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® On Horizons and Wormholes in k-Essence Theories
(Bronnikov et al., 2016; arXiv:1511.08036)

® Static, spherically symmetric solutions with a scalar field in Rastall
gravity (Bronnikov et al., 2016; arXiv:1606.06242)

® Duality between k-essence and Rastall gravity

(Bronnikov et al., 2017; arXiv:1701.06662)
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K-essence

The k-essence theories can be defined by the following most general
Lagrangian:

L =+/-glR—F(X,9)]
Starting with the model
F(X) = FoX" —2A, Fo, N\ = const,
where
X =1¢,,9",

where n = £1 is set to avoid ill-defined power-law.
Now, consider a general static, spherically symmetric metric

ds? = e dt? — e2*du? — e25(d6? + sin® 0dp?),

where v, « and § functions of u only.
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® Solution1: n=L1eA=0

3
B(x) k2x 1
d2:—dt2——d2——d§22 B = By — =k°x*
= B(x) k2x () = Bo =5k
By and k are constants.
® Solution 2: n= %
9b2 — x2)2 9p* 3p*
g2 = O — X 42 dx® — dQ?
° ob* (962 — 22 T gpr — 2T

i /5 = \/§
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Rastall gravity

Rastall gravity field equations

12 )\ 14 v
R~ 50.R=—Ty,

, A—1
Vo T = “5-0uR,

where RG is recovered with \ = 1.

v v b—1 v — TV
G :—{T#—Ta T}:—Tu,

3 jz
, b-1 _3A=2
VVT;L =S TauT, b == m,

In this parameterization, RG is recovered with b = 1.
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Solutions in Rastall Gravity

® Solution for b = —1;

/31
2 2 14,2 2
ds® = A(x)dt A(x)" "dx 52 XdQ ]

i _K_ C.3
with A= 75 Nl
® Solution for b = 0:
9b* cosh?(bu)
2 2 2 2
2= — 4> — du® — ——"1dQ0>,
cosh*(bu) ! 3b2

mmbzv@
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Carter-Penrose diagram
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Solution for n=1/3 / b= —1. Solution for n=1/2 / b= 0.
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Perturbation in spherically symmetric solutions

Adopting, now, a spherically symmetric metric

ds? = e21(ut) g2 — 2lut) g2 _ 2B(ut) g2,
Considering the perturbed quantities
a(u, t) = a(u) + da(u, t),
Blu, t) = B(u) + 65(u, 1),
Yy, t) = ~(u) + 6(u, 1),

QS(U, t) = ¢(u) + 5¢(u7 t)
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Field equations
k-essence

/

Fxe® 277G — (Fxemot27+14/) =0,
1
—e2* P 4 (8 +27) = (5F — XFx)e™,
_6204—2/3 + 2/8// + 36/2 _ 20[/,8/ — %Fe2a,
e2a—25 + e2o¢—27l3 o 5”/3/(7, o 0/ + 26/) _ —%eza(l—_ o XFx),
) i . ) 1 .
B+ BB —af - By = §Fx¢¢’-
and perturbed quantities for X and F(X, ¢) are given by
0X =2e72%(¢/0¢' — ¢%5r),  F(X,9) = F(X) + Fx3X + F469,
Fx(X, ) = Fx(X) 4+ Fxx6X + Fx4d¢.
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Perturbed scalar field equation

_eZa—2’y(5(é§ + 5¢Il + ¢/(25/81 + 5,}// _ 6@/)

(26" +7' - )¢’ + FX5¢ J”M(Fi) -

Adopting 65 =0

—2 254 + 6¢" + ¢/ (64 — da)
+(28'+9 = d)o¢' + FX5¢ + ¢5(F§> =0,
or
_e2a—2'y&b' + (2n=1)6¢" + 6¢'[28' + ' — (2n — 1)d/]

+¢’[5ry’ —(2n— 1)50/] =0.
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Schrodinger-like equation

We can rewrite d¢ equation
— 766 + (2n—-1)6¢" + 6¢' [0’ — 2(n — 1))

2
- [;’,2( e — N)e" FX"6¢ = 0.

