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Outline 

• Lecture 1: Evidence for Dark Matter (DM) and its properties


• Lecture 2: DM inhomogeneities in the standard CDM model and others (WDM, SI-WDM)


• Lecture 3: Ultralight DM (spin 0 and 1). Can the spin of ULDM be distinguished on 

cosmological scales?
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Lecture 2: DM inhomogeneities in the standard 
CDM model and others (WDM, SI-WDM).


Diana López Nacir



Budget at z = 0

The standard cosmological model:  
Homogeneous Perturbations

Hypothesis: 
General Relativity, 

 standard physical laws, 
statistically isotropic  
and homogeneous  Planck Collaboration - 2018

Evolution of primordial perturbations with characteristic properties: gaussian and adiabatic initial conditions

⇤

Cosmic Microwave  Background
(CMB)

BAO: Baryon acoustic oscillations

z ⇠ 1100 6 . z . 20 z = 0

Linear evolution of the initial perturbations 
- Only applies to large scales 
- Theory well understood  (precise numerical codes, such as: 
- Preserve many properties of the initial state: eg. gaussianity 

- CAMB: https://camb.info
- CLASS: https://lesgourg.github.io/class_public/class.html

https://camb.info
https://lesgourg.github.io/class_public/class.html


g00 = − a2(1 − h00)

g0i = a2h0i

= a2[(1 + 2D)δij − 2E,ij + Vi,j + Vj,i + hTT
ij ]

= − a2(1 + 2A)

= − a2[B,i + Bi]
gij = a2[δij + hij]

• Metric perturbations: Scalar-Vector-Tensor decomposition

Cosmological perturbations - Linear regime  

ds2 = a(τ)2[−dτ2 + δij dxidxj]• FLRW background  metric (in conformal time ):τ
dt = a(τ) dτ
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ii = hTT
ij
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Cosmological perturbations - Linear regime  

2 scalars

2 vectorial
Fixing coordinates

ds2 = a(τ)2[−dτ2 + δij dxidxj]• FLRW background  metric (in conformal time ):τ
dt = a(τ) dτ



Scalar-Vector-Tensor decomposition -Isotropic FLRW background-

      (2)
Scalar

Tensor Vector
 (2) (2)

The different sectors evolve independently in linear perturbation theory 

Decoupled



δgij = a2 [−2δij η + ̂ki
̂kj(h + 6η)]

Synchronous gauge: Two scalar perturbations

δg00 = δg0i = 0

δg00 = − 2a2ϕ, δg0i = 0, δgij = − 2a2δijψ

Newtonian gauge: Two scalar perturbations

Metric perturbations in Fourier space

Linear regime - Scalar sector



δgij = a2 [−2δij η + ̂ki
̂kj(h + 6η)]

Synchronous gauge: Two scalar perturbations

δg00 = δg0i = 0

δg00 = − 2a2ϕ, δg0i = 0, δgij = − 2a2δijψ

Newtonian gauge: Two scalar perturbations

Metric perturbations in Fourier space

Linear regime - Scalar sector

Newtonian potential ϕ



δgij = a2 [−2δij η + ̂ki
̂kj(h + 6η)]

Synchronous gauge: Two scalar perturbations

δg00 = δg0i = 0

δg00 = − 2a2ϕ, δg0i = 0, δgij = − 2a2δijψ

Newtonian gauge: Two scalar perturbations

Metric perturbations in Fourier space

Linear regime - Scalar sector

Curvature perturbations :  ψ a(t) → a(x, t) = a(t) 1 + 2ψ(x, t)Newtonian potential ϕ



Fundamental equations for standard cosmological perturbations

Gravity theory Macroscopic models for matter and its interactions

Perturbed Einstein’s eqns  

See textbook Dodelson & Schmidt or  Ma & 
Bertschinger Astrop. J. 1995

Gμν = 8πG∑
I

TIμν,

δGμ
ν = 8πG∑

I

δTμ
I ν

δGμ
ν = δGμ

ν(δg00, δgi0, δgij)



Fundamental equations for standard cosmological perturbations

Gravity theory Macroscopic models for matter and its interactions

Perturbed Einstein’s eqns  

Comoving momenta

Eg. Boltzmann’s eqns. 
(statistic model) (*)

(*)For a formal derivation see for instance   The Relativistic 
Bolzmann Equation:  Theory and Applications, C. 
Cercignani, G, M. Kremer, Birkhäuser Basel, 2002. 

See textbook Dodelson & Schmidt or  Ma & 
Bertschinger Astrop. J. 1995

Gμν = 8πG∑
I

TIμν,

δGμ
ν = 8πG∑

I

δTμ
I ν

δGμ
ν = δGμ

ν(δg00, δgi0, δgij)

https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf
https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf
https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf


Comoving momenta

• Boltzmann Eq.  in coordinates:

Pμ =
dxμ

dλ

Geodesic Eq. 

dPμ

dλ
+ Γμ

αβPαPβ = 0, gμνPμPν = − m2with
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dλ
+ Γμ

αβPαPβ = 0, gμνPμPν = − m2with

Df
Dλ

=
dxα

dλ
∂f

∂xα
+

dPα

dλ
∂f

∂Pα
= Pα ∂f

∂xα
− ΓαβPαPβ ∂f

∂Pα
= C[ f ]
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Comoving momenta

