p+ p: total inertial mass) . (24)
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Kinematic Evolution

Ricci identities

2V [,V hjUc = Rapoqti”® . (25)

Propagation equations (timelike part of (- "))

1

e+ 3 02 = —  Rgpuiul —2(0? — w?) + DA, + AA?
1
= {E (p+3p) — /\} —2(0? — w?) + DA, + AA?, (26)
, 2 . 1
O(ab) =3 ©0ab — 0c(a0 by — w(awpy + D(aApy + A(aAby — Eap + 5 Mab> (27)
W@ =—3 Owa — > curlAz + ogpw”, with  curlAg = gD A°. (28)

v

Constrains (spacelike part of ("))

2
D04 = 3 Da® +curlwa + 26 apcAPWC — Ga, D?wa = Agw? (29)

Hzp = curlogp + D(awb> aF 2A<awb) 9 with curlogy = Scd(aDCUdb> o (30)
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Weyl Curvature

Weyl tensor

Describes tidal forces and gravitational waves (GWs)
Cade =4 (U[au[c aF h[a[C> Eb] d + ZéabeU[CHd]e + 2U[aHb]e€Cde o (31)

where Eab = E(ab) and Hab = H(ab)'

To isolate the GWs we impose the constrains

DPE,, =0 =DPHg, . (32)
“Field equations”
o N 1
Bianchi  Identities => V° Capeg = V[pRajc + 5 9elbVal A (33)

Lead to propagation and constrain formulae that resemble Maxwell’s equations.

A\
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Spatial Curvature

The 3-Riemann tensor

By definition
Rabecd = haqhbshclhdquSfp — VacVpg + Vad Ve » where Vap = Dpla. (34)
Also,
Rabed = Riab][cd]s but  Rapcd # Acoaan  (When — wa #0). (39)
The 3-Ricci tensor
By definition
Rap = %Ry and R =hPR,. (36)
Then,

1 1 1
Rab = 3 Rhap + Eap + 5 Tab — 3 O(0ap + wap) + c"c(a"’cb> - wc(awcb) + 2a'c[a“-’cb] , (37)

which means that R 5 # Rpa (When wa # 0). Finally,

R=2 (p = % 2 +o0%—w?+ /\) . (generalised Friedmann equation) . (38)

v
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Spatially Homogeneous Universes



The FRW Models (1)



The FRW Models (1)

Spatial homogeneity and isotropy ensure that the only non-vanishing variables are
p=p(t), p=p(t) and ©=0()=3H. (39)
Moreover,
K ) a
Rabcd = ? (hachbd = hadhbc) 9 with K = 0, +1 and ; =H. (40)
The Friedmann equations
1 K 1 6K
H?=_p—— +_-A since R =—. 41
3P 2tz 22 “1)
. o 1 1
H=—-H"——-(p+3p)+ - A. (42)
6 3 )
p=—3H(p+p). (43)
Then,pxa3whenp=0, pxa *whenp=p/3 and p = constantwhenp= —p.

\
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The FRW Models (2)

Time Evolution (K = 0, +1)

ac t?/3  for dust, aoc t!/2  for radiation, axe! for aslow-rolling scalar field.
a o sin?(n/2)  for dust, axsinn for radiation.
a o sinh?(n/2) for dust, ax sinhn for radiation

The density parameter(s)

Q, =p/3H> Qg =—-K/(aH?  Qp=N/3H?

Then,

Q+Q+Qn=1. (44)

The deceleration parameter

q=—aa/& = —[1 - (H/H?)]
Then,

1 1
H? = — 3p) — = A. 45
q glet3p) -2 (45)

Characteristic scales

Hubble horizon Ay = 1/H Curvature scale Ay = a

2
(L‘K) ___K ., when A=0. (46)
AH 1-9Q,

Then,
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The Bianchi Models

Bianchi symmetries

Spatial homogeneity, but no isotropy, ensure that the additional nonzero values are

Tab = ﬂ'ab(t)v Oab = Uab(t) , Eap= Eab(t) and Hgp = Hab(t)~ (47)

The Bianchi Classification

Group class Group type FLRW as special case

/ K=0
I -
Vio —

A Vil K=0
Vil -
X K= +1
% K= -1
v -

B Vi,

Vil K=—1
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The Bianchi | Universe

Basic features (H,p = 0, K = 0)

=1 (p+0%), H=-H- Lo+ap) - 202, with o2 =omo®/2,  (48)
3 6 3
p=—3H(p+p) — oapm®,
. 1
Sap = —38Hoap +map,  Eap = Hoap = 06(a0°) — 5 Tap-

(49)

(50)

v

The Kasner limit (vacuum)

Shear dominates at early times
2_ 1 .
H = g o and &g = —3Hog .

Average evolution a o t'/3, but the expansion is confined along one or two axes only.

