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Quantum Gravity and Cosmology

Outline of the course

» Introduction: Quantum Gravity & Cosmology
» Constrained Hamiltonian Systems
» Hamiltonian Formalism of GR

» Connecting with observations
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Quantum GraVlty s J;,;my, go

v

Why should quantize gravity?

v

What means quantum gravity?
» Quantum cosmology versus quantum gravity

» Some conceptual issues in quantum cosmology
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Why should quantize gravity?

» It is not obvious at all... gravity is spacetime
» Is quantum nature more fundamental? In which sense?

> Quantum mechanics (QFT) defined on Hilbert space but based on
Minkowski S-T

» Notwithstanding, it might be a reasonable idea...

e Theoretical unification

Source term in GR (7*”) is quantum

Black Hole Thermodynamics (entropy) suggests 3 microstates

Singularity theorems of GR

o Initial conditions in cosmology (what’s the I.C. of the universe?)

Problem of time (external in QFT, arbitrary in GR)
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What means quantum gravity?

» Several approaches

» semiclassical schemes (QFT in curved S-T)

» Supergravity

» String Theory

» Asymptotic safety

» Causal dynamical triangulations

» Noncommutative geometry

» Canonical quantization
e Quantum geometrodynamics: Wheeler-DeWitt (WDW)
e Loop quantum gravity (LQG)
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Conceptual issues in quantum cosmology == oeme

Quantum cosmology is an attempt to take into account quantum effects in
models of the universe.

» Patching models X the wave function of the universe

» Is quantum mechanics consistent for closed systems? (how happens
measurements?)

» Emergence of classical spacetime
+* WKB approximation
peaked about classical spacetimes nonclassical spacetimes

¥ x oS ¥l
% decoherence to avoid quantum interference

» How to define probability measure (WDW is not positive, similarly to
KG)

» Singularity avoidance depends on the interpretation of quantum
mechanics

Minisuperspace is quantum cosmology for the FLRW universe.
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Standard Model

» Spacetime geometry:

d 2
ds? = a(t) [d;f - _’krz — r* (d6” + sin® 0d¢,02>}
» Dynamics equations
1\> 871G a 4nG
sz(a) i -—= - i + 3p;
: Zp o= D (it 3p)

if p + 3p > 0 the expansion is decelerated (a < 0)

[N

General Properties § 09f

» homogeneous and isotropic > 200 Mpc

Radiation Domination
A Domination

Density Paramete:
°
=

Ay Domination

» exist for at least 13, 7 billions of years

» Expanding: denser and hotter in the past

S

S
8

3

E\ Trans—Planckian Unknown

Reheating BEN  FrSt Now fast

3 eras: radiation / dust / dark energy e S o §

~ flat (Q; < 0.005) / Is it (in)finite? - -
at (4 )/1s it (in)finite g i [ oo g

v

v
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Thermal History (Microphysics) CBPFI®:  pragssis

» Below a few MeV's: photons, baryons, electrons, neutrinos, dark sector

T - [~ 3 billions of years] galaxies formation T Toien
T -~ 0.25eV [1012 sec] hydrogen rec. CMB decoupling "~ e
[ —— = e =107 snd
T- lev [10”sec] radiation-dust era transition H \¢
L &
T ~ 50KeV [300sec] light elements formation :Z::‘ _______ fr m_:::
T -~ 0.5MeV [1sec] Freeze-oute + et Sy “
T -~ 1MeV  [0.2 sec] neutrino decoupling 2Wemmmmmn T‘wv LA
T, ~ 1.401T, (p/n free-out) e standard model
T - [IO’SSec] formation of baryons ~
quarks and gluons confinement
T - [10710 = 107 sec
particle Standard Model still valid
T - [10’14 — 10~*sec b
beyond SM but still classical gravity | - ;@
T > 10°GeV  what comes next? sownnss P eommcnms |
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Gauge theories as constrained systems
» more dynamical variables than physical degrees of freedom
» Covariant form of Electromagnetism: F,, = d,A, — 0,A,

© =& <=5 =

E. 0 -B, B,

E, B; 0 -B

E. -B, B, 0

Z

P =

v

In Flat S-T, the symmetry group is given by the Poincaré group

, L P35 ¥ (REYY
E = y|E+-XB|- — |-
c vy+1\ ¢ Jc
B o= y(5-UxE)- 2L (2E)!
c vy+1\ ¢ Jc

» gauge transformation: A, — A, +J,A(x) but F,, — F,

v

what’s an observable? (deterministic dynamics)
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Constrained Dynamical Systems

» Lagrangian system of point-like particles with n degrees of freedom.

s:fdtL(cm) i=1,....n

Variational principle 6S = 0, Euler-Lagrange equations

%(%)_Z_gzo — W.G=7 (1)
with
2 2
Wi (4.4) = 8; gqi Vi(4.4) = g—; - %qk
If exists W',
G=W'V = =i (cj, Ej) regular systems
If detW =0,

