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Lecture 1: Evidence for Dark Matter (DM) and its properties ‘
Lecture 2: DM inhomogeneities in the standard CDM model and others (WDM, SI-WDM]) J
Lecture 3: Ultralight DM (spin 0 and 1). Can the spin of ULDM be distinguished on |

cosmological scales?
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The standard cosmological model:

Homogeneous Perturbations

Hypothesis:
General Relativity,
standard physical laws,
statistically isotropic
L 9% Ordinary
9’ Matter and homogeneous
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Linear evolution of the initial perturbations

o Only applies to large scales

Theory well understood (precise numerical codes, such as:
< Preserve many properties of the initial state: eg. gaussianity

. R Reionization

- CAMB: https://camb.info

(

- CLASS: https://lesgourg.qgithub.io/class_public/class.html



https://camb.info
https://lesgourg.github.io/class_public/class.html

Cosmological perturbations - Linear regime
dt = a(t)dr

FLRW background metric (in conformal time 7): ds* = a(f)zl—df2 + 0y dxidxj]

Metric perturbations: Scalar-Vector-Tensor decomposition
800 = — a*(1 — hoo) = — a’(1 + 2A)

8 = aho; = — a®(B,; + B]
g; = a’[8;+ h;l =a’[(14+2D)8; —2E;+V,;+V,;+h}']



Cosmological perturbations - Linear regime
dt = a(t)dr

FLRW background metric (in conformal time 7): ds* = a(f)zl—dfz + 0y dxidxj]
Metric perturbations: Scalar-Vector-Tensor decomposition

800 = — a*(1 — hoo) = — a’(1 + 2A)
8 = aho; = — a®(B,; + B]
g; = a’[8;+ h;l =a’[(14+2D)8; —2E;+V,;+V,;+h}']

10 components of h/w split according 3 dimensional rotations:

-4 scalars: A,B, D, E
-4 vectorial: B, V; B = V' = 0

1. B, IT 3 TT _ pTTE _ p TTJ _



Cosmological perturbations - Linear regime

dt = a(r)dr
FLRW background metric (in conformal time 7): ds*® = a(f)zl—dfz + §; dx"dxf]
Metric perturbations: Scalar-Vector-Tensor decomposition
800 = — a*(1 — hoo) = — a’(1 + 2A)
8o = @ hy; = — a’[B; + Bj]
g; = a’[8;+ h;l =a’[(14+2D)8; —2E;+V,;+V,;+h}']
10 components of £, split according 3 dimensional rotations:
-4 scalars: A,B,D, E - 2 gcalars
| | Fixing coordinates
-4 vectorial: B, V; B;' = V' =0 - 2 vectorial

1. B, IT 3 TT _ pTTE _ p TTJ _



Scalar-Vector-Tensor decomposition -Isotropic FLRW background-
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The different sectors evolve independently in linear perturbation theory



Linear regime - Scalar sector

Metric perturbations in Fourier space

Synchronous gauge: Two scalar perturbations

0800 = 080; = 0 5g;j=a* [_2517’7 + kiki(h + 6’7)]
Newtonian gauge: Two scalar perturbations

— N

5g00 — = 2a2¢9 5g()l — 09 5&] —_ Zazﬁljl//



Linear regime - Scalar sector

Metric perturbations in Fourier space

Synchronous gauge: Two scalar perturbations

0800 = 080; = 0 08ij = a’ [_2517’7 + kiki(h + 6’7)]
Newtonian gauge: Two scalar perturbations

N
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Newtonian potential ¢




Linear regime - Scalar sector

Metric perturbations in Fourier space

Synchronous gauge: Two scalar perturbations

0800 = 080; = 0 08ij = a’ [_2517’7 + kiki(h + 6’7)]
Newtonian gauge: Two scalar perturbations

O

5300 - = 2a2¢9 5g0i = 0, 5gij — = 2612517-1//

7 /

Newtonian potential ¢ Curvature perturbationsy: a(t) — a(X, 1) = Cl(f)\/ 1 + 2y(X, 1)




