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No divergences (ultraviolet or infrared) can appear dynamically  
in the course of a well-behaved background evolution.
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Awaking the vacuum in relativistic stars
[W. Lima and D.V., PRL 104, 161102 (2010); W. Lima, G. Matsas, and D.V., PRL 105, 151102 (2010)]  

The time scale which rules how fast the vacuum energy

density increases is given by !"!1 " jVð0Þ
eff j!1=2 " Rs [see

Eq. (43)]. By using this, we rewrite Eq. (47) as

inh0j!̂j0iin "
ðBÞ !"hð!rÞe2 !"t=R3

s "
ðBÞ

hð !rÞ

% exp
!
t=ð10!5 sÞ
Rs=ð10 kmÞ

"
10!62 g=cm3

R4
s=ð10 kmÞ4 ; (48)

where hð!rÞ is a dimensionless function of !r & r=Rs (which
vanishes asymptotically and is of order unity for !r" 1). We
see from Eq. (48) that once the effect is triggered by a
neutron-like star with Rs ' 10 km, few milliseconds would
be enough for the vacuum energy density to become domi-
nant over the star classical mass-energy density (which can
be as high as 1014–1017 g=cm3). We must emphasize that
at some point the spacetime must backreact against the
growth of the vacuum energy density, affecting the field
and ceasing the instability by taming the tachyonic modes.
Eventually, field and spacetime must reach a new stable
configuration. As argued in Ref. [3], one possibility would
be that for some values of " the spontaneous scalarization
mechanism [4] could restabilize the star. In our context,
this would correspond to a symmetry breaking which would
lead h#̂i, which is null as calculated in the j0iin vacuum
state, to acquire a nonzero large value compatible with the
exponentially amplified h#̂2i [see Eq. (46)]. Whether the
star will end up destroyed or somehow rebalanced is
unknown at this point.

We close this section explaining how the vacuum energy
density amplification is consistent with energy conserva-
tion discussed below Eq. (23). For this purpose, let us note
that rað#bT̂

abÞ ¼ 0 can be rewritten as

@t!̂þ 1
ffiffiffiffiffiffiffiffi
ð3Þg

q @i

$ ffiffiffiffiffiffiffiffi
ð3Þg

q
ĵi
%
¼ 0; (49)

where ĵi & ! ffiffiffi
f

p
T̂i
0 is the energy-current density. The

corresponding vacuum expectation value can be calculated
and reads

inh0jĵij0iin "
ðBÞ ! !"Við !rÞe2 !"t=R3

s ; (50)

where ð3ÞriV
i & ðð3ÞgÞ!1=2@ið

ffiffiffiffiffiffiffiffi
ð3Þg

q
ViÞ ¼ 2 !"hð!rÞ. Thus,

the total energy is conserved because the gravitational field
redistributes the vacuum energy density in such a way that
an amplification of inh0j!̂j0iin somewhere with positive
magnitude must be compensated elsewhere by a corre-
sponding amplification with negative magnitude.

IV. PROBING THE AWOKEN PHASE
USING DETECTORS

Now, in order to probe the building up of the vacuum
energy density in region B, where the vacuum is awake by
the presence of tachyonic modes, we will look directly at
the response of Unruh-DeWitt detectors. We shall do so

because, as discussed in Sec. II B, the Fock-space states
have no natural particle-content interpretation [see discus-
sion below Eq. (20)]. Here, we relax the spherical symme-
try assumption of the previous section and consider regions
A and B as described by the line elements (31). Because we
want to avoid any contributions in the response coming
from the motion of the apparatus, the detector (with proper
time $) is made to lie static following an integral curve
x ¼ xð$Þ of the time-like isometry.
We consider here a two-level Unruh-DeWitt detector

represented by a Hermitian operator m̂0 acting in a
Hilbert space spanned by unexcited and excited energy
eigenstates jE0i and jEi (E> E0), respectively. The detec-
tor is prepared to be initially unexcited. For our purposes, it
is convenient to switch it on in the very beginning of region
B, where we set $ & 0. At the tree level, the excitation
probability as a function of the proper-time interval T is
given by [7]