Using transformations

du

o —a lwt —
Lo, so=VEE, V()= F2()
with
f(z) = exp {— %}

We found the Schrédinger-like equation
(2n —1) +[w — V()l¥(z) =
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Solution for n =1/3

Replacing the solution for n = 1/3, we obtain
Y2z — [3w2 + V(2)]y =0,

: 582 31By 3x*
with V(X):—F]_B(X)—FW W_]__6

The potential, near x =0

5By 1

2
—  x.—.
4k4 x4 z2

zxx“ as x—0, V(z)=

On the other hand, near x = xp,

B
z x —In(xp — x) = o0, V(z)—)—%.
What about 7?
Yv~ef as z—o00, Y~z Y as z 0.
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Solution for n =1/3

® \We see that these requirements are much milder than could be

imposed on a quantum-mechanical wave function.

2

® Therefore, w* can take negative values arbitrarily large in absolute

value, el“!t, and thus our static configuration is catastrophically
unstable.

Also, the expression of sound speed for k-essence is

2o Fx
° Fx-l-2)<Fxx7

or, in our model,
2_ 1
2n—1’

where ¢ is imaginary for n < 1/2.

Cs
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Field equations
Rastall

_eZ(a—’y)(d+2é)+,_)/l/+,yl(7/_a/+2lg/):

—5(1—a)¢” - 3-2a)e™V,

_ ez(a—y)d + ,Y// + 25// . O/(’)// + 2/@/) + 7/2 + 25/2 _

—5(3-a)¢" - 3-2a)e™V,

_ e2(a7'y)IB + 5// + 5/(7/ — & + 2,8/) o e2(a7,3) —
- %(1 — a)¢? — (3 — 2a)e*V,
BH(8-7-Ba = —5¢6,

ag" + [y —ad + 2814 — 2 Ng = (3 —2a)e**Vy
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Perturbed field equations
Rastall

— 2§ + 268) + 67" + 04/ (Y — &’ +28) ++' (07 — 6/ +20)
= —¢(1 — a)p'd¢) — e**(26aW + Wyde),

—e2(OM§6 4 6" 4 208" — 5a/ (v + 28') — o/ (8 + 208") + 26y + 456’
= —€(3— a)p/d¢’ — e (25aW + Wy69),

—eXN§F 4+ 68" + 68/ (v — o’ 4+ 28") + B'(3y — da 4 208") — 2e2(@=F) (5o — §)
= —¢(1 - a)p'0¢’ — e**(26aW + Wyde),

58+ (8' = +/)08 - B'dc = —>¢/34,

— e2ONEG 4+ adg” + [y — ad + 28164 + [0y — ada + 205')¢'
= ee2°‘(25a Wd’ + W¢¢(5¢),

where W(¢) = (3 —2a)V(¢).
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Perturbed field equations
Rastall

From the previous equations we can find the expression
0y =nd¢’ — 169,
with n = e¢’/(2/).

However, 64" may be alternatively calculated, which gives
286~ = ea/6g) + €2 [2(e—2ﬁ ~ W)da — W¢6¢],
The comparison between the two expressions for d7 gives us

(1-a)¢'d¢’ = (1—a)[¢" — a'¢/ +n¢']6¢

and its integration with respect to u give us
56 = F()#e W, Q(u) = / )}
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Rastall perturbation: b= —1, V =0

For this solution, we have the following master equation
e 8¢+ 09" + §5¢’ =0.
We obtain two expressions for 6~/
67" = /3/20¢ = —/3/26¢' — V627255,
Which is integrated in relation to x, we obtemos
06 = F(t)e(x),  w(x) = (K = (C/Vo)x*) V2.
By separation of variables, we also obtain

F_y" 2y

——= + —— = constant,

F v x9

which is not satisfied by background solution.
Denis C. Rodrigues 17 /19



Conclusion

® K-essence
Both solutions, for n =1/3 and n = 1/2, are unstable.
On the instability of some k-essence space-times
(Bronnikov et al., 2019; arXiv:1908.09126)

® Rastall gravity
Stability analysis in the Rastall case is inconsistent: linear
time-dependent spherically symmetric perturbations simply do not
exist.
Rastall’s theory of gravity: Spherically symmetric solutions and the
stability problem
(Bronnikov et al., 2020; arXiv:2007.01945)
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Obrigado!
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