Fundamental equations for standard cosmological perturbations

RN

G/w = 872G Z TI//lI/’ Gravity theory Macroscopic models for matter and its interactions
I

Perturbed Einstein’s eqns oG!, = 8nG Z 5TI”
U
I

oG*, = 5Gﬂy(5g009 5&0, 5gij)

Dark Energy
P "No perturbations

Gravity Dark
(metric) matter

Compton
scattering

Coulomb
scattering

Baryons

See textbook Dodelson & Schmidt or Ma &
Bertschinger Astrop. J. 1995



Fundamental equations for standard cosmological perturbations

G,m/ = 71(; Z TI/M Gravity theory
I

Perturbed Einstein’s eqns oG!, = 8nG Z 5TI”
U
I

oG*, = 5Gﬂy(5g009 5&0, 5gij)

Dark Energy
P "No perturbations

Gravity Dark
(metric) matter

Compton
scattering
Coulomb
scattering

Baryons

See textbook Dodelson & Schmidt or Ma &
Bertschinger Astrop. J. 1995

RN

Macroscopic models for matter and its interactions

Eg. Boltzmann’s eqns.
(statistic model) (*)

df_
—- =CIf]

Tu‘l)(xa t) -

f(x,p,t)

g / dPldpzdP_?, P“"Pv

J/—det[gus] (2n>3/ PO

P* = Comoving momenta

(*)For a formal derivation see for instance [he Relativistic
Bolzmann Equation: Theory and Applications, C.
Cercignani, G, M. Kremer, Birkhduser Basel, 2002.


https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf
https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf
https://campus.exactas.uba.ar/pluginfile.php/297340/course/section/35892/Carlo%20Cercignani,%20Gilberto%20M.%20Kremer%20-%20The%20Relativistic%20Boltzmann%20Equation_%20Theory%20and%20Applications%20(Progress%20in%20Mathematical%20Physics)%20%20-Birkh%C3%A4user%20Basel%20(2002).pdf

 Boltzmann Eq. In coordinates:
Geodesic Eq.

. dxﬂ dP* _ o
Comoving momenta PH — — —— +T* pepP =0, with g, P‘P"=—m



 Boltzmann Eq. In coordinates:

Geodesic Eq.
H dP*
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 Boltzmann Eq. In coordinates:

_ dxt
Comoving momenta pPH — ——

dA

\

Df dx® of dP® of

Geodesic Eq.

dP*
— +T* PPP =0, with g, P'P'=—m’

/

D) di ox®

In newtonian gauge: ¢ prpv=

of of
= P r .pepF =C
d) OP“ oxa Y OP? /]
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/ a\/l + Zgb/ a
p2 — giJ-PlP]

Ez\/pz+m2



 Boltzmann Eq. In coordinates:

_ dxt
Comoving momenta pPH — ——

dA

\

Df dx® of dP® of

Geodesic Eq.

dP*
— +T* P°PP =0, with g, P'P'=—m"

/
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D) di ox®

In newtonian gauge: ¢ prpv=
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 Boltzmann Eq. In coordinates:

_ dxt
Comoving momenta pPH — ——

dA

\

Df dx® of dP® of

Geodesic Eq.

dP*
— +T* P°PP =0, with g, P'P'=—m"

/

of of

D) dl ox*
In newtonian gauge: I o e
E 1 -y
Pt =|—1 —w),p’ . with
da da

P’ =—

dt - dx! B dr dx’

— pP° r .pepF = C
d) OP® oxa Y OP? /]
\/pz 4 m2 -
— (1 4+ 2¢)a*(P%? + p? = —m? - PV = = —(1 — )
/ a\/l + 245/ a

2 PZP
— L 4 ]

i — ppi A
p =pn and n =n;.

B Podxi \ dx’ B P!