A\
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Inghomogeneous & Ansisotropic Cosmologies
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The Gauge Problem

Gauge freedom & and the fitting problem

To study cosmological perturbations we need to establish an one-to-one mapping (a gauge)

b WoW, (52)

between the fictitious background spacetime (VW) and a more realistic perturbed one (W).
@ Problem No 1: Results are generally gauge-dependent (even for scalars)
@ Problem No 2: Selecting the best gauge is not always straight forward (fitting problem)

Gauge independence

Variables that remain invariant under gauge-transformations are (Stewart & Walker lema):
@ Scalars that are constant in the background spacetime
@ Tensors that vanish in the background spacetime
@ Linear combinations of products of the Kronecker deltas with constant coefficients

v




Description of Inhomogeneities



Description of Inhomogeneities

Density inhomogeneities

Define the comoving fractional density gradient
a a
Aa=Dap= p haPpp. (53)

@ A, measures spatial density variations between neighbouring observers
@ A, vanishes when the background is spatially homogeneous (Dap = 0)

Isolating scalar, vector and (trace-free) tensor perturbations

@ A, contains collective information for all three types of density perturbations.
@ To decode this information define the gradient Az, = aDp A, and introduce the splitting

]
Agp = 3 Ahgp + Afap) + A apy - (54)

@ A describes overdensities/underdensities (A — § = dp/p)
o A[ap) describes density vortices (rotational distortions)

@ A,p) describes shape-distortions (under constant volume)
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Nonlinear Evolution of Inhomogeneities (Perfect Fluid)
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Nonlinear Evolution of Inhomogeneities (Perfect Fluid)

Evolution of density inhomogeneities
A(a) = 2 OA; — (1 4 B) Za — (O'ba +wba) Ap, (55)
P P

where Z; = aD4© describes inhomogeneities in the expansion.

v

Evolution of expansion inhomogeneities

. 2 1 3 1 1
Za = -3 ©Za— 5 pha— 5 aDap—a [5 o2+ 5 (p+3p) — /\} Az + aDaDPA,
— < ba + wba) Zb - zaDa (0'2 — 0.)2) -+ ZaAbDaAb
—a [2 (UZ - w2> — DbA, — AbAb] Az, (56)
with
(p+ p)Aa = —Dap. (57)

<

Barotropic fluid (p = p(p))

Dap = c2Dap = a 'c2pAa, with c2=p/p (adiabatic sound speed) (58)
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Almost FRW Cosmologies



The Linear Regime



The Linear Regime

The linearisation scheme

@ Quantities with nonzero background value are of zero perturbative order (p, p, H)
@ Quantities that vanish in the background (and their gradients) are first order variables
@ Terms of higher than the first order are dropped

A\

Linear evolution of inhomogeneities (K = 0)

Ay =3wHA, — (1 +w)Z, (59)
and )
. 1
Za= —2HZ,— > pAg — 3 +S WDZAa — 6ac2Heurlwa, (60)
with w = p/p and
W= —3H(1+ w)(cZ —w). (61)

Then,

w=0&w=cs, when —w# —1. (62)
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Linear Density Perturbations

The w = constant case

A =3wHA - (1+w)Z (63)
and
Z=-2HZ — ; 3 JC:ZW (64)
Then,
A=-2 (1 —gw) HA + Bpu —w)(1 +3w)} A+ c2D?A . (65)

Harmonic splitting

Set A =A™, with DaAp =0=09M, D290 =—(n/a)2Q(" and n?>0.
Then,

A () 3 A, 1 202 ")

AW = —2(1 = Sw ) HA® 4§ 2 [p(1 = w)(1 +3w)] - A (66)

@ The first term on the RHS describes an effective “friction” stress due to the expansion
@ The second term on the RHS reflects the counteracting effects of gravity and pressure
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Growth of Linear Density Perturbations (1)

The Einstein-de Sitter universe (w = 0
A=—z, z’:—sz—%pA
and

A:—ZHA-{-%pA.

Linear growth of A

When H = 2/3t and p = 4/3t2, Eq. (68) leads to
A=A PRLA_t7.

Therefore,
A x 23 x a,

on all scales.

(69)

(70)

A\
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Growth of Linear Density Perturbations (2)

The case of radiation (w = 1/3 = ¢2)

When H = 1/2t and p = 3/4t2, Eq. (66) takes the form

dZA(n) 1 dA(n) 1 )\J 2
— _ S Ay = 71
a2 ot ar oe (An) (m =0, (71)

where Ay = A\y/V6 defines the Jeans length, Ay =1/H and X, = a/n.

|

Large-scale growth

When \p > A\, Eq. (71) gives
A=A t+A_t71/2, (72)

Therefore,
Aoxtod. (73)

Small-scale oscillation

|

When \p < Ay Eq. (71) gives

A(py = Aqsin {x/ﬁ (’;—”)} + Ascos {\/5 <i—”)} . where Ay/Anoct'/?. (74)
n n
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Linear Density Vortices

Density & expansion vortices

Following the Frobenius theorem DD f = }‘wab. Then, to linear order,

Dpap) = —8&(1 + W)Hwap  and  Zjap) = 38 Huwap - (75)
Consequently, )
H

Zlap) = _WA[""] . (76)

Evolution of density vortices

Define the spacelike vector Wa = e 45 AP¢. Then, Eq. (63) leads to
Wa = —— (1 — w)pW. (77)
a= oH pPVva .