- { cannot be described by (é’, q’)

. . . singular systems
evolution is not univocally determined



PRGCosmMo

Hamiltonian formalism

» Legendre transformation defines the momenta

m=L(2.4)

G-
» Hamiltonian is defined as
H@G.P) =P §-L(3.9) itis assumed ¢ = §(d.7)
> Evolution is given by
Qi={qi,H}=g—Z , l"j={Pj’H}=—g—Z

» The transformation x = (g, §) — y = (g, p) requires well defined
jacobian J = %

0; 0
ik ap; L

Ji = note that — = — =
o opi Oqr  04iqi
Oqr gy

ik
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Constrained Dynamical Systems
» Let the Hessian be such that detW = 0

» rank r smaller than its dimensions n, there are m = n —r

DY@, 9) Walg.q) =0 with j=1,....m

Euler-Lagrange equations imply
D0 (Z Wik g — v,-) =0
i k

» Thus, there are m’ < m equations

(g 9= Z in Vi =0 set of independent eq.’s out of

» Main issue.... cannot invert the acceleration in terms of coordinates and
momenta
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Hamiltonian for Constrained Systems

» Legendre transformation defines the momenta
oL / -
Pk = ok (61 ) Q)
» let assume all m constraints are independent

;i (67 ; 67) ~(0  primary constraints

v

Phase space &2, (dim = 2n) reduces to ' (dim = 2n — m)

v

Poisson brackets give variation out of I.

v

F(g, P) can be zero in ' but nonzero poisson bracket

v

Definition

F 'r =0 weakly zero denoted by F=~0

OF OF
F,— — ' =0 strongly zero denoted by F=0
dq op)r
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Hamiltonian for Constrained Systems

> The variation of the Hamiltonian H(,3) = - ¢ — L (c}’ , cj’)

» it is assumed the Euler-Lagrange equations, i.e. H is defined only on I'.

» We need to extend the Hamiltonian for the phase space &, in order to
calculate evolution through poisson brackets

» Correct way is to define

Hr=H+ Z U o; *  are arbitrary functions of (¢*, Dj)
J
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Dirac-Bergmann Algorithm
Hr=H+ Y, % ¢;

» Consistency rule: constraint must always be satisfied

~ 0
¢ ~ {¢j,HT} = {fﬁj,H} o+ Z {‘Pj,%k}g’{ = Z %k{@"pk} ~0
7

J

Solve for % *

v

L A= (). 01}
A-YU=b with
b = {¢,. H|

ifdetA#0 ok! — % ~A~'.-b

v

v

ifdetA ~ 0 ok! — ¢ secondary constraints

v

Check consistency for ¢, and everything goes as before ... ... ... ...
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An Example: Newtonian Mechanics oeme

» Newtonian Mechanics with L (qk, g, t) can be parameterized as

S:fd/l%L(Z]’,é]’,t):fd/lt’L(E]’,%,t)zfd/lf(xk,x’k)

dxt q*
h k= (1,4 k _ . =
where x" =(t,q°) x 11 q "

» The momenta are

oz _ oL of oL o

T - =1 - = - — =D
U Ox'! aqk 6qll aqk t Di

Py oL g .
e SN N pid=-H
M= =L+ Z 55 o > pi

» Thus, there is a constraint ¢y = mp + H(qi,pi, t) =0
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An Example: Newtonian Mechanics

» Note that the Hamiltonian vanishes! 2 =7#-¢—- %
%:no-t’+ﬂ,--q'i—f=t’(7r0-+p,--qi—L)=t’(7r0+H)=0
» The evolution is given by % = J# + u’¢y = u° [710 +H (qi, i, t)]

» It is straightforward to show that ¢’ = [¢hy , updo] ~ 0
» Equations of motions are

, dt
1 ={t, 77} = uy — o=+
) oH dH 6H
L e
. . OH OH
o l’% — it 'i = —
X' =g, A7) = uo o — 4= 5

OH ’ OH

X = o M) = —wg- e — P =2



FLRW with Scalar Field

> The line element of a FLRW universe is

PRGCosmMo

d 2
ds® =N*d® — a* (1) [ 1 _rk

> N is the lapse function, a is the scale factor and k = 0, +1

= +1° (d6” + sin’ (6) d¢2)]

» The action of the gravitational sector is (lf)l =1)
4 R 1
S= | dxv-g 5~ Ea"cpaﬂ¢+ Vi)
3 72 3k 1 ,2
- [ (2% 1)

a’N? a?> 2 N?