P =— = — >
d/ dl dA dr dt dr PV



 Boltzmann Eq. In coordinates:

Geodesic Eq.
H dP*
Comoving momenta PH — di — 4+ T* pePP =0, with gWP”P” — — m?
dA dr 7

\ e

D dx* o dP¢ o 0 0
_f _“ f | 4 = P¢ f FaﬁPO‘P'B / = C|f]
DA diA ox*  diA OP¢ 0x% 0P«
. \/p2 + m2 E
In newtonian gauge: g, PP =—(1+ 2)a*(P%)? + p? = —m? - PO = = (1 — y)
" a/1+2¢, @
2 — o . PIpJ
b= 8 E = \/ >+ m?
E -y . . o P
Pt = |—(1—-w),p’ , with p'=pn' and 7' =n,.
a da
J | i i i i i
PO=—T Plzd_xzdfdx =P0dx ) dx zi
dA di  dA dr dr dr PV
calculations af L i H — ' E i 07 pa—f = U1
or | E ox ) " ox op PO




Energy-momentum perturbations Fourier space

0 _
- =
 Perturbed DF 0x?
[k, p,0) = fOp, o) + fOUK, p, i, 7) 70, = — J p2dpdQE (1O 4+ VY .= — 5 — 5p
NL

» Boltzmann Eq. p=prr T = Jpzdpdﬂp n, fY = (p+p)v,

0 0

P“afa FaﬁP“Pﬂ dI{“ = C[f] | , pzninj 0 | . .
. T’j=JP dp dS2 - (fO+fY) =B+ p)s +Z (X =0)



Fourier space

Energy-momentum perturbations )

- > ik
e Perturbed DF ox!
[k py 1) = Op. ) + O, .y ) Fo=- J PP ETA ST =2 =0
N
» Boltzmann Eq. p=prr T = Jpzdpdﬂp n, fY = (p+p)v,
0 0
P f I .P*PF _ Clf] | p’nn. S
Ix af P i 2 T 20)  p(D)y e (= Py osi s
& I'; = | p~dp d<2 - ST+ =P+ op)o + 2 (2 =0)
 Perturbed Boltzmann Eq.
(0) (0) (0) ,
- Background: o Hp Yo — a Cl/1 (y/ _4 _ aH)
ot op E a

Hubble rate



Energy-momentum perturbations

e Perturbed DF

f(kia p]a T) — f(O)(pv T)

f(l)(kia pa nja T)

Fourier space
0

ox'
% = - JpzddeE(f(O) +f) = ~p—dp

> 1k

Nl
» Boltzmann Eq. p=prr T = Jpzdpdﬂp n, fY = (p+p)v,
0 0
P“ fa FaﬁP“Pﬂ fa = C|[f] | , pzninj 0 | . . .
o oP T’]=J dpd2 == (fO + 1) i= (5 + 5p)6 + £ (Zii = 0)
 Perturbed Boltzmann Eq.
(0) (0) (0) ,
- Background: i Hp . = a cly] ( 7= = aH>
ot op E a |
- Linear- Hubble rate
- . 8 ) Ek . or® i\
In newtonian gauge: I, z—(k i — o2 — i e p 2 - ( [f]
o7 P op p op P?
(1) (1) / (0) (1)
In synchronous gauge: i (k AftH — f + |5’ hton (k - n)zl T (C[f]>
ot ()p 6 op PY




Boltzmann equation for DM

- - - - ] — O 1 ]
For collisionless massive particles (to linear order): fk', p;7) = fOp,0) + fOK, p, nj, )
Zeroth-order + perturbation



Boltzmann equation for DM

For collisionless massive particles (to linear order): fk', p;7) = fOp,0) + fOK, p, nj, )
Zeroth-order + perturbation
- Background:
of© of©
Hp— =0 — fO.p) =19, g =pa.
ot op ’//
(0) (0) (0)
since af = Cl/p df and %p af — %pa% — a’p%

ot dq op dq dq



Boltzmann equation for DM

For collisionless massive particles (to linear order): fk', p;7) = fOp,0) + fOK, p, nj, )
Zeroth-order + perturbation
- Background:
of© of©
Hp— =0 — fO.p) =19, g =pa.
ot op /
(0) (0) (0)
since & _ ap Y ana Zp . %pa% = ap%
ot dq op dq dq