Pμ = [ E
a

(1 − ψ), pi 1 − ψ
a ], pi = p ̂ni ̂ni = ̂ni .with and
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Comoving momenta
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∂f
∂τ

+
p
E

̂ni ∂f
∂xi

− [ℋ − ψ′￼+
E
p

̂ni ∂ϕ
∂xi ] p

∂f
∂p

=
C[ f ]
P0…calculations…



Energy-momentum perturbations 

T0
0 = − ∫ p2dpdΩ E ( f (0) + f (1)) := − ρ̄ − δρ

T0
i = ∫ p2dpdΩ p ni f (1) := (ρ̄ + p̄)vi

Ti
j = ∫ p2dp dΩ

p2ninj

E
( f (0) + f (1)) := (p̄ + δp)δi

j + Σi
j (Σi

i = 0)

Fourier space 
∂

∂xi
→ iki

• Boltzmann Eq.

• Perturbed DF

f(ki, pj, τ) = f (0)(p, τ) + f (1)(ki, p, nj, τ)

Pα ∂f
∂xα

− ΓαβPαPβ ∂f
∂Pα

= C[ f ]

⃗p = p ̂n



Energy-momentum perturbations 

T0
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Hubble rate

- Background:

• Perturbed Boltzmann Eq.
∂f (0)
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c
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C[ f ](0)
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∂
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Energy-momentum perturbations 

T0
0 = − ∫ p2dpdΩ E ( f (0) + f (1)) := − ρ̄ − δρ

T0
i = ∫ p2dpdΩ p ni f (1) := (ρ̄ + p̄)vi

Ti
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p2ninj

E
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- Background:

• Perturbed Boltzmann Eq.
∂f (0)

∂τ
− ℋp

∂f (0)
c

∂p
= a

C[ f ](0)

E (ℋ =
a′￼

a
= aH)

Fourier space 
∂

∂xi
→ iki

• Boltzmann Eq.

• Perturbed DF

f(ki, pj, τ) = f (0)(p, τ) + f (1)(ki, p, nj, τ)

Pα ∂f
∂xα

− ΓαβPαPβ ∂f
∂Pα

= C[ f ]

⃗p = p ̂n

- Linear:

In newtonian gauge: ∂f (1)

∂τ
+ i

pk
E

( ̂k ⋅ ̂n)f (1) − ℋp
∂f (1)

∂p
+ [ψ′￼− i

Ek
p

( ̂k ⋅ ̂n)ϕ] p
∂f (0)

∂p
= ( C[ f ]

P0 )
(1)

In synchronous gauge: ∂f (1)

∂τ
+ i

pk
E

( ̂k ⋅ ̂n)f (1) − ℋp
∂f (1)

∂p
+ [η′￼−

h′￼+ 6η′￼

6
( ̂k ⋅ ̂n)2] p

∂f (0)

∂p
= ( C[ f ]

P0 )
(1)



Zeroth-order   +   perturbation
For collisionless massive particles (to linear order):

Boltzmann equation for DM
f(ki, pj, τ) = f (0)(p, τ) + f (1)(ki, p, nj, τ)



Zeroth-order   +   perturbation
For collisionless massive particles (to linear order):

Boltzmann equation for DM

since and∂f (0)

∂τ
= a′￼p

df (0)

dq
ℋp

∂f (0)

∂p
= ℋpa

df0
dq

= a′￼p
df0
dq

∂f (0)

∂τ
− ℋp

∂f (0)

∂p
= 0 → f (0)(τ, p) = f0(q), q = pa .

- Background:

f(ki, pj, τ) = f (0)(p, τ) + f (1)(ki, p, nj, τ)



Zeroth-order   +   perturbation
For collisionless massive particles (to linear order):

Boltzmann equation for DM

since and∂f (0)

∂τ
= a′￼p

df (0)

dq
ℋp

∂f (0)

∂p
= ℋpa

df0
dq

= a′￼p
df0
dq

∂f (0)

∂τ
− ℋp

∂f (0)

∂p
= 0 → f (0)(τ, p) = f0(q), q = pa .

- Background:

f(ki, pj, τ) = f (0)(p, τ) + f (1)(ki, p, nj, τ)

ρ̄ = − T0
0 = a−44π∫ q2dq ϵ f0(q) ≃ a−34πm∫ q2dq f0(q) = mn̄

(n̄ = a−3 ∫ q2dqdΩ f0(q))

p̄ =
1
3

Ti
i = a−4 4π

3 ∫ q2dq
q2

ϵ
f (0)(q) = a−4 1

3 ∫ q2dqϵv2
p f (0) ≃ a−3 4π

3
m∫ q2dq v2

p f (0)(q) ≪ ρ̄

ϵ = aE = q2 + m2a2q = ap
It is convenient to change variables:

vp ≪ 1 →
Non relativistic:

vp :=
p
E

=
q
ϵ

p ≪ E ≃ m → q ≪ ϵ ≃ ma
Cold (small velocity dispersion)

vp ≃ a−1q/m



C
Special functions

This appendix provides a very brief summary of special functions that are relevant in the
cosmological context. For a more complete treatment, see, e.g., the Handbook of Mathe-
matical Functions (Abramowitz and Stegun).