3aa/2 a3 "0/2 3
= VDfle(T — 3ak — ?NZ +a V((,D))

» The momenta

Py

TON “Toa N *T 90 N

’ 3
oL 0o P oL 6 aa oL a’y
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FLRW with Scalar Field

» The Hamiltonian for FLRW with scalar field reads
2 p2

a*V(p)

P2
H=Pa+Pup~L=N
D= (m 243

H
» The total Hamiltonian is 547 = N + % Py

» Consistency check

-1
~0
~ Py, 7 ~ [P V| A+ Py, U) P = [#~0

» The equation of motion are
N ={N,G}~%, d=—P,, ¢ =- =Py, Py=-7#~0
a a3

N(P2 P
=Na'V,, P’——[ . £
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FLRW with Scalar Field
» Combining

1 0\’ ’

¢ with P, :  — £) 4322, V,=0 Klein-Gordon
N\N Na N

’\2 72
. a kK 1(1g )

Py: (aN) + 2=3 (2 N + V) Friedmann-1
1 7\’ 1(2 72

a with P : — (%) = _E( ]952 - 2V) Friedmann-2

» For a scalar field p=%+V and PZ%\ZI_V

» For a cosmic time gauge (N = 1)

a a\? 1 7 1
5+3264V,=0 (—) oty Loilgpag
$+3-0+V, 2) tZ=3P P 6(p+ D)
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GR Hamiltonian Formalism

» It is a constrained hamiltonian system
Symmetry group identified with the covariance group: # .49

» Einstein equation has no evolutionary parameter

1
G, =R, - Eng =Ty, = gu (xo,xl,xz,x3)

Basic variables:

» Arnowitt-Deser-Misner (ADM) formalism: Geometrodynamics
The tri-metric 4;; is the dynamic variable

» Loop quantum gravity:
The densitized triads E{ and connection A = I'! + yK'
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ADM Formalism

» Suppose a topology R ® X3, hence 7 time-like congruence &,
The subspace X can be expanded by (&}, &>, €3)

-2 =2 =2 -2
€y €y = g(eu’ ev) = Ty
. . 7 =
» Given an arbitrary (z, x'), the vector 7' = % =N& + Né,

Projecting the metric

hij = ga/,B e",- eﬁ] _ N2 - NaNa Ni
80i = 8op T* i = N* hy; = N; v = N; hij
800 = 8ap T® TP = N* = N°N,

» how h; is immersed: extrinsic curvature
1 1
Ky = =5 Loy LS Vige®o) = —5 1,7 1L %, (8p)

K, =—-N l“fjb Kop, = N® K, Koo = NN® Kap
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ADM Formalism

» The action reads
S = f d*x V=g R = f did*x NV (K'K; - K* + O'R)
» Equations of motion

58 )
=0= Vh(KiK;-K*-R)=0 Gy T'T =0

oN

oS ; j v

5_]\Ii=O: ZVEVJ(K,"]—&]K):O GIJV T”J_QZO
oS

=0= Gy F317, =0

= Klj =-N [(B)le + KK,:]‘ - ZKlmej] St VjV,‘N - V(iNmK]‘)m - NmeVjKi



ADM Formalism

» The momenta

p=2Z_
ON

» The total hamiltonian

My = fdtd%c(N% +N; ' + AP+ ; P)

0, P"_W_o , V=

4 = Giju e - Or Vh (super-hamiltoniana)
H = -2V; v (super-momentum)
1
G = ﬁ (hikhjl + hithj — hijhkl)
» Preservation of constraints
P~0 = H=~0 PP~0 = H#'=0

» Dynamics

N:/l Ni:ﬂi hlJ: HUZ
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LQOG Formalism
» The basic variables (build explicitly SU(2) )

EY = Vhe; = hh® = EYE} densitised triads
K, =K\ ey projected extrinsic curvature

» The poisson brackets reads {Kia(x), EP j(y)} = 6(x — )60 40

v

but none of them are connection, hence

v is Barbero-Immirzi parameter
Ala = rla + ‘yKla
I, is spin connection
> defining a new E%; =y 'E%,

(A, B0 = 60— 1)6%40';

v

Area and volume

A(S) = fd20' |E| , V(R) = | d’t +/|detE|
s R
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Quantizing Constrained Systems

» Non-relativistic dynamics reads

ih%l/f(x, 1) =H(q,p) ¢ (x,1)
» Canonical quantization: dynamical variable — operator
» Poisson brackets goes to commutation relations
[9.p] = in
» We cannot translate the constraints as relations for operators

A

Example:  ¢(q,p) =p — &G,p)=0 = p=0
But

[g.p] =il = gp - pg =0 = ih=0! inconsistency

» Constraints restricts the possible physical states, hence

‘ oG, py =0 must annihilate the wave function
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Quantizing Constrained Systems

» Non-commutability introduces extra conditions
> Let ¢j(g, p) and ¢y(q, p) be two different constraints
¢/(q.p) =0 and ¢(q.p)p =0
» Then
by =0 and (¢k¢j - ¢k¢j) =0
» In order not to create extra conditions, we need
4@, 5), ¢x(@.P)] = C(@ D) $m(@.P) ©)

» We cannot guarantee eq.(2), but let suppose there is an operator
ordering that implement this relation



Quantizing Constrained Systems

| 2

>
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The constraints must be valid for all times...