Pexc ¼ jhEjm̂0jE0ij2F ð$EÞ; (51)

where $E & E! E0 and the response function is

F ð$EÞ ¼
Z T

0
d$

Z T

0
d$0e!i$Eð$!$0ÞGþ

in½xð$Þ; xð$0Þ+ (52)

with

Gþ
in½xð$Þ; xð$0Þ+ & inh0j#̂½xð$Þ+#̂½xð$0Þ+j0iin:

The two-point function is written throughout the spacetime
in terms of the in-modes as

Gþ
in½x; x0+ ¼

Z
d3kuðþÞ

k ðxÞuð!Þ
k ðx0Þ; (53)

where we recall that in the asymptotic past uð,Þ
k ðxÞ take the

simple form given in Eq. (34). Next, we suitably decom-

pose uðþÞ
k in terms of fvð,Þ

% g and fwð,Þ
" g as

uðþÞ
k ¼ &-

"kw
ðþÞ
" ! '"kw

ð!Þ
"

þ
Z

d(ð%Þð&-
%kv

ðþÞ
% ! '%kv

ð!Þ
% Þ; (54)

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

wðþÞ
" ¼ðBÞðe

"t!i)=12þe!"tþi)=12Þffiffiffiffiffiffiffi
2"

p
NðBÞðxÞ

FðBÞ
" ðxÞ; ">0: (55)

The tachyonic mode above will be labeled by " (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

vðþÞ
% ¼ðBÞ e!i$%t

ffiffiffiffiffiffiffiffiffiffi
2$%

p
NðBÞðxÞ

FðBÞ
% ðxÞ; $% > 0: (56)

The Bogoliubov coefficients in Eq. (54) are
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!!ð"Þ # 3Mð"Þ
4#½rð"Þ%3 (42)

is the corresponding average density up to the radius coor-
dinate rð"Þ, which encompasses a mass Mð"Þ. We remind
that according to general relativity R¼8#Gð!'3pÞ,
where p is the hydrostatic pressure which bears the star up
against its weight.

As discussed in Sec. II B, the appearance of tachyonic
modes in the present context will depend on the existence
of nontrivial solutions for Eq. (39). They are expected to
exist for negative enough effective potentials satisfying

jVðlÞ
effjR2

s * 1; (43)

where r ¼ Rs is the star radius. Because the centrifugal
barrier in Eq. (41) is positive, we look for tachyonic
solutions of Eq. (39) with l ¼ 0 which are the most likely
ones to exist (if any). By taking f( 1 and assuming !!( !,
we obtain from Eq. (41) that

Vð0Þ
eff (m2 þ ð$' 1=6ÞR:

Clearly, only the second term in the right-hand side can be
negative. Then, Eq. (43) implies that a necessary condition
for the existence of tachyonic modes with $ * 1 is

!

1015 g=cm3

!
Rs

7 km

"
2
* 1 (44)

and

m2=ð3:5+ 10'11 eVÞ2
!=ð1015 g=cm3Þ , 1; (45)

where we have set !( p. Equations (44) and (45) show
that the appearance of tachyonic modes for small $ values
in the spacetime of typical neutron stars requires the scalar
field to be light: m & 10'11 eV.

Although light scalars are widely considered in astro-
physics and cosmology, there is the issue about how much
extra mass they could acquire from Planck-scale radiative
corrections. For axions, e.g., a general expression for the
mass shift can be cast as %m2

a ( Kaf
nþ2
a =Mn

P, where Ka is
some unknown coupling constant, fa ( 1012 GeV is the
energy scale of the Peccei-Quinn symmetry breaking,
MP ( 1019 GeV is the Planck energy, and n is a model-
dependent positive integer (associated with the dimension
of the symmetry-breaking operators appearing in the ef-
fective Lagrangian) [15]. We see, then, that %ma can easily
exceed, e.g., 10'5 eV (ruling out axions as a dark matter
candidate) unless Ka and n turn out to be small and large
enough, respectively (see Ref. [16] and references therein).
Fortunately, explicit models showing how scalar fields can
be protected from acquiring large mass due to quantum
gravity effects have already been worked out (see, e.g.,
Ref. [17]). In our context, assuming the electroweak sym-
metry breaking of the standard model which has an energy
scale of "ESM ( 100 GeV, the corresponding mass shift

