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Introduction: |

Why is Kerr geometry essential? )

@ Normally one thinks of black holes as the result of the collapse of a previous
system.
The probability that in the collapse, the initial system has some angular
momentum is nearly 1.
The vacuum solution of the Hilbert-Einstein equation with angular momentum is
the Kerr geometry.

The Kerr metric[Kerr(1963)] is one of the most important geometries in general
relativity.
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Introduction: Il

@ All binary black hole systems, whose gravitational waves are
detected[Abbott et al.(2016a), Abbott et al.(2016b)], are supposed to settle down

to the Kerr geometry.
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Strain of Hanford detector after a lowpass 200Hz FIR-filter("Convenient filtering techniques for LIGO strain
of the GW150914 event", Osvaldo M. Moreschi, JCAP04(2019)032)[Moreschi(2019)], along with its

adjusted by LIGO script template, after filtering, close to the time of the event.
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Introduction: Il

@ It has also become relevant with the first image ever created[Akiyama et al.(2019)]

of a black hole.
0
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accreting matter model", Ezequiel F Boero and Osvaldo M Moreschi, Monthly Notices of the Royal
Astronomical Society, Volume 507, Issue 4, November 2021, Pages 5974-5990,

https://doi.org/10.1093 /mnras/stab2336)[Boero and Moreschi(2021)], on the left, with the EHT image of
April 11 of 2017, on the right. Our model is based on a two temperature thin disk with an accreting flow, in

Kerr geometry, in prograde motion plus an asymmetric bar.
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Introduction: IV

Causal structure in spherically symmetric spacetimes: In spherically symmetric
spacetimes, it is natural to consider diagrams in which each point
corresponds to one of the spheres of symmetries, and one arrives at the
usual causal diagrams of the spacetime, as for example[Carter(1973)]:

Let us note that each point can be characterized as r =constant, or
r. =constant, where r. = r +2mln(z5 — 1) is the tortoise coordinate.

This diagram is the main tool for understanding the global causal
structure of Schwarzschild spacetime.

The symbol .#" denotes future null infinity; which is the asymptotic
region reached by outgoing future directed null geodesics.
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Introduction: V

Causal diagrams for Kerr spacetime: From Carter’s work[Carter(1966)] and text
books[Chandrasekhar(1983)] one is accustomed to see the diagram:

(@ o<alem'

which is constructed only for the points on the axis = 0 or 0 = 7, of
the spacetime.

Global causal diagrams for Kerr spacetime: We will present the necessary tools to
construct global causal diagrams for the Kerr spacetime.
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The Kerr metric |

In Boyer-Lindquist coordinates
The Kerr metric can be expressed in a variety of forms:
ds® =dt* — %dﬁ —Xdo® — (r* + a°) sin’(0)d¢®
— &(dt — asin®(0)d¢)?
=(1 — @) dt* +2dasin*(0)dtd
,%dﬁ CTd6? — (P + 2 + b 2 sind(6)) sin?(6)d?
= (1 — &) dt* + 2 Pasin’(0)dtdp
T sl %sinz(e)dcﬁz;
where
Y = r® 4 a° cos*(h),
A:r2+3272mr,
2mr

p=20
27
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The Kerr metric Il

and
T =(r"+a°)* - Aa’sin’(6). (5)

The inverse metric is then given by
DN T (O, damr (0 (0
ds) XA \ot YA \ ot 1J0)

HOMIOR== 208
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The Kerr metric Il

Principal null directions and null tetrad
A preferred null tetrad for the Kerr metric is[Chandrasekhar(1983)]

rP+a20 0 _ad

'==x ot "o T aag (7)

2 2
r+aﬁ_éﬁ+iﬁ7 (8)
2y Ot 2¥0r 2X0¢

S S iasin 9,9 A
"= e + iacos(d)) ("" O3t * 26 5@ a¢) ' ©)

where | and n are the principal null directions.

The curvature tensor
The Riemann tensor is defined in terms of the covariant derivative by

(VaVs — ViVa) v? = Ropcve. (10)
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The Kerr metric 1V

Null tetrad and spinors
The relation of the null tetrad with a spinor dyad is given by

A A
I < 0"0",

’
m® < o™ A,

m? = LAOA/7
n? = A
The Riemann tensor in terms of spinors

The Rieman tensor can[Pirani(1965)] be expressed by

Raage'cc'op’ = Vascpearsec'p' +Varp/crpreaBeco
+ eagec'p'Pceparp + €arprecoPapcrp

+ 2A(eaceBpearmr€c/p’ + €ABECDEA D/ EBI C7)-
Where the Ricci tensor can be expressed by

RaaBe = 6\eapearp — 2P aparp:.
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The Kerr metric V

For the principal null congruence, it is well known that the only nonzero Weyl scalar is

m

(r +iacos(6))*’ (17)

Vo, = Voo11 = —

where we emphasize with the subindex p, that its refers to the principal null tetrad.
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Determining the center of mass null congruence for Kerr spacetime |

We are going to construct null functions from a congruence of null geodesics that are
hypersurface OrthOgOnal("Double null coordinates for Kerr spacetime", Marcos A. Argaiiaraz and Osvaldo M.
Moreschi, Phys.Rev.D 104, 024049 (2021)) [Argafiaraz and Moreschi(2021)].