At a time ¢ we have
¢1(q.p) Y (1) =0
It follows that
Héy (=0

Let’s taylor expand the evolution, and use Schrédinger equation
A 2 da &
Gy +d) =y @) -2 HyY @)
For the constraint to be valid at 7 + dt
G Hy(n)=0
Therefore,

|6/ @.5). H @.P)| = D" @) ¢u (@.P) 3)

Again, we cannot guarantee eq.(3), but let suppose there is an operator
ordering that implement this relation
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Quantum Cosmology

There are a few issues....

» What is the meaning to quantize spacetime?

» The problem of time in quantum gravity

ih(%_‘l’ (go,A”, h,,v) =AY (<p,A,l, hﬂv) =0 no evolution?

Quantum cosmology issues....

» Scale factor is defined in the half-line R*

» How to make predictions? (Interpretations of quantum mechanics)
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Quantization on the half-line
» The scale factor is defined on the half-line a € (0, )
» Thus, operators generically are no longer self-adjoint

» The most important example: unitary evolution requires self-adjoint
hamiltonians

» We need to impose boundary conditions.... example A = P2 + ka?

<¢1|1:1¢2> = <1:1¢f1|¢2> symmetric condition

00 d2¢/2 00 d2w>1k
day'—2 = | d
j; ad da? jo‘ 92 da?

square integrable

*d 2 d 1 _ dll/T *dwz
(lﬂ 9a —%/Xda " —(lﬂz—a—%_)

a=oo




Quantization on the half-line

Extreme cases
dy

=0
d da

a=0 -
» These conditions reflects on the green function (evolution propagator of
the solution)

» If G(x, x’, 1) is the conventional time evolution for the given system,
then we need

G O, x', 1) = G(x,x', 1) + G(x, —x', 1)
GU=(x, x', 1) = G(x,x', 1) — G(x, —x', 1)

» given an initial wave function y(a), the solution reads

V@ = [ a6 0 @)
0
> An alternative approach is to change variables... Define

a=ée S a=Inla) = a€eR whole-line
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Interpretations of Quantum Mechanics

v

Copenhagen interpretation doesn’t work for cosmology (cannot be
applied!)

v

Many-worlds interpretation

» Consistent histories interpretation

v

Bohm-De Broglie Interpretation
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Copenhagen Interpretations of QM
» Copenhagen interpretation doesn’t work for cosmology (cannot be
applied!)
» Let 0, be an observable with discrete spectrum given by n.
On|An) = | An)

» We can defined an average value of &, in the state
(v16uls) = 3 nfuln)f

» After a measurement, if the result is k

|w> = P}i‘k |lﬁ> = l/lk> (Colapse of Wave)

if |/ln> forms a complete set of eigen vectors

» To makes sense needs a classical domain to perform the measurement
> Indeterminance is explained through the complementary principle

» Decoherence is not enough (keeps all diagonal terms of density matrix)
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Many-Worlds Interpretations of QM

» Everett’s original idea: reformulate quantum mechanics that can
describe closed systems (like the universe)

» “This paper proposes to regard pure wave mechanics... as a complete

theory”
H. Everett, ‘Relative State’ Formulation of OM, Rev. Mod. Phys. 29 (1957),
454.

» There is no independent existence: ... a constituent subsystem cannot

be said to be in any single well-defined state, independently of the
remainder of the composite system.”

» Relative States: “To any arbitrarily chosen relative state for one
subsystem there will correspond a unique relative state for the
remainder of the composite system.”
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Many-Worlds Interpretations of QM

» Max Tegmark’s reading!
“Everett postulate: All isolated systems evolve according to the Schrédinger
equation”
Corollaries...

1. The entire Universe evolves according to the Schrodinger equation,
since it is by definition an isolated system.

2. There can be no definite outcome of quantum measurements
(wavefunction collapse), since this would violate the Everett postulate

3. “It doesnt explain why we dont perceive weird superpositions”

'Max Tegmark, “The Interpretation of Quantum Mechanics: many worlds or many words?,
ArXiv:quant-ph/9709032



Many-Worlds Interpretations of QM

>

>

v
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Most commonly... Frank Tipler’s reading?
Two state measurement: |T) and |])
Total state: |total) = |system) ® |detector)
MM ®lnoney =N ®lup) , ML) ®lnone) = |1) ® ldown)
For a generic state: |y) = @ |T) + S|])
My) @ Inone) = a (1) ® lup)) + B (IL) ® ldown))

“If we regard human beings and more generally macroscopic objects as quan-
tum mechanical objects - if for example |up) and |[down) are regarded as mental
states of human beings - then we are led inexorably by the last expression to the
conclusion that an observation by a human being on some system which is not in
an eigenstate of the observable will result in the human observer being ’split” by
the observation: in one *world’ the system will be in state |T) and the observer
will measure it as being in state |T) (that is the observer will be in state |up)), and
in the other world’ the system will be in state ||) and the observer will measure
it as being in state || ). Acceptance of this counter-intuitive (!!) conclusion is the
many-worlds interpretation.”