It is convenient to change variables:

q = ap e = aE =1/ q* + m?a* (7_1 =g qudngf (Q)>
e o o
mn

p=—T%=a*x \2d ~ g4 ’d =
0 q-dqgefy(q) ~a"drm | q=dq f(q) =

Non relativistic:

p q Vp<<1—>p<<Ezm—>q<<€gma
P T E ¢ Cold (small velocity dispersion)
_ 1 —44” g° q° (0) 4l 2 £(0) 34T 2 7 2 ~0) -
ngTi:a 3 dq?f (g) =a” 3 qdqevpf ~ a ?m qdqvpf (9) < p
N

o -1
v, > a q/m



Boltzmann equation for DM (Newtonian gauge)

- Linear: / § = lA( A Legeyre polynomials
K. pj 1) = Jol@) + F (K, q. . 7) Fk,q.p.7) = Y (=)l + DFk,q.7)P(()
S o A _
g=ap 94=4n - /i
Fl(k Q9 T) J d/’tPl(lu)F(ka q$ /’ta T)
oF gk . f(O) 2 ),
— 4+ l—(k nF + |y i (k no| p =0
ot €
/ Useful formulas:
Y 2
Vp o= T ; (+ DPrr(u) = QL+ DuPr() —IPr—1 ()

d / — S/
/_1 WP ()P () = 9oy T




Boltzmann equation for DM (Newtonian gauge)

: _ AN Legendre polynomials
- Linear: =K-n
| —F - /
K P2 = Jo(@) + Fk. g, 1. 7) F(k,q.p.7) = ) (=)'l + DF (k. q. )P()
S . -
g=ap 9=4" - /i
Fl(k Q9 T) J d/’tPl(lu)F(ka q$ /’ta T)

oF gk . of 2]

q . f 1
— +i—(k- nE+ |y z (k no| p =0
ot €

/ Useful formulas:
P q
Vp -= T . (+ DPrr(p) = QL+ DpPr(p) — IPr—1(w)
dfy
Fi4v kF, = —y s
o+ vkFy =~ /_ PP =0 5
Flby X [2F, — F,] K b Yo
V. — — —
3 Y 3y Pdlogg
vpk

2[+ 1)



Boltzmann equation for DM (Newtonian gauge)

: _ AN Legendre polynomials
- Linear: =K-n
| —F . /
K P2 = Jo(@) + Fk. g, 1. 7) F(k,q.p.7) = ) (=)'l + DF (k. q. )P()
S S . =
q — Clp q — qn =0 / J/

Fl(k Q9 T) J d/’tPl(lu)F(ka q$ /’ta T)
oF gk . f(O) 2 ),
il G A+ |y —is (k M| p— =0
ot €

/ Useful formulas:
P q
Vp -= T . (+ DPrr(p) = QL+ DpPr(p) — IPr—1(w)
dfy
F.+vkF, =—y P
o+ vkFy =~ /_ PP =0 5
F + k[2F F] K b Yo
Y, — — —
3 Y 3y Pdlogg
F Vi [IF_ —(+DF, ] 1>2
| = \ -1 — U+ DL > 2
201+ 1
/ (
kv kv

F/~ XF, ? — _bl; « | — Hierarchy
A



Boltzmann equation for DM (Newtonian gauge)

. _ A Legendre polynomials
- Linear: =Kk-n
| —F . /
K. Py, ®) = Jo(@) + Fk. g 1, 7) F(k,q.p.7) = ) (=)'l + DF (k. q. )P()
S R _
g=ap 9=4" - /i
Fl(k Q9 T) J d/’tPl(lu)F(ka q$ /’ta T)