As a result,

Wt 'oca®? fordust and Wt V2«a' for radiation. (78)

on all scales.
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Dissipative Effects

Pressure support & the Jeans mass

Define M, ~ pbA3 (baryonic Jeans mass).  No growth for A below M,.
@ Before decoupling: M, ~ 10'8(Q,/Q)(QH?)~1/2 Mg (supercluster)
@ After decoupling: M, ~ 104(Q,/Q)(Qh2)~1/2 Mg (globular cluster)

Photon diffusion & Silk damping

@ Photons diffuse from overdense to underdense regions carrying the baryons along
@ No structure below

3/2 —5/4
Ms  ppt3 ~ 6.2 x 102 (Qg) (QhZ) "*Mo.  (Sik mass) (79)
b

Collisionless free-streaming & and Landau damping

@ Collisionless (dark matter) particles move freely erasing structures in their distribution
@ No structure below

1/3
Crs ~ 0.5 mp/ <QDMh2)/ Mpc,  with mpy in keV. (80)

@ When mpy ~ 30 eV, {gs >~ 30 Mpc.  When mpy ~ 1 keV, ¢rgs ~ 0.5 Mpc.
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Cold Dark Matter Effects

The “baryons only” problem

At recombination: A(®) ~ 105, After recombination: A®) « a. Today: A®) ~ 102,

A CDM-baryon universe

Linear baryonic perturbations evolve according to

AP = _z _ ap?y®) Z=-2HZ — %pA and v = —Hv® (81)

where p = p(CPM) 4 p(0) and pA = p(COMALCDM) 4 s(D)AB). Then,

A®) 4 2HA®) — % p(COM) A (COM) (82)

A CDM boosting of baryonic perturbations

At recombination: p(®) <« p(COM)  A(D) « A(CDM) — ,(CDM) o 5-3,
After recombination: A(COM) « g Then,

A®) — alcom) (1 - %) Cwith  AB  alcoM) (83)
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The Recent Universal Acceleration
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Interpreting the SN Observations

The luminosity distance

The luminosity distance at redshift z is

D, = ay(1+ 2)n, with dt=adr (for a null radial geodesic) . (84)
Then,
z Hy z
r=a, / H='dx,  where / H™'dH = —/ (1 +g)d[In(1 + x)], (85)
0 H 0
since dz = —(1 + z)Hdt. Consequently,
Z X o
agly = Hg1/ e~ Jo(+a)dIn(+0)lgy  with q=—[1+ (H/H?)]. (86)
0
Finally, DL = (1+2)H;" /z o= Jo(+adin(t+y)] g 87)
0

Universal acceleration (!7?)

@ Substituting the SN data into Eq. (87) has repeatedly given g < 0 (outto z ~ 1).
@ It appears that the universe started to accelerate about two billion years ago.
@ How can we explain this?
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The Dark Energy Paradigm

Raychaudhuri’s equation

In an FRW universe the Raychaudhuri equation takes the form
o 1 1 1
gH :gp(1+3w)—§/\ = q:§(1+3w)Qp—QA. (88)

Therefore accelerated expansion (i.e. g < 0) requires

@ Qp > % (1+3w)Q, (positive cosmological constant)
or

@ w=p/p< —% (dynamic dark energy)

A

The concordance (ACDM) model

Advocates a flat FRW universe with: Qa ~ 0.7, Qcpy ~ 0.25 and Q4 ~ 0.05.
@ Advantages: Good agreement with observations.
@ Caveats: Considerable fine tuning.

<
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Alternatives to Dark Energy

Raychaudhuri’s equation

In general, the Raychaudhuri equation reads

%G)Zq: %(p+3p)+2(02 —w?) — DA, — AA? — A, (89)

Therefore accelerated expansion without dark energy is theoretically possible.

W
Alternative scenarios

The most popular alternatives to dark energy advocate:
@ Introducing new physics (e.g. modify GR, add extra dimensions, etc).
@ Accounting for the (recent) effects of the large-scale structure.

A\
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The Backreaction Paradigm (1)

Spatial averaging

Non-commutativity between spatial averaging and time evolution of scalars

(®)p — (d)p = (©)p — (®)p(d)D,

where D is the averaged domain.

(90)

The averaged equations

Assuming irrotational dust, the Raychaudhuri equation averages to

(©) + 5 (02 + 3 () A= 2p,
with 5
o = -3 ((0) - (&) —2(?).

is the nonlinear backreaction term. Also note that

1
QD*E 3

(RYy — (o) + = (©)2 — A, where R isthe 3D Rici scalar.

(93)
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The Backreaction Paradigm (2)

Acceleration from backreaction

Following (91), accelerated expansion is possible when © > 0 and

%> 1 (). (94)

However,

9o =2 (102~ (6) ~ 2(0%) =

Attractive aspects and caveats

@ Simple and with no “coincidence problem”.
@ Considerable information loss, ambiguous results.
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