C.1 Legendre polynomials
The Legendre polynomial Pl (µ) is an lth order polynomial in µ. For −1 ≤ µ ≤ 1, Pl has l

zeroes in this interval. The first few polynomials are

P0(µ) = 1,

P1(µ) = µ,

P2(µ) = 3µ2 − 1
2

. (C.1)

The property observed for these lowest l, that Pl is an even function of µ for l even and
an odd function for l odd, holds for all l. The Legendre polynomials are orthogonal on the
interval [−1,1], so that

∫ 1

−1
dµPl(µ)Pl′(µ) = δll′

2
2l + 1

. (C.2)

In fact, they form a complete basis on this interval. To generate the higher-order Legendre
polynomials, one can use the recurrence relation

(l + 1)Pl+1(µ) = (2l + 1)µPl(µ) − lPl−1(µ). (C.3)

This relation is useful for expanding the Boltzmann equations in terms of moments.

C.2 Spherical harmonics
Spherical harmonics are eigenfunctions of the angular part of the Laplacian,

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

sin2 θ

∂2

∂φ2

]
Ylm(θ,φ) = −l(l + 1)Ylm(θ,φ). (C.4)

The CMB temperature is defined on the sphere, i.e., is a function of θ , φ, so it is naturally
expanded in Ylm (Eq. (9.63)). This decomposition is the analogue of a two-dimensional

467

C
Special functions

This appendix provides a very brief summary of special functions that are relevant in the
cosmological context. For a more complete treatment, see, e.g., the Handbook of Mathe-
matical Functions (Abramowitz and Stegun).

C.1 Legendre polynomials
The Legendre polynomial Pl (µ) is an lth order polynomial in µ. For −1 ≤ µ ≤ 1, Pl has l

zeroes in this interval. The first few polynomials are

P0(µ) = 1,

P1(µ) = µ,

P2(µ) = 3µ2 − 1
2

. (C.1)

The property observed for these lowest l, that Pl is an even function of µ for l even and
an odd function for l odd, holds for all l. The Legendre polynomials are orthogonal on the
interval [−1,1], so that

∫ 1

−1
dµPl(µ)Pl′(µ) = δll′

2
2l + 1

. (C.2)

In fact, they form a complete basis on this interval. To generate the higher-order Legendre
polynomials, one can use the recurrence relation

(l + 1)Pl+1(µ) = (2l + 1)µPl(µ) − lPl−1(µ). (C.3)

This relation is useful for expanding the Boltzmann equations in terms of moments.

C.2 Spherical harmonics
Spherical harmonics are eigenfunctions of the angular part of the Laplacian,

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

sin2 θ

∂2

∂φ2

]
Ylm(θ,φ) = −l(l + 1)Ylm(θ,φ). (C.4)

The CMB temperature is defined on the sphere, i.e., is a function of θ , φ, so it is naturally
expanded in Ylm (Eq. (9.63)). This decomposition is the analogue of a two-dimensional

467

Useful formulas:

vp :=
p
E

=
q
ϵ

Boltzmann equation for DM (Newtonian gauge)

f(ki, pj, τ) = f0(q) + F(k, q, μ, τ)

μ = k̂ ⋅ n̂

F(k, q, μ, τ) =
∞

∑
l=0

(−i)l(2l + 1)Fl(k, q, τ)Pl(μ)

q = ap

- Linear:

Fl(k, q, τ) =
il

2 ∫
1

−1
dμPl(μ)F(k, q, μ, τ)

∂F
∂τ

+ i
qk
ϵ

( ̂k ⋅ ̂n)F + [ψ′￼− i
ϵk
q

( ̂k ⋅ ̂n)ϕ] p
∂f (0)

∂p
= 0

Legendre polynomials 

⃗q = q ̂n
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Useful formulas:

vp :=
p
E

=
q
ϵ

F′￼0 + vpkF1 = − ψ′￼

df0
d log q

F′￼1 + vp
k
3

[2F2 − F0] = −
k

3vp
ϕ

df0
d log q

F′￼l =
vpk

(2l + 1)
[lFl−1 − (l + 1)Fl+1], l > 2.

Boltzmann equation for DM (Newtonian gauge)
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C
Special functions

This appendix provides a very brief summary of special functions that are relevant in the
cosmological context. For a more complete treatment, see, e.g., the Handbook of Mathe-
matical Functions (Abramowitz and Stegun).

C.1 Legendre polynomials
The Legendre polynomial Pl (µ) is an lth order polynomial in µ. For −1 ≤ µ ≤ 1, Pl has l

zeroes in this interval. The first few polynomials are

P0(µ) = 1,

P1(µ) = µ,

P2(µ) = 3µ2 − 1
2

. (C.1)

The property observed for these lowest l, that Pl is an even function of µ for l even and
an odd function for l odd, holds for all l. The Legendre polynomials are orthogonal on the
interval [−1,1], so that

∫ 1

−1
dµPl(µ)Pl′(µ) = δll′

2
2l + 1

. (C.2)

In fact, they form a complete basis on this interval. To generate the higher-order Legendre
polynomials, one can use the recurrence relation

(l + 1)Pl+1(µ) = (2l + 1)µPl(µ) − lPl−1(µ). (C.3)

This relation is useful for expanding the Boltzmann equations in terms of moments.