Null geodesics

Let A denote an affine parameter and a dot a derivative by A; then the null geodesic

(=(t=%£i= dA,Of a2, h= 92) must satisfy
_ ab 2mr .o 4amrsin®(6) . .
o_gabu_(1 Z)t+ i

- ; ) (18)

2 2, 2a"mr . 5 .2 2.
—Af -6 - (r +ta"+ —5—sin (9)) sin“(0)¢°;
and the constants of motion

. 0\" 2 . 2amrsin®(6) ;. 2 ,
E =gl (5) :(17%)t+%n()¢:tf%(tfasm 0)4), (19)

and

o \" 2amrsin®(0), 23%mr . ,
L, gabéa(a¢> :%"()t—(r%a% ""zmrsmz(e)> sin2(6)¢.  (20)
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Determining the center of mass null congruence for Kerr spacetime |l

For asymptotic studies, the affine parameter will be chosen so that E = 1.
There is also another integral of motion given by

250 P lny, = K; (21)

where /* and n® are the principal null geodesics of the Kerr metric. Note that since £? is
a null vector, one also has:

25 P mamy, = K. (22)
All these conservation equations can be used in order to express the null geodesic
equations in the form[Chandrasekhar(1983)]

Yt= % {E((r2 +a’)’ - A sin2(9)) - 2amrLz} = % [ET — 2amrL;], (23)

Yo = 1 [2Eamr + (X —2mr)

A (24)

Lz
sinz(Q)] ’
Yi=4 VR, (25)

Y6 = +£/9(0, L., K); (26)
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Determining the center of mass null congruence for Kerr spacetime ||

where we have used

R = [E(r? +a) —al.]’ — KA, (27)
and
L 2
Zy = - i - z 2
O(4,L,,K) = K — | Easin(0) sn(@) (28)
Asymptotic conditions at the center of mass sections
The one form ¢, for the general congruence with nonzero angular parameter is
‘ga =8ab gb
(29)
— Edts — YR dr, (£ VB)db, — Lo

A

At each point of the spacetime, the choice of the constants L, and K single out a
direction in the sphere of directions.

One can ask, how can one choose the ‘constants’ L, and K so that locally they define a
null hypersurface with the properties that we want; that is, although they are constant
along each null geodesic, we are free to choose them for each geodesic.
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Determining the center of mass null congruence for Kerr spacetime IV

The guiding idea is that £, must be an exact differential; but we also demand the
congruence to be orthogonal to a sphere at future null infinity, that coincides with the
center of mass section.

As a first step, let us consider a surface S,, defined by (t =constant and r =constant),

. b b . . L
with tangent vectors (35)” and (3%)°. We are interested in the limiting case, where
this surface tends to a sphere at future null infinity S, — So. In our approach, we

select the congruence ¢ which is orthogonal to S.; that is, that

0]
lim gl (=5)" =0,

r—soco 06

. 2 O \b (30)
im_gnl*(55)" = 0.

From (29) and (30) we obtain for each geodesic L, = 0 and K = a®sin(6u0)?, where

Ooc = 0 |r=o. These conditions fix the congruence completely, and since it started

orthogonal to a topological 2-sphere, it is hypersurface orthogonal.
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Determining the center of mass null congruence for Kerr spacetime V

Local differential condition
For ¢, to be an exact differential, one must have

d¢ =0
1 OR 1 00
= ——dOAdr— 7—d N do

2(=VR)A 00 2(+V0) 9

0L,

or

which immediately implies

oL, 0L, 0-
or — 90

and also
1 OR 1 00

(+VR)A 00 (+/©) or

which can also be expressed as
1 al n 1 oK
(=VR) 90 (£V©) Or
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Determining the center of mass null congruence for Kerr spacetime VI

These are the general integrability conditions to build a null function u from the
identification ¢ = du. Note that this condition also demands that E must be constant
for the congruence; so there is no loss of generality in assuming our choice E =1 for our
construction.