OF gk - | af<0> 2

—+l—(k nF + |y z (k no| p =0

ot €

/ Useful formulas:
P q
v, 1= E — ; U+ DPr1(w)= QI+ DuPr(n) —IPr—1 ()
df
F; kF, = — vy’ Y — S
o+ vkFy =~ /_ PP =0 5
3 3v, dloggqg "y Note ; Vv Oty
vk kv, Ha "
F; = <F_ =+ 1DF ], [ >2. Fi~| — F, phys N
/ (2[ + 1 aH /Iphys — all
k k :
F/~ XF, W « | — Hierarchy »  Only the first moments are relevant

aH



Effective fluid equations for DM

Keeping only the first two moments F, & F:

g < ma / m/p = 1/n
op /m 3| 2 m. . 3| 2
0=—=x~—a " |q°dqdQ F = —4na™" | q-dq F,
P P P
o ik _, 3 1 ek, [ 5
0:=iklvi=—a 2r|q’dq| duplt=——a"|q7dqF,
P 1 /‘ P
| Pi(p) = p
o . 0T _ 1 _4J y Jld o Am _4J 2 2 o A _3J
— = —a V = —a vaoe Fy ~ a
P 3 3 q-aq y HV,q 3 q aq v,e I 3

o'+ 60 =—3y

5
0+ 70— 122L = i2p | - :
p

[

1
l
FiKk,q,7) = —[ duP,(WF(k, q, 1, 7)
~1

2

q°dq VZ%FO

Effective fluid
eqgns. for DM

0 + HO — k*c?6 = k*¢



Growth of structure and Jeans scale
op

Let’s focus on “subhorizon” scales: k > %, k¢ > ' and define ¢; := P
I

o'+ 60 = -3y - ,
These two first order eqns. can be combined to yield | 0"+ Z6'+ k“c;0 = — k“¢

0+ HO—k’c:s = k¢




Growth of structure and Jeans scale
op
op

o'+ 0 =-3y - ,
These two first order egns. can be combined to yield | 6"+ Z0'+ k“c;0 = — k¢

Let’s focus on “subhorizon” scales: k > #, k¢p > v’ and define Cs2 L=

0+ HO — k*c?5 = k*¢

H? SnG
During matter dominated (MD) era — = H? = ; Ppy (neglecting Baryons), and using Poisson’s equations for ¢,
a
V2 _
az

we get 8"+ HS + (c2k* — 4nGppyy,)d = 0



Growth of structure and Jeans scale
op
op

o'+ 0 =-3y - ,
These two first order egns. can be combined to yield | 6"+ Z0'+ k“c;0 = — k¢

0+ HO — k*c?5 = k*¢

Let’s focus on “subhorizon” scales: k > #, k¢p > v’ and define Cs2 L=

H? SnG
During matter dominated (MD) era — = H? = ; Ppy (neglecting Baryons), and using Poisson’s equations for ¢,
a
V2 _
az

/ k> k; Oscillations
we get 8"+ HS + (c2k* — 4nGppyy,)d = 0 o
‘ k <k

Gravitational growth

Pressure Gravity The Jeans wavenumber: \47Gppy,

kj

Cs



Growth of structure in CDM model
k>~ 0
Cl

2 —
P 3 05, 3. So=—5+Ca  (MDera)

o2 2 da 2 . N

Decaying mode  Growing mode (attractor solution)

Changing variables T — a: 42



Growth of structure in CDM model

k>~ 0

0°5. 3 05. 3 %) —i+Ca (MD era)
Changing variables 7 — a: g?—< + —qg— 5.=0 V! .