2F. J. Tipler, “The many-worlds interpretation of quantum mechanics in quantum
cosmology”, ch.13 - Quantum Concpets in Space and Time, ed. Penrose & Isham



. .. . CBPF/@)~
Consistent Histories Interpretations of QM = G-

» Attempts to reformulate Everett’s idea to describe the emergence of a
“quasi-classical domain” and the meaning of branching of the system
without recurring to external influences.

» Aims at a coherent formulation of QM for closed system

» A set of alternative histories is defined by giving exhaustive sets of
exclusive alternatives results at a sequence of time

Example: Two slits experiment.... TR Tee e e

ts
. . Yo
Possible alternatives.... \W \s g/ \5 g/ \W
1. Whether or not the observer "
decided to measure from which slit oreeR FONER - uPPER Rl
the electron goes.

MEASURED DID NOT

2. Whether the electron goes through pEASURE
the upper or lower slit.

INITIAL CONDITION

3. The positions Ayy, ..., Ay, that the
electron can arrived at the screen.  Figure: J. B. Hartle [gr-qc]/9304006
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Consistent Histories Interpretations of QM = w (BT

» Quantum mechanics does not satisfy the probability sum rule (due to

interference)
2 2
l//upper + WIower * +|wlower|2 = P(Ayk) * P(A)’k/uppe”)+P(Ayk/lOWfr)

» Challenge: assign probabilities that satisfy the probability sum rules -
branching of states

l/’upper

» Probabilities for sets of histories if interference is negligible

» Alternatives are represented by exhaustive sets of orthogonal projectors

ZPﬁk(tk) =1 with PX (1) PE (8) = Gua P, (1)
73

> An individual history is given by  C, = Py (t,) ... P}, (1)
» Given an initial state [), a branch is defined as C, [v)
» The probability for each history is p(@) = ||Cs |zp)||2

» Predictions only for set of decoherent histories

d(@,@) = (Y| CLCs ) ~ 0
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Bohm-de Broglie Interpretations of QM == e
» Dynamical evolution given by Schrédinger equation
oY (%, 1) h2v?
i =(- V&Y 1).
8 ( ARTTLLY
» Polar form ¥ (%,7) = R (%, 1) &!SE)/M = R? = ||
s 1 5 . .
—+— VS +V+0=0 Hamilton-Jacobi-like
ot 2m
R? v
R v (RZ—S) -0 Continuity-like
ot m
1? V2R (%t
0 1) = —%ﬁ’xﬂ) Quantum Potential

» Introducing extra ingredients...

PR 1) =VS(X 1) canonical momentum

o1
X==VSXr) particle’s velocity
m
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Bohm-de Broglie Interpretations of QM bt m@w g

» No particle-wave duality.... there is particle AND wave (both are real!)
» Itis a causal interpretation of QM (never collapse)
» The probability to find the particle is R*(¥, 1)

» Quantum potential carries no energy but function as propagator of
information (intrinsically non-local)

Q... AN, 1) =~ many-particles system

hZ i VlzR()_C)l? -‘7’)?N’ t)

2m P

R()_C)l,...,,J_C)N,I)




E/7%)) o
Quantum Cosmology with Scalar Field s Y s
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Wheeler-DeWitt Quantization can Solve the Singularity Problem
N. Pinto-Neto, etal. - PRD 86 (2012) 063504.

» Ashtekar, Corichi, Craig and Singh claim that WDW is generically
singular (probability=1) independently of the wave-function

v

Craig and Singh - Free Scalar Field using Consistent History

Change of variables...

e ( AnG 2 2
> (‘T"““’“’)“O'

v

I =

v

Wheeler-deWitt equation

(ag = ﬁag)\y(a, # =0 =
3
+id,¥(a.g) = VO W(a,¢) with ©:= —@3@

v

¢ plays the role of time, and =+ to positive and negative frequency sector
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Quantum Cosmology with Scalar Field e L
» The action of \/6 can be defined using Fourier space
1 A 4nG
(alky = —=¢'*?, Olk) = k)  w:i= v/ —Ikl.
Var 3
The physical scalar product is given by

(DY) := f da " (a, ¢o)¥(a, do), “)

» this scalar product is independent of choice of ¢
» Positive and negative sectors are orthogonal w.r.t. (4)
» Restricting to the positive frequency sector, evolution is given by the

propagator
U(¢ _ ¢0) = ei\/@((ﬁ_ﬁbo)
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Quantum Cosmology with Scalar Field s Y s
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» The set of histories and the corresponding decoherence functional
d(h 1Y) == (W W), W= C) |¥)
Y is the initial state and Cj, is the class operator defining the history A