Solving for K and k

Let us now consider the case ¥ > 0 and try to build a congruence so that £, coincide
with the differential of a null function v, by relaxing K to be a function of r and 6. The
sign for 0 is chosen by thinking on a spheroid at future null infinity, in the asymptotically
flat situation; so that we take (+) for the northern hemisphere and (-) for the southern
hemisphere and we will express this by +|,. Let us observe that geodesics in this
congruence that have one point at the Equator, then are contained at it.

Then, (34) can be expressed as

! a—Kde/\dri\h L B—Kdé/\drzo; (35)

Qm 00 WK — (asin(é’))2 or

which we could also write as

oK

(r24a%)2 - KA B £ |ny/ K — (asin(&))2 9K _

90
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Determining the center of mass null congruence for Kerr spacetime VII

Thus, equation (36) constitute the integrability condition for the one form £, to be the
differential of a null function.

Now that we have relaxed the behavior of the parameter K; let us check if it changes
along the original null geodesics; since this will be a problem. Then, the derivative of K
with respect to each affine parameter is:

dK _ 0K 9K 5 _ r2+a2)2 KA 8K Ky, K- (aS'n(6'))
d\ — Or - 89
that is, the imposition of equation (36) guarantees that K is constant along each null
geodesic of the congruence.
We are interested in the asymptotic boundary condition
lim K = a°sin(fx)%; (38)

r—oo

=0; (37)

where 0, is the value of 6 at future null infinity. This is the condition to build a
congruence that reaches future null infinity orthogonally to the center of mass sections.
Therefore, for a numerical integration we can arrange the equation in the form

aiK R K — (asin(@))2 87K .
o~ T P+ a)2 KA 00 |
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Determining the center of mass null congruence for Kerr spacetime VII|

which invites us to define k from the relation

K(r,0) = a*sin(0)> + k(r,0)*; (40)
and
£=1 (41)
=i
so that the equation now is
oK Ok 2 +|k| > . Ok
— =2k —=—% 2a° sin(6) cos(6) + 2k 42
5 = 26k gy (27 SO o) + 24 ) (42
which is invariant under the interchange k — —k; with the boundary condition
lim k = 0. (43)

£—0

This can be solved numerically from £ =0 to £+ = % or to larger values.
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Determining the center of mass null congruence for Kerr spacetime IX

Let us note that in the northern hemisphere one has the plus sign and also sin(6) cos(6)
is positive, so that, after starting at k = 0, we can assign the sign of k at will. If we
assume k > 0 then we have to use the equation

Ok a’sin(0) cos(0) + k2%

o \/(1 +E222)2 — §4A(az sin(0)2 + kz) ;

(44)

and on the contrary if we assume that in the northern hemisphere k < 0 then we have to
use the oposite sign in the above equation; noting that in principle the sign of k does
not intervene in the sign of 6. For the sake of simplicity we will take the first choice
which assumes k > 0, in the northern hemisphere, in a neighborhood of future null
infinity. Let us note that with this choice we simply have

+]n/K — (asin(9))® = k. (45)
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Determining the center of mass null congruence for Kerr spacetime X

We have solved numerically equation (44), whose graphic representation is given in the
next figure.

k(€,8) with fixed steps. a=0.8, M=1.0

0.2
0.15
01
0.05
kg0) o
-0.05
-0.1
-0.15
-0.2

Flgu €. Numerical solution of k in terms of the coordinates (&, 6).
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Determining the center of mass null congruence for Kerr spacetime Xl

The coordinate (£) covers the whole exterior region from £ =0to £ =& = %; but one
can go through the horizon without difficulties.
We can estimate the residual just from the evaluation of

V(1 +€222)2 — KA g—g — (asin(6) cos() + k%) =0; (46)

which of course is an alternative way to write equation (44); but more adapted to
checking the integrability condition. The residual (46) is shown in the next figure, and it
can be improved at any higher desired precision.
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Determining the center of mass null congruence for Kerr spacetime Xl|

KI(E,8) errors. a=0.8, M=1.0

k errors ——
4e-19
19
5x10 3e19
4x1019 2e-19
g le-19
3x10°19 0
2x10°1° 5x10°19
19 ax10°19
1x10 3x101°
KE8) 0 2x1019
J1x10°19 1x1019
0
- 19
2x10 -1x1019
-3x1019 -2x1019
-4x101° By
-4x10°
- -19
Sx10 -5x1019

Figure: Numerical solution of k in terms of the coordinates (&, 0).
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Null functions ¢ and v |

Direct expressions

From the knowledge of k, we can define the null functions u (outgoing) and v (ingoing),
as the hypersurfaces generated by the outgoing ¢, and ingoing n, null geodesics
congruences respectively; namely

2 2)2 _
du = dp - Y2 F aA) KA g - Hn\/O(r,0) do, (47)
\/T
dv = de+ YO F "’A) KB 41 1 1,/8(r,0) do, (48)

where K = K(r,0) is a solution of 36, and
O(r,0) = K(r,0) — a° sin°(0). (49)

To obtain integrated expressions of u and v, we need to integrate (47) and (48).
Because they are very similar, for simplicity we will work with u, but the same process
follows for v.
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Null functions u and v Il

We can integrate du along any curve v(s’), which connects an initial point (to, ro, 6o, o)
to a final point (t, r,0, ¢). Given a curve v, with s’ € [so,s], one can express

u(t, r,0,¢) — uo(to, ro, o, po) =t — to —/ A @ds

// / dal
/jj,, (7,0 2o ds'.