C.2 Spherical harmonics
Spherical harmonics are eigenfunctions of the angular part of the Laplacian,

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

sin2 θ

∂2

∂φ2

]
Ylm(θ,φ) = −l(l + 1)Ylm(θ,φ). (C.4)

The CMB temperature is defined on the sphere, i.e., is a function of θ , φ, so it is naturally
expanded in Ylm (Eq. (9.63)). This decomposition is the analogue of a two-dimensional
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Only the first moments are relevant

Fl ∼ (
kvp

aH )
l−2

F2

kvp

Ha
= 2π

vpδtH
λphys

δtH = 1/H

λphys = aλ

Note:



Effective fluid equations  for DM

Keeping only the first two moments :F0 & F1
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Traditional production of (WIMP) DM: E.g.   XDM + X̄DM ↔ ψSM + ψ̄SM

T Tf TBB T0

In equil. with SM radiation 


 
Γ(T ) ≫ H(T ) Γ(Tf) = H(Tf)
Decoupling  


 

na3 = cte
Γ(T ) ≪ H(T )

where E is the particle energy, T is the temperature and µ is the chemical potential (equal to
zero for Majorana particles). At the time of decoupling, the temperature of the species is
approximately equal to the photon temperature, and after this time the particles move in
geodesics, with their physical momenta redshifting with the expansion of the universe. Thus,
their distribution functions evolve as:

f(p̨, ·) © f(p̨ a

af
, tf ) , (2.19)

i.e., the distribution function is “frozen-in” at the value it had at decoupling. In the case that
the decoupling happens while the particle is still ultra-relativistic (T ∫ m), this distribution
evolves as:

frel(p̨, ·) = 1
exp

Ë
p

T (t)

È
± 1

, (2.20)

where we have neglected the impact of the chemical potential µ, and we interpret the
temperature evolving as T = Tf af /a Ã a

≠1. In the case that it decouples from the hot plasma
while non-relativistic, the types of interactions that are involved must be carefully considered.
For such a species, if it is being kept in equilibrium by non-elastic interactions, its distribution
function becomes kinematically suppressed, and it can be expressed as

fnrel(p̨, ·) = exp
C

≠ m

Tf

D

exp
C

≠ p
2

2mT (·)

D

, (2.21)

where now T evolves as T = Tf a
2
f /a

2 Ã a
≠2. While these distribution functions can be used to

calculate abundances, it is often required to fully solve the dynamics of freeze-out in equation
(2.17) in order to obtain accurate results. Studying properly the freeze-out mechanism is
necessary to calculate the expected thermal abundance of a given DM species, and is often a
major component of DM production in the early universe.

In this work, however, we will focus on a slightly di�erent type of freeze-out mechanism.
Throughout this paper, we will assume that number non-conserving interactions have frozen
out deep into the relativistic dominated era and well before the epoch relevant to the evolution
of perturbations. We will indeed assume that the only relevant interaction in this era is
the self interaction of WDM, and here we study this special scenario where the species has
decoupled from the plasma long ago and inelastic interactions are no longer relevant. It is
important to clarify that these (elastic) self interactions are considered here as a separate
process from any interactions the DM component may have with the plasma. All of these
interactions between DM and standard model particles (both elastic and inelastic) will be
considered to have decoupled at an early time, while the self interactions may decouple at a
time relevant to the evolution of perturbations.

Qualitatively, the main e�ect of this assumption is that, as self interactions conserve
number density, total momentum and energy density (referred as collisional invariants), these
quantities are e�ectively “locked” since the species gets out of equilibrium with the plasma (or
is produced, see [39]). While elastic self interactions might change the form of the background
distribution function and the evolution of perturbations, they cannot alter the collisional
invariant quantities. Furthermore, we will assume that the original production mechanism
of the SI-WDM has indeed produced the correct abundance of the species as to be the sole
DM component, and leave the discussion of how this might be achieved for future discussions.
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With this simpler form for the relaxation time, constructing a Boltzmann Hierarchy
becomes straightforward: in terms of the perturbations to the cosmological background DF,
the approximate form (2.11) becomes

3
ˆf

ˆt

4(1)

col,l
¥ ≠Fl(k, q, ·)

·rel
(2.15)

where we have used the momentum averaged relaxation time ·rel and, by making use of this,
the full Boltzmann Legendre expansion is relatively simple:

Ḟ0(k, Eq, ·) ƒ ≠ qk

Eq
F1(k, Eq, ·) + ḣ

6
ˆf0

ˆ ln q

Ḟ1(k, Eq, ·) ƒ qk

3Eq
F0(k, Eq, ·) ≠ 2qk

3Eq
F2(k, Eq, ·)

Ḟ2(k, Eq, ·) ƒ qk

5Eq

Ë
2F1(k, Eq, ·) ≠ 3F3(k, Eq, ·)

È
≠ ˆf0

ˆ ln q

C
1
15 ḣ + 2

5 ÷̇

D

≠ a
F2(k, Eq, ·)

·rel

Ḟl(k, Eq, ·) ƒ qk

(2l + 1)Eq

Ë
lF(l≠1)(k, Eq, ·) ≠ (l + 1)F(l+1)(k, Eq, ·)

È
≠ a

Fl(k, Eq, ·)
·rel

, l Ø 3 .

(2.16)

2.3 Evolution of f0 and Self Interaction Decoupling

The only missing piece of information regarding the calculation of the relaxation time and its
application in a Boltzmann Hierarchy, is the equilibrium distribution function feq. We will
now discuss its behavior, how it evolves in time and what are the mechanisms that may alter
it. In the general case, the background distribution function is governed by the zero order
Boltzmann equation

ˆf0
ˆt

≠ H(t)pˆf0
ˆp

=
3

ˆf0
ˆt

4(0)

col
(2.17)

where H is the Hubble parameter, ȧ/a, and for clarity, we have expressed this equation in
terms of time t and physical (not comoving) momentum p Ã a

≠1. In general, this zero order
collision term includes all possible interactions that the DM particle su�ers: production,
annihilation, scattering, etc.