Ch = PAar] (tl) .. ~PA(Y,,(tn)

» Using Heisenberg operators the time independent projector is
Pro(t) = U (1) Pao U(®) Pro = fA da|a)(al

» The set of histories are composed by two times '
Cs_s(—00,0) = (}1_)11‘30 Paro,(—=9)Ppq, (&) S = arbitrary small @ — 0
Cy_p(—00,00) = g;1_>rr010 Pre,(-9)P3,, (®) B = arbitrary large @ — oo
Cp-5(=e0,00) = lim Pg,, (=9)Paa, (9) Ae=R-Aa

Cp_p(—00,00) = 4}2{3@ P&h(—qﬁ)P&lz (#)
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1) 0
Quantum Cosmology with Scalar Field == ®-

» Decoherence Test: d(h’,h) =0?  Note that (PAaPXa = O)
d(hs_s, hs-s) = d(hs_s,hg_p) = d(hg_p,hg_p) =0
» The only non-trivial terms are d(hs_p, hp_pg) and d(hs—s, hp_s).

d(hs-p, hg-p) = a}i_{gc (P| Pg,, (=D)P,, (9P, (D)Pre, (=¢) )

= (%I_)I{.lo <lP| P&Il (—¢)P&12(¢)PA(11(_¢) |‘{J>

wie

» Let us as a first step study the behavior of Pp,(¢) |¥) and Pz, (¢) for

¢ — *oo.
Jim_ Pa(9) 1) = 192) Jim_Pa (@) 1) = )
Jim_P3,(@)%) = [¥) Jim_P3,(#)1¥) = ¥1).

We have used the left/right-moving decomposition of the wave function

| - . o .
(e, ) = N f dk P (k)e™ e o fO dk ¥(k)e" " + f dk W (k)e" ) =
T J—c0 —0o 0

=Yr(v,) + ¥r(v), where Vei=a—¢,vi=a+ ¢
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» Since right and left moving sectors are orthogonal,
d(hsp. hp-p) = lim (| P, (~0)P5,,()Pg,, (6)Paa, () I¥)

= q}ij‘}o (Yil Pg,, (@) [Wg) = (¥l [¥r) =0
» Mutatis mutandis d(hg_g, hp_s) = 0
» The probability for a bounce is
plhsp) = ICy_pIF = lim CPIP5, (~$)P5,, (6) P, ($)P5,, (=9 1)

= lim (1P, (@) 1¥1) = 0

» For two times, every solution is singular

» Three times the decoherence functional is generically nonzero (nothing
can be said!)
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Quantum Cosmology with Scalar Field
The de Broglie-Bohm theory applied to quantum cosmology

» Recall the WDW equation reads (—8{2, + 83)) Y=0
» Using the polar form ¥ = R ¢

1 [E)ZR [)ZR]

~(B) +(E%) rewr=0 . o@e=on-2F

da d¢

0 oS 0 oS
Ses)-2eR)-o
6¢( op) oda\ Oda
» The guidance relations are

6*3(1/@ B 6—3(1/8_5
9¢
» The general solution is

P(vy,v,) = f dkU(k) ™'+ f dkV(k) ™ | with U and V arbitrary

00
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The de Broglie-Bohm theory applied to quantum cosmology
» Choosing only left or right moving components Q = 0
» In this case, only classical trajectories (singular) are allowed.
» Avoidance of singularities: iff ¥ depends on both v; and v,.

» Restricting to positive frequency only

o0 0
Y, v,) = f dk¥ (k) ™ + f dk¥ (k) e
(] —

00

* * _]
de  0S/oa _( BN _T*é‘P)( oV _T*a\y)

d¢ ~ 9S)3p da da )\ " ag e

v, >+ 9= _] = a+¢=yv =const
Classical solutions

V] — %00 da _ = a— ¢ =v, =const
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Quantum Cosmology with Scalar Field
The de Broglie-Bohm theory applied to quantum cosmology
> A particular solution ¥(k) = e~ k=d/o* With o << 1andd > 1.

» Two sharply peaked gaussians at +d

» but there is no continuity equation
Sen)- 2e)
0P\ 0p/) Oa\ OJa

G 2 (o
op Oa\ do

> no probability measure for bohmian
trajectories

Concluding remarks

» Consistent histories: have probabilities but unable to investigate
singularity for more than two times.

» de Broglie-Bohm: know the entire evolution, but looses probability



Quantum Gravity and Cosmology

Outline of the course

» Introduction: Quantum Gravity & Cosmology
» Constrained Hamiltonian Systems v
» Hamiltonian Formalism of GR v

» Connecting with observations

v

PRGCosmMo
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Distinguishing Primordial Scenarios

Distinguishing Primordial Universe
Scenarios with Observations

F. T. Falciano/ L. F. Guimaraes/ G. Brando
Brazilian Center for Research in Physics - CBPF

International PhD Program in Astrophysics,
Cosmology and Gravitation - PPGCosmo

ArXiv:1902.05031 [gr-qc]
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Primordial Universe = o
» Planck @ WMAP agree on the 6—parameter ACDM model
» CMB is the farthest observable
» Inflation is the most popular primordial universe scenario

» Competitive alternatives: Bounce models, pre-big-bang, ekpyrotic,
string-gas cosmology, etc...