As we know, the difference u(t, r, 8, ¢) — uo(to, ro, o, Po) only depends on the initial and
final points. Nevertheless to proceed and find a final computable expression, it is useful
to consider an integration path. Because both integrands depends only on two
coordinates (r,6), we have two natural paths to connect initial and final points. One of
them is [(ro; 0o) — (r;60) — (r; 0)], in that case (50) becomes

\/r/era2 — AK(r', 6o) ,
u(t,r,0,8) — uo(to, ro, Oo, o) =t — to —/ A dr

(50)

(51)
:H;,\/G)(r7 ') do’,
0o
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Null functions ¢ and v Il

and the other one is [(ro; 60) — (r0; 8) — (r; 6)]; in that case (50) becomes

P2+ 2) - BK(r,0)
U(t7 r707¢)_u0(t01r07907¢0):t_to_/ dr
ro

A (52)

0
— / :t‘h\/ e(l’o, 0/) d@l
0o
In what follows, we work with both expressions. Because they are very similar, for

simplicity we will do it completely only for (51), but the same final result follows from
(52). We start with the behavior analysis of the second term integrand at (A ~ 0)

V(2 + 2 — AK(,00) (2 4+ )

A A (53)

K K2A 2
- 2(r2 + 22) - 8(r2 + a2)3 +O(A )»
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Null functions ¢ and v IV

from (53) is clear that (51) has a divergent term at (A = 0). We can isolate such
behavior in one simpler term, by simply adding and subtracting (r"> 4+ a°) /A, to obtain

r 12 2
U(t7",97¢)—Uo(to7fo790,¢o)=t—to—/ (“%”) dr’
ro

) /rr<¢(rf2+a2)2—AK(r',eo) (r’2+a2)> iy

A A
[ H/O(r, 0 d¥,
0o
(54)

where the divergent term can be integrated analytically

/’or (M) dr' = [r+ :ﬁﬁ |n(L -1)— 2 ta In(rL - 1)] ' ; (55)

A L —r- ry re —r- _ ro

where ry and r_ are the solutions of A = 0; namely ry = m+ vm? — a2 and

r—=m—+m?— a2.
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Null functions v and v V

Then, we have an equivalent expression of (51)

2 2 2 2

ri +a r r- +a r )

- =t—r— ("% In(=-1) - In(— —1
u(t,r,@,(ﬁ) Uo(to,l’o,@o,(ﬁo) t—r (f+ —r n(l'+ ) e —r_ n(r, )

_/, (\/(,,2 +a2)2 — AK(r',00) (7 +a2)> o

A A

]
— [ Ha/O(r,0") db’ + Co(to, ro),
0o

(56)
where G is a constant. The strategy is to elect uo(to, ro, 6o, o) = —Co(to, ro), in such a
way, that for any initial point (to, ro, 6o, ¢0)
2 2 2 2
ry +a r r- +a r )
—t—r— (T L1y In(~ —1
u(tr0,0) =t —r— (T (- 1) = =i )
. 2 2)2 _ / 2 2
-/ V4@ - AK(g) (24 Do 61
o A A
0
—/ /O, 0) dO.
6o
JPBCosmo School 29 /58
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Null functions ¢ and v VI

The final step to obtain the coordinate u(t, r, 8, ¢), is to elect the initial point

(to, ro, B0, o). We are interested to take its value at future null infinity, that is, at

ro — 00, to — 00, 0o = Ooo, G0 — Poo, Where O and ¢ are finite. Note that in (57),
there is no dependence on ¢, then we are free to choose ¢oo, without any change in u.
Also it can be noted that Gy is finite in this limit. Then, we have

2 2 2 2
U(t,r,9,¢):t—r— (?LIH(L—].)— r-ta |n(rL_1))

G+ — r— r4 ry —r—

(58)

) / (\/(,,2 +2)° — DK(r0) (72 + a2)) W

A A

- /: Hp/K(r,0') — a2sin(6")2 d¢’.
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Null functions ¢ and v VII