0a> 2 da 2 e N

Decaying mode  Growing mode (attractor solution)
i ' 3G 3G
During RD dominated era 2 — . (D, + Ppuy) ~ . p o a
ﬁr > ﬁDM

/

V2
¢ — 47Z'G(:5r5r T pDMéc) ~ 47TG151”51” X CZ_4

a2




Growth of structure in CDM model
k>~ 0
Cl

2 e
P 3 06 3. 6o = —5 + Caa (MD era)

0 2" 0a 2° . N

Decaying mode  Growing mode (attractor solution)

Changing variables T — a: 42

' ' 3G 3G
During RD dominated era 2 — . (D, + Ppuy) ~ . D a‘4
ﬁr > ﬁDM

/

— 477G(ﬁr5r T pDMéc) ~ 47TG151”51” X CZ_4

a2
Then /

Due to radiation pressure 0, oscillates and does not grow

a*—+a— =0 o0, = ¢+ ¢ loga

oa’ oa \

Growing mode (attractor solution)




Growth of structure in CDM model
k>~ 0
Cl

E —_—
Po. 3 06 3. 6. = — + Caa (MD era)

o 2 0a 2 . N

Decaying mode  Growing mode (attractor solution)

Changing variables T — a: 42

' ' 3G 3G
During RD dominated era 2 — . (D, + Ppuy) ~ . D a‘4
ﬁr > ﬁDM

/

— 477G(ﬁr5r T pDMéc) ~ 47TG151”51” X CZ_4

a2
Then /

Due to radiation pressure 0, oscillates and does not grow

a*—+a— =0 o0, = ¢+ ¢ loga

oa’ oa \

Growing mode (attractor solution)

On “superhorizon” scales, k/#Z < 1, it can be shown that 6. o cte for adiabatic initial conditions.



How can DM be produced? What is the prediction for f,(¢)?

Traditional production of (WIMP) DM: E.g. X, + X1, < Way + Way

4 T 1 Ipp 1
In equil. with SM radiation Decoupling na’ = cte
[(T) > H(T) [(T,) = H(T)) N(T) < H(T) f=1q)
I B} a <
feq(P,T) = “freeze-out” mechanism f(o,7) = f(p—,t5) q = ap

B )] 1 1 . af
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If non-relativistic at decoupling 7} < m — CDM — small velocity dispersion, free- streaming
length is irrelevant for cosmological structure formation.
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How can DM be produced? What is the prediction for f,(¢)?

Traditional production of (WIMP) DM: E.g. X, + X1, < Way + Way

4 T 1 Ipp 1
In equil. with SM radiation Decoupling na’ = cte
[(T) > H(T) [(T) = H(T) N(T) < H(T) f=1q)
1 ) _a 4
fea (D) 7) = oep [ £ “freeze-out” mechanism f(, 1) = f(pa—f,tf) g = ap

If non-relativistic at decoupling 7} < m — CDM — small velocity dispersion, free- streaming
length is irrelevant for cosmological structure formation.

This agrees with many observations, such as LSS, CMB, structure of haloes...

(If 7} > m — HDM — too high velocity dispersion. In the middle — WDM)

Note: the macroscopic distribution of DM is sensitive to both the fundamental properties
of DM (such as mass and spin) and its production mechanism in the early Universe.



Evolution of fy(q) and Self interaction Decoupling (*)

7} Lsip 1
Decoupling Local equilibrium Sl Decoupling
from the SM  T'y(T) > H(T) I'o(Top) = H(Tgp)
(*) Based on:

- Yunis, Arguelles & DLN, JCAP 09(2020)041.
- Yunis, Arglelles, Scoccola, DLN & Giordano , JCAP 02(2022)024, Astron.Rep.65 (2021)1068.
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7} Y;SID T 0

<

Decoupling Local equilibrium Sl Decoupling

from the SM I'o,(T) > H(T) ['o/(Tg;p) = H(Tgp)

q = a(r)p
/ Gk

* If relativistic at SID m <K Tg;p — fo(q) =
6 »,6 vp are phenomenological
K € » = 1 if the production is thermal.

constants to enforce the proper
abundance today Q,,, \
2

% If non-relativistic at SID m > T¢;p = fo(q) = G npEXP 1
2mTO,NR

The Sl may affect the shape of the f,(g) but not the collisional invariants (that is, the total number, energy and
momentum of the DM particles) and this fix the new coefficients and effective temperatures

(*) Based on:

- Yunis, Arguelles & DLN, JCAP 09(2020)041.
- Yunis, Arglelles, Scoccola, DLN & Giordano , JCAP 02(2022)024, Astron.Rep.65 (2021)1068.



