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0 Part Il: Basic elements of MOG



Minimal conditions for alternative theories

Modified gravity theories must obey certain restrictions in order to be a
reasonable alternative to General Relativity:

@ Action principle

© Relativistic Invariance
© Equivalence Principle
© Causality

© Positive energy

©Q Observational tests
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Classification of modified gravity theories

@ Higher derivatives: f (R) gravity has fourth order time derivatives
of metric in the equations of motion but do not propagate the
Ostrogradsky ghost.

© Extra degrees of freedom: Metric+ some degrees of freedom|
scalar fields, vector or tensor fields]. Ex.STG, Brans-Dicke.

© Others:Non-locals models, brane-world models, Lorentz violation,
Teleparallel models, Breaking Diff. (Hovara-gravity) etc.
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Consistencies

©@ MOGs introduce new degree of freedoms such as scalar, vector,
and tensor fields. They also introduce several types of
instabilities:
L = Kif? — Kx[VO]? — M?6?

» The tachyonic instability: M? < 0.
» Gradient instability: Iy < 0.
» Ghost instability: ; < 0.
© Strong coupling problem(EFT): Nonlinear interaction terms,
Ly = A'00[06)? are important for A < A,.[Lack of
UV-completion]
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Case I: Scalar-Tensor-|

@ Scalar-tensor theories: GR+ an extra scalar degree of freedom:

167GnLsTtg = F(®)R — Z(P)V,oVH D — U(P) + Lin[Guv» ¥m)

© Jordan frame - Gravity sector modified BUT matter sector
minimally coupled to g,,...

© Dynamically evolving scalar field with kinetic term
(VO)2 = g"9, 99,9 and potential V() = U().
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Scalar-Tensor-I|
@ Varying the action wrt g,,,, and ®:
1
F(®)G,, =8rGnT, + [V, V., — 9 O] F(®) — Eg,wU(d))

1
+Z(®)[V, 0V, @ — 50, VOV
Z(®)O = U — ZoV, PV d — FoR

©@ Trace of FE yields:
F(®)R = 8xGnT — 30F () — 2U(d) + Z[V]?

© Modifications sourced by Z(®), F(®#)and T =g, T" = p—3p
© Brans-Dicke model is recovered by taking F($) = ¢ and
Z(P) =w/o.
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Conformal Transformation Rule-l

@ Conformal transformation of the metric allows a different
representation of the theory: Q : (M, g,,) = (M, Guw)

g;w = Q2(¢)QW7 QZ((D) >0

© Angles between vectors are unchanged.
© Is the above definition arbitrary or not?
© It does not alter the casual structure of spacetime
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Conformal Transformation Rule-l|

@ Prove the following identities Wﬁw = @5 In QJ:
Q g =Q 23" and g = Q8.

O iy, =g, + QM EVaQ+ 85V, - g5, VQ)
Q R=Q?[R+60w—6ViwY,u]
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Scalar-Tensor-lli

© Use the C.T g« = A2g,, With AZ = F

© Redefine scalar field to write the action in simpler form in terms of

(h
av Z+3(8InF>3
"do T F "2\ 00
© Potential is 2+ V(V) = U/F?.
© The Langrangian in the Einstein frame is

1~ 1. . A A
KRG—&-S - ZR - églwdy,wauw - V(\U) + Em[gm/; \U, @m]

© The Langragian for the matter sector in the Einstein frame is

Ln[F Gy, Om]

ﬁm[@;wawaem] - F2((D)
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Scalar-Tensor-IV

@ EOM for the scalar field couple to the trace of the stress-energy
tensor.

~ A 1dInF

OV = Vy +aV]T =V, a[V] = 5 gu

© In the Jordan frame TEM is conserved in STG, V, T# = 0. In the
Einstein frame, V, T = o[W] To" V.

© Consequence: In Einstein frame particle masses depend on W[5th
force].
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Scalar-Tensor-V

@ Solar system constraints on STG are obatined due to the coupling
a[V] in Einstein frame:

2 2
veen — 1| = 1—1-%042 <107° Cassini
a2 5
«

© Good bounds on oo < 10~° but not on o’ provided we set V =0
[massless limit]. The fifth force associated with the scalar field has
infinite range.
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Case ll:Metric f(R)-I

@ The Lagrangian in the Jordan’s frame

1
Lgrav+m = mf(m + Lm[Gyuw, Pm]
© Modified Einstein’s Equations:

1
f,Fm’R;w - vuvufﬁ’ + guV[Df,F? - ég;wf(R)] = SWGNTUV

© A class of f(R)-theories can be constrained using several
cosmological data and solar system test.
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Several important facts:Metric f(R)-IlI

@ f(R) gravity is a fourth order: hard to find the appropriate boundary
condition for a given problem [IVP]. Instability.

© Solar System constraints fairly complicated.

© Lack of Birkhoff’s theorem: spherically symmetric vacuum solution
is no longer unique.

© EFE reduces to the familiar 2nd OPDE GR+A iff f(R) = R — 2A.
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Case ll:Metric f(R)-llI

@ f(R) can explain the accelerating expansion if V,fr = 0.

1 f
G = *éguu['q - a] = —gwA(R)

@ The trace of the above equation, fgR — 2f(R) = 0, has a nonzero
positive root Ry = 4\(Ry) = 4o [Geometric Dark energy],
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f(R): DOF

@ Trace of the MEF yields

(R+30)fg—2f=T

@ This gives a wave equation for fz:

2f — Rf
f(R) : DﬁR:;—+:3”? GR:R=4A—T

@ fRris adynamical DOF . Initial data require g,,, and g,..,, but also
frand fpg.
@ There is no extra degree of freedom in GR.
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Is it possible to link STG with f(R)-models?-I

@ The Lagrangian for f( R)-gravity model can be written as

foR— f
2k2

1
Litm= [@fRR — Ul + Ll ¥m], U=

@ Apply a CF:i-g,, = Q2g,, and ii-R = Q2[R — 601w — 60" w ,w ,]:

LivmyV/=0 =/~ [ m(R 601 — 65wy, ) — UQ ™|
+ V=0 Lm[Q 20, Ym], V=Q U
© Select Q% = fgand kp = /3/2Infg:

A 1 2 1., 0w — —r\/50 4
Erim= gsR— 20" — V(&) + O *Lale™V G0, v
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Is it possible to link STG with f(R)-models?-I

@ In the Einstein frame the scalar field ¢ has a coupling Q with
non-relativistic matter given by e_“\/g“" = 2@ with Q = —x/V/6.

© In the case of V = 0, the local gravity constraints are not satisfied
because the field extra field has Q = O(1).

© The local gravity test can be avoided through a screeninig
mechanism by selecting the form of f(R).
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Geodesic equation and Weyl transformation

@ Modify gravity at large scales but not at small scales!!!
@ Geodesic equation after a CF [§,, = Q2g,.]:

o x* ax” dx* dx” dx*
" " " el
o+ M=+ (0 @, + 0 ln Q) -
ax®dx”

glﬂ/[ln Q] M d dT
© The coupling to matter produces a fifth force: Violation of WEP

(UFF) ‘ ' ‘
mx' = —md'v—Q0J" In Q(y)
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Negative aspects about MOG

@ Which side of the Einstein equation is modified, or which term in
action is modified?[criterion is in fact ambiguous].

@ Initial value formulation-Hamiltonian unbounded below (generic for
higher derivative theories)

© Instabilities: ghost, tachyonic, adiabatic

© Singularities in formation of neutron stars

© Superluminal effects

@ Strong coupling (loops)

@ Inapplicability of macroscopic field equations
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