In the same way, we can start with the second natural integration path (52) and repeat

all the steps to obtain

24+at r r2+a® r
u(t,r,0,¢) =t —r— (ri_r_ (-1~ = In(-= —1))

) / (\/(r’2 +a2)? — AK(r.0) (2 1 32)) o (59)

A A

0

f/ Hpv/K(roo, 0') — a2 sin(6/)2 db'.
0o

Note that when a — 0, we have K — 0. Then the last two terms in (58) and (59)

become zero because each integrand is zero. Also when a — 0, we have r— — 0, which

from (55), we can simply take a =0 and r— = 0. So that in this way we recover the

Eddington’s outgoing null function for Schwarzschild spacetime

lim u(t,r,0,6) =t - (r + 2m|n(ﬁ - 1)). (60)
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Null functions v and v VIII

Shorter expressions for v and v
We have already mention that there are two natural integration paths (51) and (52). In
this part, we will show how these paths allow us to get shorter expressions for v and v.
Remember that the first path was [(ro;00) — (r; 00) — (r; 6)], and that we locate the
initial point at rp = reo, 0o = 0. To obtain a shorter expression we can take advantage
of the election freedom and choose (6p = 6« = 0). Then we have to consider the
property

K(r,0 =0) =0, (61)

to obtain the shortest expression for u, by replacing (61) in (58) and using that
(r? +2*> =2mry) and (r2 + a° = 2mr_), we have

2mry 2mr_

u(t,r,0,9) =t —r— (r
N

— In(é -1 - |n(rL_ f 1))

(62)

- /0. Hu/K(r,0") — a?sin(07)2 dO'.

The second natural path was [(ro; 60) — (ro; 0) — (r; )], with the initial point at
fo = roo, B0 = 0. To obtain a shorter expression we can take advantage of the election
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Null functions ¢ and v IX

freedom and choose (ro = roo = c0). Then we have to consider another property that
comes from the boundary condition

K(r = o0,0") = a*sin(8')?, (63)

to obtain another short expression, by the replacement of (63) in (59)

u(t, r, 0 ¢))—t—r—<2m7r+ln(L—1) 2mr- (=)

ry —r— ry ry —r—

/(\/(f’2+32) AK(r’,e)_(r’Q—s—az))drﬁ (64)

A

In an analogous way, we can start with (48) to obtain the corresponding expressions for
v(t,r,0,¢). The expressions are

2 2mr_
V(t,r0,8) =t +r+ (7@72 In(é 1) M"fﬂ In(-— — 1))

(65)

0
+/ Hp/K(r,0") — a%sin(6')? d¢’,
0
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Null functions v and v X

and
v(t,r,0 ¢>)—t+r+(Mm(L,l)fz’”;m(L,l))
RS re—r_ ry re—r_  r_
2 (66)
r \/(,/2 + 22) _ AK(I”,@) (rIZ 4 az)
+/ ( - ) dr'.
oo A A

Then, we can compute v with (62) or (64) and v with (65) or (66) to obtain the same
result.

Plot of u

In the next figure it is shown the Kerr center of mass null surface, when u = 0, with
angular parameter values a = 0.8 and a = 0; to also include the comparison with the
Schwarzschild case. Note that such comparison is only about the functional dependence
of u(t,r,0) with respect to coordinates (t, r, ).

We have computed numerically both expressions (62) and (64). We corroborate they
have the same value up to machine rounding error.
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Null functions v and v XI

8 = Case a=0.8, m=1

Center of mass null surface (u = 0) for Kerr and Schwarzschild spacetimes.
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Surface family S,, |

Note that (47) and (48) can be written as

du = dt — drs, (67)
dv = dt + dr;; (68)

where
drs = ? dr + k dé. (69)

The intersection of both null coordinates families u and v, that is, (du = dv = 0), define
a family of 2-dimensional spacelike surfaces S,,, where the function rs = (v — u)/2 is

constant. In terms of Boyer-Lindquist coordinates, such surface (drs = 0), is given by
r(0) which satisfies

dr kA
— = (70)
do VR
Note that rs can be interpreted as the Kerr extension of the Schwarzschild’s tortoise
coordinate. In particular, we can express the function rs in the exterior region as

2 2mr_
re(r0) =r + =2 n(L —1) = 2= (L 1)
r —r— r+ r —r— r—
0 (71)
+/ k(r,0') do’
0
0.M. Moreschi (FaMAF, IFEG) Causal global structure ...
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Surface family S,, Il