would be %m2 ( K"nþ2
ESM=M

n
P, where again K and n are

unknown. Here, we pragmatically assume that Planck-
scale effects will not shift the mass of our scalar field
beyond 10'12 eV. At this point, it is difficult to say how
strong this assumption is because of our lack of under-
standing of the Planck-scale physics. Still, this is much less
demanding than what is usually required for quintessence
fields where the mass shift cannot typically exceed the
mass scale defined by the Hubble constant 10'33 eV
[18]. A detailed analysis of this issue would be welcome
but goes far beyond the scope of this paper. For computa-
tional purposes, we take our scalar field to be massless.
By assuming stars with uniform and parabolic density

profiles and suitable $ values (typically $> 1=6 and
$ & '2), it was shown in Ref. [2] that tachyonic modes do
appear forM=Rs ratios compatible with neutron-like stars.
Now, let us proceed by recalling that the positive-norm

in-modes uðþÞ
k , which in region A look like as exhibited in

Eq. (34), will emerge, in general, as a combination of

positive- and negative-norm modes fvðþÞ
$l&; v

ð'Þ
$l&g and

fwðþÞ
#l&; w

ð'Þ
#l&g in region B [see Eqs. (36) and (37)].

Hence, not only the in-vacuum will not coincide in general
with the out-vacuum but also at least some of the in-modes
will certainly go through a phase of exponential growth
provided, of course, the existence of tachyonic modes

wð-Þ
#l&. This leads to what was denominated vacuum awak-

ening effect in relativistic stars, i.e., an exponential ampli-
fication of the vacuum fluctuations [1,2]. In order to see
this, we use Eq. (35) to calculate

inh0j$̂2j0iin (
ðBÞ

'
e2

!#t

8# !#

!
F !#0ð"Þ
rð"Þ

"
2
½1þOðe'(tÞ%; (46)

where F !#0ð"Þ denotes the solution of Eq. (39) with the

most negative eigenvalue,' !#2 (taking l ¼ 0, which is the
most favorable case), ( ¼ const> 0, and ' is a constant of
order unity whose value depends on (i) projections of

modes uð-Þ
k on wð-Þ

!#l&
and (ii) the quantum state, assumed

here to be the in-vacuum j0iin. It is worthwhile to empha-
size that ultraviolet divergences, which should be renor-
malized to obtain h$̂2i, are associated with the $ ! 1
sector of the oscillatory modes [see Eq. (35)] and does not
concern the tachyonic modes (#2 . !#2 <1), which are
the ones giving the dominant contribution in Eq. (46)
(because of the expð2 !#tÞ term). Accordingly, the expecta-
tion value of the vacuum energy density (23), namely,

inh0j!̂j0iin # na'b
inh0jT̂abj0iin;

experiences an exponential amplification:

inh0j!̂j0iin(
ðBÞ

'
!#e2

!#t

16#
ffiffiffi
f

p
$
1'4$

2r2
d

d"

!
r2

d

d"

!
F !#0
!#r

"
2
"

þ $
!#2r2

d

d"

!F2
!#0

f

df

d"

"%
½1þOðe'(tÞ%: (47)
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% Þ; (54)

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

wðþÞ
" ¼ðBÞðe

"t!i)=12þe!"tþi)=12Þffiffiffiffiffiffiffi
2"

p
NðBÞðxÞ

FðBÞ
" ðxÞ; ">0: (55)

The tachyonic mode above will be labeled by " (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

vðþÞ
% ¼ðBÞ e!i$%t

ffiffiffiffiffiffiffiffiffiffi
2$%

p
NðBÞðxÞ

FðBÞ
% ðxÞ; $% > 0: (56)

The Bogoliubov coefficients in Eq. (54) are
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The time scale which rules how fast the vacuum energy

density increases is given by !"!1 " jVð0Þ
eff j!1=2 " Rs [see

Eq. (43)]. By using this, we rewrite Eq. (47) as

inh0j!̂j0iin "
ðBÞ !"hð!rÞe2 !"t=R3

s "
ðBÞ

hð !rÞ

% exp
!
t=ð10!5 sÞ
Rs=ð10 kmÞ

"
10!62 g=cm3

R4
s=ð10 kmÞ4 ; (48)