The process by which a particle loses equilibrium with the hot plasma (“decouples”) has
been well studied in the past years, and several reviews are dedicated to this problem [63, 70].
In equation (2.17) the two timescales involved are the gravitational (Hubble) timescale and
the timescales of all involved interactions {�prod, �annh, �scatt, ...} for production, annihilation,
scattering, etc. Whenever the expansion rate of the universe (measured by the Hubble
expansion H) overcomes the total interaction rate �tot =

q
i �i, such a species gets out of

equilibrium with the hot plasma and e�ectively decouples from the evolution of the universe,
its evolution governed only by the cosmological redshift of momenta.

While a given species is in equilibrium with the hot plasma, its distribution function is
governed by a Fermi-Dirac or Bose-Einstein function:

feq(p̨, ·) = 1
exp

Ë
E(p)≠µ(·)

T (·)

È
± 1

, (2.18)
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   “freeze-out” mechanism 

f = f0(q)

q = ap

How can DM be produced? What is the prediction for ? f0(q)



If non-relativistic at decoupling small velocity dispersion, free- streaming 
length is irrelevant for cosmological structure formation. 
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interactions between DM and standard model particles (both elastic and inelastic) will be
considered to have decoupled at an early time, while the self interactions may decouple at a
time relevant to the evolution of perturbations.

Qualitatively, the main e�ect of this assumption is that, as self interactions conserve
number density, total momentum and energy density (referred as collisional invariants), these
quantities are e�ectively “locked” since the species gets out of equilibrium with the plasma (or
is produced, see [39]). While elastic self interactions might change the form of the background
distribution function and the evolution of perturbations, they cannot alter the collisional
invariant quantities. Furthermore, we will assume that the original production mechanism
of the SI-WDM has indeed produced the correct abundance of the species as to be the sole
DM component, and leave the discussion of how this might be achieved for future discussions.
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The only missing piece of information regarding the calculation of the relaxation time and its
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where H is the Hubble parameter, ȧ/a, and for clarity, we have expressed this equation in
terms of time t and physical (not comoving) momentum p Ã a
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collision term includes all possible interactions that the DM particle su�ers: production,
annihilation, scattering, etc.

The process by which a particle loses equilibrium with the hot plasma (“decouples”) has
been well studied in the past years, and several reviews are dedicated to this problem [63, 70].
In equation (2.17) the two timescales involved are the gravitational (Hubble) timescale and
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expansion H) overcomes the total interaction rate �tot =
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Ḟ1(k, Eq, ·) ƒ qk

3Eq
F0(k, Eq, ·) ≠ 2qk

3Eq
F2(k, Eq, ·)
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Note: the macroscopic distribution of DM is sensitive to both the fundamental properties 
of DM (such as mass and spin) and its production mechanism in the early Universe.
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⟨vp⟩(equiv. to the Jeans wavenumber for a collisionless system)

(*) See  [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.



Characteristic scales 

 The comoving free-streaming wavenumber (*)

⟨vp⟩ =
∫ q2dq dΩ vp f0(q)

∫ q2 dq dΩ f0(q)

kFS = 4πGρ̄
a

⟨vp⟩
=

3
2

ℋ
⟨vp⟩

k⟨vp⟩
ℋ

≪ 1 → k ≪ kFS

f0(q) =
𝒞R

exp [ q
T0,R ] + 1

→ ⟨vp⟩ =
7T0,Rπ4

180ζ[3]a m
≃

3T0,R

a m

E. g.  When vp = q/ϵ ∼ q/(ma)

,  are determined so that we obtain the correct abundance 𝒞R 𝒞NR ΩDM

f0(q) = 𝒞NR exp [−
q2

2mT0,NR ] → ⟨vp⟩ =
2
a

2T0,NR

πm

(equiv. to the Jeans wavenumber for a collisionless system)

(*) See  [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.



Characteristic scales 

 The comoving free-streaming wavenumber (*)

⟨vp⟩ =
∫ q2dq dΩ vp f0(q)

∫ q2 dq dΩ f0(q)

kFS = 4πGρ̄
a

⟨vp⟩
=

3
2

ℋ
⟨vp⟩

k⟨vp⟩
ℋ

≪ 1 → k ≪ kFS

f0(q) =
𝒞R

exp [ q
T0,R ] + 1

→ ⟨vp⟩ =
7T0,Rπ4

180ζ[3]a m
≃

3T0,R

a m

E. g.  When vp = q/ϵ ∼ q/(ma)

,  are determined so that we obtain the correct abundance 𝒞R 𝒞NR ΩDM

f0(q) = 𝒞NR exp [−
q2

2mT0,NR ] → ⟨vp⟩ =
2
a

2T0,NR

πm

kFS ∝ {
∼ constant RD (a < aeq)

∼ a1/2 MD (a > aeq)
Suppressed perturbations on scales with  k ≳ kFS

(equiv. to the Jeans wavenumber for a collisionless system)

(*) See  [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.