It is easy to show that the induced metric over the 2-dimensional spacelike surface
family S,,, is given by

ds®> = —LRZ do> — %sinz(ﬂ) de?; (72)
which can be obtained directly from (80) below, by simply taking (du = dv = 0). Note
that in Boyer-Lindquist coordinates at each surface S,,, equation (70) is satisfied; which
also implies that at the horizons the surface S,, is given by r = ry, r—, as one could
expect. But it should be remarked that (70) still makes sense even at the horizons where
rs diverges; that is the family S,, have a smooth extension at the horizons, even though
the behavior of rs.
A convenient geometric description of such surface family, can be done in terms of their
Gaussian and Extrinsic curvatures, as described in the
GHP[Geroch et al.(1973)Geroch, Held, and Penrose] formalism. Then, one has

Coaussian = (Qarp + Qcrp) (73)
CExtn'nsic - i(OGHP - QGHP) B (74)

which are given in terms of the complex curvature scalar Qgup, given by
Qcrp = 00’ — pp' — Wz + A4 &1y, (75)
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Surface family S,, 11l

where o,0’, p, p’ are the spin coefficients in the GHP formalism; and in the Kerr
spacetime one has A = ®3; = 0.

Next figures show the numerical calculation of these quantities, where the smooth
nature of them can be inferred.

0
& -0.001
5 r -0.002
g ¢ %
8 3 £
- ;
1
0

Extrinsic Curvature of S,,. Using parameters a = 0.8, m = 1.0. Case r(0) =~ 3r;.
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Surface family S,, IV

r cos(0)

Z=

o = N W A OO
T

473

0
X=(r2+a?)!”2 cos() sin(8) 23 56 4Y=(r2+a2)”2 sin(9) sin(6)

Gaussian Curvature of S, . Using parameters a = 0.8, m = 1.0. Case r(0) ~ 3ry.

It is important to mention that in the limit case where a = 0 (Schwarschild), one has

a“_n?oCGauss = ﬁa (76)
lim CExtn'nsic = 0, (77)
a—0

where the two dimensional spacelike surfaces (drs = 0), in Schwarzschild’s case are given
by (dr =0).
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Kerr metric in double null coordinates |

In what follows we will start from Kerr's metric in Boyer-Lindquist coordinates (1), and
then we will make a coordinate transformation to the center of mass null coordinates

Coordinates {u, v, 0, ¢}
From (47) and (48) we can write

dv + du
dt = R
(dv — du) ] A
dr=|—— —kdf| —.
{ 2 vR

Then we can replace (78) and (79) in (1) to obtain

> 1 2mr YA > > 1 2mr YA

2amr sin®(6) XA
+dv <? do + Wk dH)

2amr sin?(0) YA TY , o T ., 2
+ du (quﬁfﬁkd@) - - d0* — & sin’(0) do”.
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Kerr metric in double null coordinates |l

We can also obtain the contravariant expression of (80) if we start with the inverse
metric line element in Boyer-Lindquist coordinates. After a long calculation one obtains

(5) =2 (30) (%) -2 (5)
<2 () (58 (35) + = ().
() 3)
_AZAas.:me(e (aﬂ>

It is easy to verify that £, = (du), and n, = (dv), are null covectors, which is consistent
with our definition.

(81)

O.M. Moreschi (FaMAF, IFEG) Causal global structure ... JPBCosmo School 41 /58



Kerr metric in double null coordinates Il

New angular coordinate ¢
Let's start analyzing the most general null geodesic, where the angular coordinate ¢
changes according to (24). It is clear that

Iim0 g¢ — 00; (82)
where A = (r — ry)(r — r—); thatis, A — 0, when r — ry or r — r_.

We want to define a new angular coordinate without that bad behavior at A = 0.
We choose in this work the usual definition

dos, = do— io,%dr; (83)

which has an integral expression given by

R a r—rg
piy; =¢ io:zmln I (84)

Depending on the election of +,;, this is well behaved for the outgoing null congruence
(doi = +) and for the ingoing one (£o = —).
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Kerr metric in double null coordinates 1V

Next, it will be useful to express the differential of (83) in terms of center of mass null
coordinates u, v; which from (79) can be expressed as

a [(dv—du)

d(pj:c’. :d@*:‘:oiﬁ 2

—kdo|. (85)

Extended null functions U, V

A natural geometric way to study the behavior of a function (U) across a hypersurface,
is to study its behavior along geodesics that cross this hypersurface; since its
dependence on the affine parameters is geometric and independent of coordinate
choices. Therefore we begin by studying the asymptotic behavior of the null coordinate
u along null geodesics that reach the future horizon Hy. Since it is immaterial which are
those geodesics, we choose the null geodesics that are contained in the congruence

v =const.; that is, an ingoing one for which one has to take (. = —) and
(8 = — £, VO = —k). From the first order expressions of the geodesic equations, and
dv = 0, that allows to express dt = ,@; — k6, one obtains
VR R K
v=const. — — &~ — I — = . 86
ul . 2Ar 2k = 2[ZA Z} (86)
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Kerr metric in double null coordinates V