where hð!rÞ is a dimensionless function of !r & r=Rs (which
vanishes asymptotically and is of order unity for !r" 1). We
see from Eq. (48) that once the effect is triggered by a
neutron-like star with Rs ' 10 km, few milliseconds would
be enough for the vacuum energy density to become domi-
nant over the star classical mass-energy density (which can
be as high as 1014–1017 g=cm3). We must emphasize that
at some point the spacetime must backreact against the
growth of the vacuum energy density, affecting the field
and ceasing the instability by taming the tachyonic modes.
Eventually, field and spacetime must reach a new stable
configuration. As argued in Ref. [3], one possibility would
be that for some values of " the spontaneous scalarization
mechanism [4] could restabilize the star. In our context,
this would correspond to a symmetry breaking which would
lead h#̂i, which is null as calculated in the j0iin vacuum
state, to acquire a nonzero large value compatible with the
exponentially amplified h#̂2i [see Eq. (46)]. Whether the
star will end up destroyed or somehow rebalanced is
unknown at this point.

We close this section explaining how the vacuum energy
density amplification is consistent with energy conserva-
tion discussed below Eq. (23). For this purpose, let us note
that rað#bT̂

abÞ ¼ 0 can be rewritten as

@t!̂þ 1
ffiffiffiffiffiffiffiffi
ð3Þg

q @i

$ ffiffiffiffiffiffiffiffi
ð3Þg

q
ĵi
%
¼ 0; (49)

where ĵi & ! ffiffiffi
f

p
T̂i
0 is the energy-current density. The

corresponding vacuum expectation value can be calculated
and reads

inh0jĵij0iin "
ðBÞ ! !"Við !rÞe2 !"t=R3

s ; (50)

where ð3ÞriV
i & ðð3ÞgÞ!1=2@ið

ffiffiffiffiffiffiffiffi
ð3Þg

q
ViÞ ¼ 2 !"hð!rÞ. Thus,

the total energy is conserved because the gravitational field
redistributes the vacuum energy density in such a way that
an amplification of inh0j!̂j0iin somewhere with positive
magnitude must be compensated elsewhere by a corre-
sponding amplification with negative magnitude.

IV. PROBING THE AWOKEN PHASE
USING DETECTORS

Now, in order to probe the building up of the vacuum
energy density in region B, where the vacuum is awake by
the presence of tachyonic modes, we will look directly at
the response of Unruh-DeWitt detectors. We shall do so

because, as discussed in Sec. II B, the Fock-space states
have no natural particle-content interpretation [see discus-
sion below Eq. (20)]. Here, we relax the spherical symme-
try assumption of the previous section and consider regions
A and B as described by the line elements (31). Because we
want to avoid any contributions in the response coming
from the motion of the apparatus, the detector (with proper
time $) is made to lie static following an integral curve
x ¼ xð$Þ of the time-like isometry.
We consider here a two-level Unruh-DeWitt detector

represented by a Hermitian operator m̂0 acting in a
Hilbert space spanned by unexcited and excited energy
eigenstates jE0i and jEi (E> E0), respectively. The detec-
tor is prepared to be initially unexcited. For our purposes, it
is convenient to switch it on in the very beginning of region
B, where we set $ & 0. At the tree level, the excitation
probability as a function of the proper-time interval T is
given by [7]

Pexc ¼ jhEjm̂0jE0ij2F ð$EÞ; (51)

where $E & E! E0 and the response function is

F ð$EÞ ¼
Z T

0
d$

Z T

0
d$0e!i$Eð$!$0ÞGþ

in½xð$Þ; xð$0Þ+ (52)

with

Gþ
in½xð$Þ; xð$0Þ+ & inh0j#̂½xð$Þ+#̂½xð$0Þ+j0iin:

The two-point function is written throughout the spacetime
in terms of the in-modes as

Gþ
in½x; x0+ ¼

Z
d3kuðþÞ

k ðxÞuð!Þ
k ðx0Þ; (53)

where we recall that in the asymptotic past uð,Þ
k ðxÞ take the

simple form given in Eq. (34). Next, we suitably decom-

pose uðþÞ
k in terms of fvð,Þ

% g and fwð,Þ
" g as

uðþÞ
k ¼ &-

"kw
ðþÞ
" ! '"kw

ð!Þ
"

þ
Z

d(ð%Þð&-
%kv

ðþÞ
% ! '%kv

ð!Þ
% Þ; (54)