» Three main observables:

scalar spectral index (n;) tensor-to-scalar ratio () non-gaussianity (fyz)

» No clear theoretical prerogative

» Current status: there is no reason to privilege one scenario over the
others

» Prove by contradiction to distinguish primordial scenarios: a
constructive method
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Standard Model

» Spacetime geometry:

d 2
ds? = a(t) [d;f - _’krz — r* (d6” + sin® 0d¢,02>}
» Dynamics equations
1\> 871G a 4nG
sz(a) i -—= - i + 3p;
: Zp o= D (it 3p)

if p + 3p > 0 the expansion is decelerated (a < 0)

[N

General Properties § 09f

» homogeneous and isotropic > 200 Mpc

Radiation Domination
A Domination

Density Paramete:
°
=

Ay Domination

» exist for at least 13, 7 billions of years

» Expanding: denser and hotter in the past

S

S
8

3

E\ Trans—Planckian Unknown

Reheating BEN  FrSt Now fast

3 eras: radiation / dust / dark energy e S o §

~ flat (Q; < 0.005) / Is it (in)finite? - -
at (4 )/1s it (in)finite g i [ oo g

v

v
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Testing Primordial Universe (Theory)

Shortcomings of the Standard Model
» physical mechanism to produce the expansion

» matter / anti-matter asymmetry
» cosmic singularity in a finite past time
> particle horizon
» flatness of spatial sections
» initial condition for structure formation
Inflation Bounce
accelerated expansion phase contraction — expansion

 post f - Hubble radius
inflation || |
tr ‘
|
| T

inflation horizon

4

tempo
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Testing Primordial Universe (Theory)

Shortcomings of the Standard Model
» physical mechanism to produce the expansion

> matter / anti-matter asymmetry dr
L o . . Ar= | —

» cosmic singularity in a finite past time a

» particle horizon ﬁRLSS 102

» flatness of spatial sections H

» initial condition for structure formation

Inflation Bounce
accelerated expansion phase contraction — expansion

to =0 but a =~ ¢l — 19 = —00

0 today Ul today

MB

0 Big Bang

r Z‘O = —

999

“All the time of eternity

MB

without inflation

Big Bang
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Shortcomings of the Standard Model
» physical mechanism to produce the expansion

» matter / anti-matter asymmetry

» cosmic singularity in a finite past time d 24
» particle horizon 5”9 1= B
» flatness of spatial sections
> initial condition for structure formation
Inflation Bounce
accelerated expansion phase contraction — expansion

a>0 and a>0 a<0 but a<0
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Testing Primordial Universe (Theory)

Shortcomings of the Standard Model
» physical mechanism to produce the
expansion

» matter / anti-matter asymmetry

» cosmic singularity in a finite past time
» particle horizon

» flatness of spatial sections

» initial condition for structure formation

Inflation Bounce
accelerated expansion phase contraction — expansion
Quantum Vacuum Fluctuations Quantum Vacuum Fluctuations

physical length much smaller than Universe is immense with negligible
the curvature scale curvature

as in Flat Spacetime very close to Flat Spacetime
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» While waiting for primordial gravitational waves....
» The farthest observable is the CMB

1000 1500 2000 2500

» Three main observables:

scalar spectral index tensor-to-scalar ratio non-gaussianity
dlogP,, P
ne = ——— r = —Z
*7 dlogk P, Sy
» but there is also

B-mode polarization, tensor spectral index, running, etc...
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Connection with observations® : Correlation functions

=3 - 2 2 - -
twopoint (¢ (R ) = 2ok, - BPeth)
2
bispectrum (((K1)Z(k2)¢ (k) = (275 (k1 + ks + K3) H—];sz (k1. k2. &s)

i

» Power spectrum parametrization

P

Z

K\ dInP,,
"AX(E) 1= gk

k

P, =A,(k—) [ k.= 0.05Mpc™! |, '\

» Tensor-to-scalar ratio — T

Primardial tit

1 k. = 0.002Mpc™! n, = 0.9649 + 0.0042 ,

7
r=-Z
I % 70002 < 0.064

3Planck 2018 results. X. Constraints on inflation arXiv:1807.06211v1 [astro-ph.CO]
Planck2018 results. VI. Cosmological parameters arXiv:1807.06209v I-[astro-ph.CO]
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Testing Primordial Universe (Observations) - L
General Relativity
» scalar perturbations (fourier mode)
Z// ¢
v,’<’+(k2—;1§)vk=0 ,u?zzi v =z % 2 = ay
S
» gravitational waves
” 2 2 2 a’ a
W -m)vi=0  g=— ve=shi  u=a
f(R) theories
) \1-2
» scalar perturbations O, = 3M%LF?|2F [Jf + (ZF—F>]
ZII
, 2 2 2 fs
vy + (K =) v = 0 M= g =aNOs vk =z %
» gravitational waves
Z/I M
2 2 2 2 ft Pl
v+ (KR =) vi =0 = za=aVF vﬁzTZf,hﬁ
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Wands’ Duality