Defining the null function U by

U = — exp(—ku), (87)
one has the behavior
: . R k?
U=—-xrUit=-2s5U [ﬁ + f:| y (88)

which indicates a divergent behavior of the first term in brackets. One must take kK = k+
in order to have a smooth behavior of U as a function of the affine parameter \; where

(e —r) \/mz—az;

= = 89
o 2(r? + %) 2mry (89)
which is customary referred to as the surface gravity of the black hole.
Also, at the future horizon, one has
U x A; (90)
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Kerr metric in double null coordinates VI

where the proportionality factors are smooth functions on the horizon. In order to have a
double null system that is smooth across the outer past event horizon we also define the
null function V in a similar way; so that we have

U= —exp(—krtu), (91)
and
V = exp(k+v). (92)

Let us remark that we have been studying the asymptotic behavior approaching the
horizon from the outside region. In the inner region, U > 0 and one would use the
relation

U = exp(Fk+ Uinner); (93)

where Uinner is the analogous inner version of the null coordinate u in the outer region.
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Kerr metric in double null coordinates VII

Coordinates {U, V, 0, ¢}
From (91) and (92) we have du = —é— and dv = ﬁ% from which one obtains

ds® =

1 (1 2mr Ta?sin2(0) + £2A i°,4mra sin (9)) 1

4 X R VR K2U?

1 (1 2mr  Ta%sin?(0) + £2A 4mra® sin (9)) 1

4 b= IR o EVR K2V2

1 ( 2mr  TaZ%sin?(0) + ZZA) 1
1- +

du?+

2

dU dv

x IR K2UV

— dUd6
rU (94)

_(Tazsinz(e) + Azz) :l:o,2mra sin2(6)
—— dVdo
TR VR wV

23mrsin2(9) " Tasinz(e) 1 dUd Zamrsinz(e) n Tasinz(G) 1 dvd
_ . _ + _ . _
x VR U ¢ x “ EVR v ®

K2 (Taz sin?(6) + XZA) 2 2Tasin?(6)
do” 5 ————

_(Tazsinz(e) + Azz) 2mra®sin?(6) | k
ZR o1 Z /

— =+

IR

T
kdodp— = sin?(0) d?,

where one has to consider kK = K.
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Kerr metric in double null coordinates VIII

To compute the contravariant expression, we can start from (81) to make a coordinate
transformation. After a long calculation, one obtains

(et ()(3)
() v ()| ()
e (3)(2) w
22 ) (3) (2
1 (5) s (3)

where one has to consider K = k4. The determinant is given by

_ A?Y?sin(6)?
4x*RU2V2

(96)
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Kerr metric in double null coordinates IX

Other useful algebraic relation.
The product between U(91) and V/(92) is

_ g2 (r I K00’y =
)" A (97)
(re)(r—r-)

Note the 6 dependence of this expression; which generalizes the usual Kruskal one.

uv ‘K:N+:
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Global causal structure |

The causal structure of Kerr spacetime

One of the great benefits of having constructed a double null coordinate system in Kerr
spacetime, is that one can now completely describe its causal structure. Recall that up
to now, the causal structure was well understood at the axis, namely for § = 0 or 6 = m;
as it is depicted in diagram (a) of figure 1 in [Carter(1966)], or in figure 27 of page 312
in [Chandrasekhar(1983)]. However, our construction allows us to extend the validity of
those causal diagrams, where now each point represents the intersection of the null
coordinates. The intersections of the null hypersurface u =const. with the null
hypersurface v =const., determines a particular topological sphere with rs =constant.
Using the coordinates U and V that allow us to cross the future horizon H = Hy, one
has the same property; so that we can give general validity to the causal diagrams bases
on these type of null coordinates. In other words, we can construct diagrams as the one
shown in the next figure, where each point represents a topological sphere which it could
be at one of the horizons with r = r; or r_, or the sphere has r, =constant.
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Global causal structure |l

Flgu I€. General causal diagram of Kerr spacetime. The dashed lines indicates the presence of the singularity.
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Global causal structure Il

Once one has the appropriate definition of the extended coordinates, the causal diagram
is straight forward to construct; following the ideas already presented in [Carter(1966)].
We can take Carter's functions ¥ = Ucompact + Veompact and & = Viompact — Ucompact,
where in region | we can define

Ucompact = arctan(U), (98)
Vcompact = arctan(V). (99)
To cross each horizon one has to use the appropriate null coordinates. The coordinate U

has been constructed to be smooth across the future horizon Hr. We next describe the
null coordinates which are smooth at the Cauchy horizons Cr and C..