Characteristic scales 

 The comoving free-streaming wavenumber (*)

⟨vp⟩ =
∫ q2dq dΩ vp f0(q)

∫ q2 dq dΩ f0(q)

kFS = 4πGρ̄
a

⟨vp⟩
=

3
2

ℋ
⟨vp⟩

k⟨vp⟩
ℋ

≪ 1 → k ≪ kFS

f0(q) =
𝒞R

exp [ q
T0,R ] + 1

→ ⟨vp⟩ =
7T0,Rπ4

180ζ[3]a m
≃

3T0,R

a m

E. g.  When vp = q/ϵ ∼ q/(ma)

,  are determined so that we obtain the correct abundance 𝒞R 𝒞NR ΩDM

f0(q) = 𝒞NR exp [−
q2

2mT0,NR ] → ⟨vp⟩ =
2
a

2T0,NR

πm

kR
FS = 4πGρ̄R,0

1
a⟨vp⟩

=
ΩR

g
H0

m
T0,R

≃ 7 ( m
1keV ) ( 0.7

h ) (
T0,ν

T0,R ) h
Mpc

(RD)E. g.

Neutrino temperature today

kFS ∝ {
∼ constant RD (a < aeq)

∼ a1/2 MD (a > aeq)
Suppressed perturbations on scales with  k ≳ kFS

(equiv. to the Jeans wavenumber for a collisionless system)

(*) See  [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.



Structure formation: lineal theory

Total matter

“Primordial perturbation”ℛ ≡

δm = ℛ(k)D(k, a)

Deterministic part  



Structure formation: lineal theory

Total matter

“Primordial perturbation”ℛ ≡

δm = ℛ(k)D(k, a)

Deterministic part  

⟨ℛ( ⃗k)ℛ * ( ⃗k′￼)⟩ = (2π)3δ3( ⃗k − ⃗k′￼)Pℛ(k, a) Matter Power Spectrum  
(Linear regime)

⟨δm(τ, ⃗k)δ*m(τ, ⃗k′￼)⟩ = (2π)3δ3( ⃗k − ⃗k′￼)PL(k, a)



Structure formation: lineal theory

Total matter

“Primordial perturbation”ℛ ≡

δm = ℛ(k)D(k, a)

Deterministic part  

Pℛ(k) = 2π2𝒜sk−3 ( k
kp )

ns−1

→ PL(k, a) = 2π2𝒜sk−3 ( k
kp )

ns−1

|D(k, a) |2

⟨ℛ( ⃗k)ℛ * ( ⃗k′￼)⟩ = (2π)3δ3( ⃗k − ⃗k′￼)Pℛ(k, a) Matter Power Spectrum  
(Linear regime)

⟨δm(τ, ⃗k)δ*m(τ, ⃗k′￼)⟩ = (2π)3δ3( ⃗k − ⃗k′￼)PL(k, a)



Effects on the Matter Power Spectrum (*)

Figure 3: Power Spectrum (top panel) and Transfer Functions with respect to standard WDM
(bottom panels) for a vector field SI-WDM model, simulated using the modification to CLASS described
in section 3 and considering the e�ects of non-relativistic self decoupling when appropriate. We
assume the relaxation time approximation (2.16), and consider two values of the DM particle mass:
1 and 10 keV. Also plotted are the power spectra of a CDM model and of WDM models with DM
mass of 1 and 10 keV. All WDM and SI-WDM models consider a nonresonant production scenario
(Dodelson-Widrow mechanism, [64]) with T ≥ (4/11)1/3

T“ . We also show, for comparison, cosmologies
where the interaction constant is high enough to be in the non-relativistic self decoupled regime but
these e�ects are ignored, instead using a relativistic DF (dotted lines).

and ◊
Õ
W is the (dark sector) Weinberg angle, in units of the Fermi constant GF . The other

interaction model we consider a Massive Scalar mediator interaction in figure D.1, is also
defined according to [54] as Cm = (gm/m�)4, with gm the coupling constant of the interaction
and m� the mediator mass.

The first obvious conclusion we can draw is that, for low enough interaction constants
the results are, predictably, indistinguishable from the ones of WDM. This is evident for a
large range of values of the interaction constants, and is indeed the case if interactions are
completely irrelevant during the matter dominated era when metric perturbations start to
grow. Even for constants when this is not the case, the “base” WDM model can give us an
idea of the general behaviour of SI-WDM: a suppression in the power spectrum, typical of
WDM models, is also seen in SI-WDM models. This suppression is identical for low enough
interaction constant and, as can be seen from these figures, it would remain almost identical
even for higher constants were it not for the e�ect of non-relativistic Self Decoupling.

This brings us to a second feature of these power spectra: the e�ects of non-relativistic
Self Decoupling. For the models shown in fig. 3, the highest interaction constants would
correspond to a situation of non-relativistic Self Decoupling as explained in section 2.3 and
section 3.2. We can see that both of these high-constant spectra are the ones that show
significant departures from its corresponding WDM equivalent but only a small oscillation
at high k is present if we don’t consider these e�ects. If we consider the e�ects described in
section 3.2, then the suppression scale moves to a significantly higher k and a completely
di�erent pattern of oscillation appears. This is remarkable, as a high interaction constant

– 24 –

Power Spectrum for a vector field mediated MSM SI-WDM model (considering the effects of non-relativistic self decoupling (NRSD) 
when appropriate) with . All WDM and SI-WDM models consider a non-resonant production scenario. Cases where 
the interaction is high enough to be in the NRSD regime but these effects are ignored, instead using a relativistic DF (dotted lines). 