[a°dqdQv, fi(q)

Characteristic scales ) = [q*dq dQfy(q)
: : . - a 3 X
The comoving free-streaming wavenumber (*) kg = \/47sz— —
(equiv. to the Jeans wavenumber for a collisionless system) <VP> 2 <VP>

(*) See [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.
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Characteristic scales W) = [g2dq dQfy(q)
- - da 3 X k<vp>
The comoving free-streaming wavenumber (*) kpg = \/4nGp—0 = \/7 <1 - k< kg
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2 2T
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CXp Tox | |

6,6 yr are determined so that we obtain the correct abundance €2,,

(*) See [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.
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Characteristic scales W) = [g2dqdQfy(q)
- - da 3 X k<vp>
The comoving free-streaming wavenumber (*) kpg = \/4nGp—0 = \/7 <1 - k< kg
(equiv. to the Jeans wavenumber for a collisionless system) <VP> 2 <VP> A

E.g. Whenv, = gle ~ gl(ma)

2 2T
E 7Ty g 3Ty & _ q _ 2 [=loNR
Jo(q@) = > (V) = Jo(@) = Crexp 2mTy Nr = U = a\ =mm

l . ] | — 1804’[3]ay
CXp Tox | |

G .6 yg are determined so that we obtain the correct abundance €2,

Suppressed perturbations on scales with k 2 k¢

~ constant RD (a <a,,)
ko o
FS ~ ql/? MD (a > a

eq)

(*) See [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.



[q°dqdQv, fiy(q)

Characteristic scales W) = [g2dqdQfy(q)
- - * da 3 X k<vp>
The comoving free-streaming wavenumber (*) kps = /4nGp—— <L 1 - k< kg
(equiv. to the Jeans wavenumber for a collisionless system) (v > 2 (v >

E.g. Whenv, = gle ~ gl(ma)

7Ty o’ 37y »

2 2T
6 _ q 2 0.NR
£(q) = R > (v,)) = ! ~ ’ Jo(@) = G nrexp [ zmTO,NR] = (V,) = a% J

l q l : 1804’[3]ay
CXp Tox 1

6,6 yr are determined so that we obtain the correct abundance €2,,

Suppressed perturbations on scales with k > kFS

~ constant RD (a <a,,)
ko o
FS ~ ql/? MD (a > a

eq)

E ko= . /4nGp : “2*H— ~7
] u
J ES \/ RO a< > g or . TO R lkeV

Neutrino temperature today
(*) See [Boyarsky et al. JCAP 05 (2009)012, arXiv:0812.0010] for details and further discussion on the relevant scales.
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Structure formation: lineal theory

Total matter 5 = B(k)D(k,a)
— \
A = “Primordial perturbation” Deterministic part

NGB % (NN 3¢3.7 0
(RK)R* (k') = 2nr)’6"(k — kK')P 4k, a) Matter Power Spectrum
L (Linear regime)

/

(5,7, K)&%(z, k') = 20’53k — k)P, (k. a)

n—1 n—1
k k
Po(k) = 2rn°od k= (k—) — Py (k,a) = 2n*d k= (k—> | Dk, a) |

P P



Effects on the Matter Power Spectrum (*)

102 _
¥ > ""z“;!“ln
M 10° 1 S e an e
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Q. 107*{ — wbM, m=1kev \ _ ~S

= ® SI-WDM, CV ~ 3.0 x 10-3G;, m=1keV ANJR PN Sa
Z 10-6] X S-WDM CV~3.0x10°Gs, m=1keV AN N N

— = SI-WDM, CV ~ 3.0 x 107G, m=1keV \ \
A~ e SI-WDM, CV ~ 3.0 x 10’G¢, m=1keV, no NRSD S\ \
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Power Spectrum for a vector field mediated vMSM SI-WDM model (considering the effects of non-relativistic self decoupling (NRSD)
when appropriate) with T ~ (4/ 11)1/3Ty. All WDM and SI-WDM models consider a non-resonant production scenario. Cases where
the interaction is high enough to be in the NRSD regime but these effects are ignored, instead using a relativistic DF (dotted lines).