The (U, V) coordinates
Using an analog study, as presented before, and defining

_ (ry —r2) _ (rq —r2) _ m? — 22
2/R(r-)  2(r2 +2a?) 2mr_

; (100)

which we call k_ because of its analogy with k. ; the null functions that are regular at
the Cauchy horizons are

V= — eXp(—K— Vinner); (101)
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Global causal structure 1V

which is regular at the Cauchy horizon Cg, and

D = — exp(fﬁ—uinner); (102)
which is regular at the Cauchy horizon C;.
The behavior of uinner, Vinner N€ar r = r_ is

lim  Uipper = 00, (103)
r—r_,v=vgo

lim  Vinner = 00. (104)
r—r_ ,u=ug

which is consistent with our definitions (101), (102).

It is important to remark, that with these definitions we obtain the same metric

functional expression as (94) and (95), with the only difference that in region Il, one has

to choose (k = Kk_), (oi = —) and take an opposite sign in gu;,,..0, EUinnere &Vinmer?

and g

Note that to cover regions | and Il with null functions that are smooth across Hy and

Cr, one can use the set (U, V); which we plan to employ in a future numerical work.
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Global causal structure V

It is worthwhile to remark that one can obtain the integral expressions, following an

analogous deduction process, as previously explained for the outer region, but now with
an initial point (ro,60) = (r4,0), namely

Uinner = —tinner + Is, (105)
Vinner = tinner + Is; (106)
where from the definitions of x4 and x_, one can express rs in region Il as
1 r 1 r
s(r,0) = —In(l—-—)— —In(— -1
(107)

0
+/ K(r,0') 6.
0
Then, one can also reproduce a similar previous algebraic study, which in this case is

1
0\7 :ef2n_r, — ef2h'_(,+f°9 k(r,a’)de’) (77 37
(I—)r
—2n,(r+f°9 k(r,G/)dQI) %
o € (I’+) A

() —0 (=) S

(r)(re—r) ™

Causal global structure ...

6 ’ / r (108)
e—2n,(r+fo k(r,0")d6 ) (I’+)H
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Global causal structure VI

where we have used that Z—; = 7. Note that UV > 0 in region Il and is well behaved
across Crg.
Finally, the natural definition of compact extended functions in region Il are
Ucompact = arCtan(U)7 (109)
Veompact = arctan(V); (110)
and one can extend the definitions of 1 and & accordingly.

Region Il and IlI: null tetrad and r. family

In a similar way as we did previously; we can build an adapted null tetrad for region II.
As before, we take

(Zinner)a = (duinner) ) (111)
1A
(ninner)a = _§T (dvinner)a 9 (112)

(Minner), = i fa"”s'"( v2amrsin(9) g, —l—k\/idra (113)

R
-\ = T do, —l\/—Sln (6)dda;
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Global causal structure VII

where mi, ., is tangent to the surfaces rs=constant, and the usual null tetrad metric
conditions are satisfied.

In region Ill, each one-form dt, and dr., recovers the same causal character of region I,
but with the difference that r and r; decreases to the right. Therefore, we can use a
similar definition

duy = dtyy + drs, (114)
dvin = dty — drs. (115)
Then to build the null tetrad we take fin = duin, ni = %dvm and we complete the

tetrad in an analogous way, as we did previously; namely, mjj, is tangent to the surfaces
rs=constant, and the usual null tetrad metric conditions are satisfied. In this case, for
each surface r; =constant, we also obtain the same functional expressions of Extrinsic
and Gaussian curvature.

It is useful to remark that in order to obtain the metric in the {uni, vin, 6, ¢} coordinate
system one has to replace in (80): (du — dwvii) and (dv — du).

Note also that the functional expressions of U and V are good coordinates for region Ill.
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Final comments |

We have presented a smooth double null foliation of Kerr spacetime which allows
for a direct interpretation of its global causal structure

@ Constructions of null foliations by other authors, have problems on the axis of
symmetry.

@ Smooth null coordinates adapted for the outer horizons were presented for region |.

@ We have also introduced smooth null coordinates for region Il adapted to the
Cauchy horizons.

@ Smooth null coordinates for region Il were also constructed.

@ The fact that we were able to construct a genuine conformal diagram of region Ill,
does not mean that its intrinsic problems have disappear. Still, equatorial
geodesics can reach the singularity at (r = 0,0 = 7). And, region Ill is acausal,
since there exist close timelike curves in it.

@ Conformal diagrams based on (U, V) type coordinates, are a useful tool to study

the characteristic problem of wave equations. Since data on a wedge {U, V}
would have a clear domain of dependence.
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Final comments |l

General global causal diagram of Kerr spacetime; which could be extended to upper and lower regions.

The dashed lines indicates the presence of the singularity.
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