ν
T ∼ (4/11)1/3Tγ

- Yunis, Argüelles  & DLN, JCAP 09(2020)041.

- Yunis, Argüelles, Scóccola, DLN &  Giordano, JCAP 02(2022)024, Astron.Rep.65 (2021)1068.

(*) See details in:

Code available at: https://github.com/yunis121/siwdm-class
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Matter Power Spectrum (linear theory-ΛCDM) at z=0 inferred from various observational data (the dotted line shows the impact of 
nonlinear effects)

Planck Collaboration: The cosmological legacy of Planck

Fig. 19. Linear-theory matter power spectrum (at z = 0) inferred from di↵erent cosmological probes (the dotted line shows the
impact of non-linear clustering at z = 0). The broad agreement of the model (black line) with such a disparate compilation of
data, spanning 14 Gyr in time and three decades in scale, is an impressive testament to the explanatory power of ⇤CDM. Earlier
versions of similar plots can be found in, for example, White et al. (1994), Scott et al. (1995), Tegmark & Zaldarriaga (2002), and
Tegmark et al. (2004). A comparison with those papers shows that the evolution of the field in the last two decades has been
dramatic, with ⇤CDM continuing to provide a good fit on these scales.

ering three orders of magnitude in scale and much of cosmic
history. The level of agreement, assuming the ⇤CDM model,
is quite remarkable. That structure grows through gravitational
instability in a dark-matter-dominated Universe seems well es-
tablished, and the power of the model to explain a wide range
of di↵erent phenomena is impressive. However, the tremendous
statistical power of the Planck data, and modern probes of large-
scale structure, is such that we can perform much more detailed
comparisons than this.

One consistency check, which we can make internal to the
Planck data set, is to check whether the large-scale structure that
lenses the CMB anisotropies at z ' 0.5–10 has the right ampli-
tude given the size of the anisotropies and the constituents in-
ferred from the acoustic oscillations. Between the epoch of last
scattering at z ' 1100 and and the epoch corresponding to the
peak of the lensing kernel (z ' 2–3), the fluctuations in the mat-
ter density are predicted to grow in amplitude by nearly three
orders of magnitude. Since for much of this time the Universe is
matter dominated and the fluctuations are in the linear regime,
GR predicts the amount of growth at the percent level, allowing

a precision test of the theory. In fact, the comparison can be done
to such high accuracy that it is best phrased as a scaling, A

��
L , of

the theoretical prediction – taking into account the distributed ef-
fects of lensing, etc. We find A

��
L = 0.997±0.031, which provides

a stunning confirmation of the gravitational instability paradigm,
and also allows us to constrain constituents of the Universe that
do not cluster on small scales (such as massive neutrinos; see
Sect. 5.3) and so reduce the small-scale power spectrum. Future,
more precise, measurements of CMB lensing will provide strong
constraints on neutrino masses, extra relativistic degrees of free-
dom, and early dark energy.

Also shown in Fig. 19 are measurements of the matter power
spectrum inferred from galaxy clustering and the Ly↵ forest.
The former represents a measurement at z ' 0, although it has
an uncertain amplitude because of galaxy bias. In plotting the
SDSS galaxy clustering points, we have accounted for galaxy
bias assuming the phenomenological bias model of Reid et al.
(2010). Specifically, we have fit this model to the Planck best-
fit cosmology, yielding {b0, a1, a2} = {1.23, 0.56,�0.35} at a
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The variance of linear density perturbations
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matter/radiation equality. Measuring this scale thus allows us to constrain the amount of
matter in the universe.

Another important scale to keep in mind is the scale kNL above which nonlinearities
cannot be ignored. To estimate this, we use the variance of (linear) density perturbations
!2

L(k) generated by modes within a logarithmic wavenumber bin d lnk centered around k.
We have

!2
L(k, a) = 1

ϵ

∫

| ln k′−ln k|<ϵ

d3k′

(2π)3 PL(k′, a) =
∫

| ln k′−ln k|<ϵ
k′ 3 dk′

k′

∫
d$′

(2π)3 PL(k′, a)

= k3PL(k, a)

2π2 , (8.9)

since the integral over d$′ simply gives 4π . In the second line we have used the fact that
we are considering an infinitesimal wavenumber bin. A regime where !2

L ≪ 1 then corre-
sponds to small inhomogeneities, while !2

L ! 1 indicates nonlinear perturbations. When
plotted vs. ln k, !2

L(k) immediately tells us on what scales we expect significant density fluc-
tuations (Fig. 12.1 shows an analogous plot of the variance of the density field). Solving the
condition !2

L(kNL, a) ≃ 1 for kNL yields kNL(a = 1) ≃ 0.25hMpc−1 today. At earlier times,
structure was not as evolved, so the nonlinear scale was smaller, or equivalently kNL(a)

was larger in the past (see the dashed vertical lines in Fig. 8.3). The power spectrum shown
in Fig. 8.3 is the linear power spectrum. On scales approaching kNL, this is just a hypothet-
ical quantity, and one cannot directly compare PL(k, a) with the matter distribution. We
will return to this issue in Ch. 12.