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

wðþÞ
" ¼ðBÞðe

"t!i)=12þe!"tþi)=12Þffiffiffiffiffiffiffi
2"

p
NðBÞðxÞ

FðBÞ
" ðxÞ; ">0: (55)

The tachyonic mode above will be labeled by " (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

vðþÞ
% ¼ðBÞ e!i$%t

ffiffiffiffiffiffiffiffiffiffi
2$%

p
NðBÞðxÞ

FðBÞ
% ðxÞ; $% > 0: (56)

The Bogoliubov coefficients in Eq. (54) are
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!!ð"Þ # 3Mð"Þ
4#½rð"Þ%3 (42)

is the corresponding average density up to the radius coor-
dinate rð"Þ, which encompasses a mass Mð"Þ. We remind
that according to general relativity R¼8#Gð!'3pÞ,
where p is the hydrostatic pressure which bears the star up
against its weight.

As discussed in Sec. II B, the appearance of tachyonic
modes in the present context will depend on the existence
of nontrivial solutions for Eq. (39). They are expected to
exist for negative enough effective potentials satisfying

jVðlÞ
effjR2

s * 1; (43)

where r ¼ Rs is the star radius. Because the centrifugal
barrier in Eq. (41) is positive, we look for tachyonic
solutions of Eq. (39) with l ¼ 0 which are the most likely
ones to exist (if any). By taking f( 1 and assuming !!( !,
we obtain from Eq. (41) that

Vð0Þ
eff (m2 þ ð$' 1=6ÞR:

Clearly, only the second term in the right-hand side can be
negative. Then, Eq. (43) implies that a necessary condition
for the existence of tachyonic modes with $ * 1 is

!

1015 g=cm3

!
Rs

7 km

"
2
* 1 (44)

and

m2=ð3:5+ 10'11 eVÞ2
!=ð1015 g=cm3Þ , 1; (45)

where we have set !( p. Equations (44) and (45) show
that the appearance of tachyonic modes for small $ values
in the spacetime of typical neutron stars requires the scalar
field to be light: m & 10'11 eV.

Although light scalars are widely considered in astro-
physics and cosmology, there is the issue about how much
extra mass they could acquire from Planck-scale radiative
corrections. For axions, e.g., a general expression for the
mass shift can be cast as %m2

a ( Kaf
nþ2
a =Mn

P, where Ka is
some unknown coupling constant, fa ( 1012 GeV is the
energy scale of the Peccei-Quinn symmetry breaking,
MP ( 1019 GeV is the Planck energy, and n is a model-
dependent positive integer (associated with the dimension
of the symmetry-breaking operators appearing in the ef-
fective Lagrangian) [15]. We see, then, that %ma can easily
exceed, e.g., 10'5 eV (ruling out axions as a dark matter
candidate) unless Ka and n turn out to be small and large
enough, respectively (see Ref. [16] and references therein).
Fortunately, explicit models showing how scalar fields can
be protected from acquiring large mass due to quantum
gravity effects have already been worked out (see, e.g.,
Ref. [17]). In our context, assuming the electroweak sym-
metry breaking of the standard model which has an energy
scale of "ESM ( 100 GeV, the corresponding mass shift

would be %m2 ( K"nþ2
ESM=M

n
P, where again K and n are

unknown. Here, we pragmatically assume that Planck-
scale effects will not shift the mass of our scalar field
beyond 10'12 eV. At this point, it is difficult to say how
strong this assumption is because of our lack of under-
standing of the Planck-scale physics. Still, this is much less
demanding than what is usually required for quintessence
fields where the mass shift cannot typically exceed the
mass scale defined by the Hubble constant 10'33 eV
[18]. A detailed analysis of this issue would be welcome
but goes far beyond the scope of this paper. For computa-
tional purposes, we take our scalar field to be massless.
By assuming stars with uniform and parabolic density

profiles and suitable $ values (typically $> 1=6 and
$ & '2), it was shown in Ref. [2] that tachyonic modes do
appear forM=Rs ratios compatible with neutron-like stars.
Now, let us proceed by recalling that the positive-norm

in-modes uðþÞ
k , which in region A look like as exhibited in

Eq. (34), will emerge, in general, as a combination of

positive- and negative-norm modes fvðþÞ
$l&; v

ð'Þ
$l&g and

fwðþÞ
#l&; w

ð'Þ
#l&g in region B [see Eqs. (36) and (37)].