(*) See details in: - Yunis, Arguelles & DLN, JCAP 09(2020)041.
- Yunis, Argtielles, Scoccola, DLN & Giordano, JCAP 02(2022)024, Astron.Rep.65 (2021)1068.

Code available at: https://github.com/yunis121/siwdm-class



Effects on the Matter Power Spectrum (*)
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X SI-WDM, CV ~ 1.0 x 103Gf, m=10keV \ ‘
10-10] == SI-WDM, CV ~ 1.0 x 103G, m=10keV M N
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Power Spectrum for a vector field mediated vMSM SI-WDM model (considering the effects of non-relativistic self decoupling (NRSD)
when appropriate) with T ~ (4/ 11)1/3Ty. All WDM and SI-WDM models consider a non-resonant production scenario. Cases where
the interaction is high enough to be in the NRSD regime but these effects are ignored, instead using a relativistic DF (dotted lines).

»A high interaction constant might make a SI-WDM model “colder” than its non-Sl counterpart (as
iIf corresponding to a higher particle mass), but the SI model show a distinctive oscillatory pattern at
smaller k values.
(*) See details in: - Yunis, Arglielles & DLN, JCAP 09(2020)041.
- Yunis, Arglelles, Scoccola, DLN & Giordano, JCAP 02(2022)024, Astron.Rep.65 (2021)1068.
Code available at: https://github.com/yunis121/siwdm-class



Matter Power Spectrum (linear theory-ACDM) at z=0 inferred from various observational data (the dotted line shows the impact of
nonlinear effects)
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| , -|\#Ap) + m——| =0, Vo = 4rGa xLplt)—p, (T -
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Structure formation beyond the linear regime

* Write macroscopic nonlinear equations for dark matter, such as the Vlasov-Poisson equations:

of, of, p' Of, . o0¢ , 5 J d’p . (self-gravitating non-relativistic
| , -|\#Ap) + m——| =0, Vo = 4rGa xLplt)—p, (T -
or  oxim  op [ P P ¢ (27[)3f (X' p’s 1) — p,(7) particle system)

- Typically, relativistic effects are ignored, it is applied in the matter-dominated era (where nonlinearities matter) and inside horizon

» Perturbation theory and effective models: 5 0 [(1 PR ] | _ Poisson’s Eq.
L5 Y V2 = Egzm%%m.
v, +v,—v, + v, +— =0,
m max-] m m ax]
. . . : . kvp
- Moments of higher order than the first two are ignored: p,, and v, . Remember: hierarchy for g7 < 1.

- The system can be solved perturbatively dm(x,n) =8 (x, n) +8P @, n) +--- +8"(x,n) and similarly for the velocity.

N body simulations.

- Implements a discretization of the phase space whose elements are characterized by X and p

Eg. A simple model:

i i dn’ | 0
o _p A
dt m At

a ox!

Extensions of all this include modeling of baryons and their non-gravitational interactions
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...Involve different scales and non-linear effects

) Semi-analytic methods
V' Limited to the linear and quasi-linear regime

v’ Approximations break down for small length scales

» N-body Simulations

v’ They require very large volumes and high resolution -> Time
v/ Only a few cosmologies have been investigated so far
v Do not exist for many alternative models

p Fitting functions: ej. Halofit

v’ Based on theories and heuristic models
v They are adjusted with simulations (when available)
v  Useful for statistical analysis, e.g., to predict observational limits on the parameters of a given cosmological model

» Emulators
v’ Codes based on interpolations between existing simulations, neural networks...

Progress in this direction represents a great challenge!



End of Lecture 2: Thanks for your attention!!
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