8.1.2 Closing the Boltzmann hierarchy

What are the evolution equations for the dark matter overdensity? Since all constituents
are coupled by gravity, in principle these are the full set of Boltzmann equations derived
in Ch. 5 and the pair of Einstein equations from Ch. 6. To get a qualitative understand-
ing though, the full set of equations is not needed. To understand why, recall that early
on (before recombination at a = a∗), the photon distribution can be characterized by only
two moments, the monopole %0 and the dipole %1. All other moments are suppressed be-
cause the photons are tightly coupled to the electron/proton plasma. After decoupling this
ceases to be true, and to completely characterize the photon distribution we will need to
follow higher-order moments. However, for the purposes of the matter distribution, what
the photons are doing after a∗ is irrelevant. For, by that time, which is well into the matter
era, the potential is dominated by the dark matter itself. To sum up then, we can neglect all
photon moments except for the monopole and dipole when we are considering the evolu-
tion of the matter distribution.

In the following, we will also neglect the higher multipoles for neutrinos, since they
are more difficult to treat analytically. But, as neutrinos free-stream instead of being
tightly coupled, this is also inaccurate. Nevertheless, neglecting the higher neutrino mo-
ments is still more accurate than neglecting neutrinos entirely. Hence, we proceed with
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Larger k's become nonlinear first

PL(k, a) = 2π2𝒜sk−3 ( k
kp )

ns−1

|D(k, a) |2

Impact of non-linear effects



Structure formation beyond the linear regime

• Write macroscopic nonlinear equations for dark matter, such as the Vlasov-Poisson equations:

(self-gravitating non-relativistic 
particle system)

∂fm
∂τ

+
∂fm
∂xi

pi

m
−

∂fm
∂pi [ℋpj + m

∂ϕ
∂xj ] = 0, ∇2ϕ = 4πGa2 [∫

d3p
(2π)3

fm(xi, pj, t) − ρm(τ)]
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• Perturbation theory and effective models:
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Structure formation beyond the linear regime

• Write macroscopic nonlinear equations for dark matter, such as the Vlasov-Poisson equations:

(self-gravitating non-relativistic 
particle system)

- The system can be solved perturbatively                                                                     and similarly for the velocity.
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corresponds to a longitudinal, i.e. curl-free velocity field. In fact, you can show in Exer-
cise 12.2 that the vorticity is not sourced in the system Eq. (12.23) even at nonlinear order.
This means that it keeps decaying (ωi

m ∝ 1/a) and can be neglected here.
Eq. (12.24) now suggests an iterative approach to the solution: our linear solution was

obtained neglecting the nonlinear terms on the right-hand side. Our next approximation
is to insert the linear solution into the nonlinear terms:

δ(2)′ + θ (2) = −δ(1)θ (1) − (u(1))j
∂

∂xj
δ(1),

θ (2)′ + aHθ (2) + 3
2
%m(η)(aH)2δ(2) = −(u(1))j

∂

∂xj
θ (1) − [∂i (u

(1))j ][∂j (u
(1))i], (12.27)

where we have used the Poisson equation for '(2),

∇2'(2) = 3
2
%m(η)(aH)2δ(2). (12.28)

This is now an inhomogeneous but still linear system of partial differential equations for
δ(2), θ (2). In fact, it can be turned into a system of ordinary differential equations and then
solved. We will see how this miracle happens in a moment. Eq. (12.27) shows that δ(2) and
θ (2) are sourced by terms that involve the square of the linear fields. Then, on large scales
where these linear fields are small (see Fig. 12.1), the source terms will be even smaller so
that δ(2) is a small correction to δ(1). The end result we are aiming for, then, is to expand the
nonlinear field δm as

δm(x,η) = δ(1)(x,η) + δ(2)(x,η) + · · · + δ(n)(x,η),

θm(x,η) = θ (1)(x,η) + θ (2)(x,η) + · · · + θ (n)(x,η), (12.29)

where the source terms for δ(n), θ (n) involve n powers of the linear fields, and so each
term in the series Eq. (12.29) is smaller than the previous one. As long as this holds, our
perturbation-theory prediction for δm and θm should become more and more accurate as
we increase n, i.e. include more higher-order terms. Computing the terms in the expansion
Eq. (12.29), and determining the scales on which this expansion is valid, are the main goals
of the perturbative approach to nonlinear large-scale structure. Notice that, starting from
Eq. (12.25), we have dropped the subscripts “m” on δ(n), θ (n) for notational clarity, since we
deal exclusively with the matter fields in the following.

To begin, let us transform Eq. (12.27) to Fourier space, x → k. The left-hand sides are
easy to transform, since they are linear. The real-space products on the right-hand side
turn into convolutions in Fourier space, where the linear density, velocity, and potential
are simply related in Fourier space:
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Structure formation beyond the linear regime

• Write macroscopic nonlinear equations for dark matter, such as the Vlasov-Poisson equations:

(self-gravitating non-relativistic 
particle system)

- The system can be solved perturbatively                                                                     and similarly for the velocity.
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corresponds to a longitudinal, i.e. curl-free velocity field. In fact, you can show in Exer-
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•  N body simulations.
- Implements a discretization of the phase space whose elements are characterized by  and x p

Eg. A simple model:
dxi

dτ
=

pi

m
,

dpi

dτ
= − ℋpi −

m
a

∂ϕ
∂xi
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✓ Approximations break down for small length scales

‣ Semi-analytic methods

✓ Codes based on interpolations between existing simulations, neural networks…
‣ Emulators

Progress in this direction represents a great challenge!
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End of Lecture 2: Thanks for your attention!!


Diana López Nacir