» There is a hidden symmetry in the dynamic equation

ZI/
vk |w =0
k Z

@y

» invariant under transformation

sy dn’ 0
2(m) = co 2(m) f 2a7)

Example: perfect fluid (p = wp)

» slow-roll H=¢ (z~a)

~ _ l+w
@)= (V= Sy
dust de Sitter
2 21
axn & aoc —

n



Mimicking Starobinsky Inflation

What’s the embedding dynamics?

v

v

v

v

universe
@? =2V
a(t)
-~
R
[ S.
\ \
~ \

. -
contracting -
Phase

GR with perfect fluid / scalar field / ...
F(R) without matter content / with conventional matter / ...

Collapsing with scalar field: z% = ag ¢/H

= (,b’—v\/gH

=

PRGCosmMo

Quasi-de Sitter should be mapped into a quasi-matter dominated

L) ~ )

a(t)

inflation

v
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Mimicking Starobinsky Inflation

What’s the embedding dynamics?

» GR with perfect fluid / scalar field / ...
F(R) without matter content / with conventional matter / ...

v

v

Collapsing with scalar field: z% = ag ¢/H

v

Quasi-de Sitter should be mapped into a quasi-matter dominated
universe

@? =2V = @ =~ \V3H = Zf(’]) ~ af(n)

» consider the background dynamics

ap(n) = apon” In(7) [1 31n () to (ln2 @ )]

Vi) = im [1+ 58+ 0(€)]

V() = Vo1 — /g, e V¢

¢ =-V2In[7n*2@)] + 6 (&)
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Quantum Bounce

» Quantum mechanisms: Wheeler-deWitt, Superstring motivated
(Ekpyrotic), LQC

contracting
Dphase

\

/ bounce X

-~ ——

(
v
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Quantum Bounce

» Loop Quantum Cosmology: semi-classical states have a master
equation

» LQC has an analytical solution for scalar field

My} . My 2
H2=—"1p(1—ﬁ), H:—T"l(p+p)(1—;p), p+3H(p+p) =0

c

ap \31+w)
» scalar field such thatp = wp = P = pe (f)

)1/3(1+w) V3pe

a(t) = ag (1+a? (t — 15)? ==+ w)Mp
pc(l+w) |
o(t) — pp = Tarcsmh (a(t - tB))
pl-w) | alp—pp)
V= h
2 0 Ve
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Quantum Bounce

» Our solution:

Vip) = Vo1—glp.eV? =

> Scalar perturbations

2 " +
(1——p)k2—z—]v=0 =
Pe

@2 —2a*V 1 1
= = = ——€
@2+ 242V 61n (77) 6

v+

» Matching Conditions

‘ [ 3
before crossing Vi () = % H(yl)(—kfl) y=3 +e

1 di
through the bounce v(n) = B1z + Byz f —727
b4
> power spectrum
k3
%= o

VZ

P

| ~1.736 %1073 (A%]k—sz n,— 1 = —2¢
Z

Pl
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Quantum Bounce

» Tensor perturbations

2
(1——p)k ZT}V_O o= ——
Pe

» Matching Conditions

- [- 3
before crossing ~ v"(n) = % H (—kn) y=5te
7 dT_]
through the bounce v(n) = Bizr + Bozr -
7

> power spectrum

3

k
P, =2x (2Mp1 -

2
) ~4.645€2 x 103( Pe
ir Mg,

22 )ker n; = —2€.

> tensor-to-scalar ratio
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Overview

» Starobinsky Inflation

2 12
ns—lz—ﬁ s r:m = 1’:3(115—1)2
Consistency (single field slow-roll): n, = —r/8 = n, = =3 (n, — 1)°
» Our model
8, 2 2
ng—1=-2¢, n =-2¢, rzgec = r=§(ns—1)
» we are a factor 2/9 smaller! Convolution of two contributions
The mapping: inflation — bounce The bounce
s 3
Starobinsky: (zs/zT)2 = % = EMﬁlef
matter bounce: (z,/z7)* = 3M1§l extra factor of €2/9

This gives a factor 2/
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Overview

» We constructed the “best-fit to data” matter-bounce model

v

Control of each contribution to the power spectrum

v

In the near future, we expect to have decisive new observational data of
the very early universe.

» We need ways to discriminate primordial universe scenarios

» Constructive method might give a systematic route...

Thanks for your attention!