Hence, not only the in-vacuum will not coincide in general
with the out-vacuum but also at least some of the in-modes
will certainly go through a phase of exponential growth
provided, of course, the existence of tachyonic modes

wð-Þ
#l&. This leads to what was denominated vacuum awak-

ening effect in relativistic stars, i.e., an exponential ampli-
fication of the vacuum fluctuations [1,2]. In order to see
this, we use Eq. (35) to calculate

inh0j$̂2j0iin (
ðBÞ

'
e2

!#t

8# !#

!
F !#0ð"Þ
rð"Þ

"
2
½1þOðe'(tÞ%; (46)

where F !#0ð"Þ denotes the solution of Eq. (39) with the

most negative eigenvalue,' !#2 (taking l ¼ 0, which is the
most favorable case), ( ¼ const> 0, and ' is a constant of
order unity whose value depends on (i) projections of

modes uð-Þ
k on wð-Þ

!#l&
and (ii) the quantum state, assumed

here to be the in-vacuum j0iin. It is worthwhile to empha-
size that ultraviolet divergences, which should be renor-
malized to obtain h$̂2i, are associated with the $ ! 1
sector of the oscillatory modes [see Eq. (35)] and does not
concern the tachyonic modes (#2 . !#2 <1), which are
the ones giving the dominant contribution in Eq. (46)
(because of the expð2 !#tÞ term). Accordingly, the expecta-
tion value of the vacuum energy density (23), namely,

inh0j!̂j0iin # na'b
inh0jT̂abj0iin;

experiences an exponential amplification:

inh0j!̂j0iin(
ðBÞ

'
!#e2

!#t

16#
ffiffiffi
f

p
$
1'4$

2r2
d

d"

!
r2

d

d"

!
F !#0
!#r

"
2
"

þ $
!#2r2

d

d"

!F2
!#0

f

df

d"

"%
½1þOðe'(tÞ%: (47)
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The time scale which rules how fast the vacuum energy

density increases is given by !"!1 " jVð0Þ
eff j!1=2 " Rs [see

Eq. (43)]. By using this, we rewrite Eq. (47) as

inh0j!̂j0iin "
ðBÞ !"hð!rÞe2 !"t=R3

s "
ðBÞ

hð !rÞ

% exp
!
t=ð10!5 sÞ
Rs=ð10 kmÞ

"
10!62 g=cm3

R4
s=ð10 kmÞ4 ; (48)

where hð!rÞ is a dimensionless function of !r & r=Rs (which
vanishes asymptotically and is of order unity for !r" 1). We
see from Eq. (48) that once the effect is triggered by a
neutron-like star with Rs ' 10 km, few milliseconds would
be enough for the vacuum energy density to become domi-
nant over the star classical mass-energy density (which can
be as high as 1014–1017 g=cm3). We must emphasize that
at some point the spacetime must backreact against the
growth of the vacuum energy density, affecting the field
and ceasing the instability by taming the tachyonic modes.
Eventually, field and spacetime must reach a new stable
configuration. As argued in Ref. [3], one possibility would
be that for some values of " the spontaneous scalarization
mechanism [4] could restabilize the star. In our context,
this would correspond to a symmetry breaking which would
lead h#̂i, which is null as calculated in the j0iin vacuum
state, to acquire a nonzero large value compatible with the
exponentially amplified h#̂2i [see Eq. (46)]. Whether the
star will end up destroyed or somehow rebalanced is
unknown at this point.

We close this section explaining how the vacuum energy
density amplification is consistent with energy conserva-
tion discussed below Eq. (23). For this purpose, let us note
that rað#bT̂

abÞ ¼ 0 can be rewritten as

@t!̂þ 1
ffiffiffiffiffiffiffiffi
ð3Þg

q @i

$ ffiffiffiffiffiffiffiffi
ð3Þg

q
ĵi
%
¼ 0; (49)

where ĵi & ! ffiffiffi
f

p
T̂i
0 is the energy-current density. The

corresponding vacuum expectation value can be calculated
and reads

inh0jĵij0iin "
ðBÞ ! !"Við !rÞe2 !"t=R3

s ; (50)

where ð3ÞriV
i & ðð3ÞgÞ!1=2@ið

ffiffiffiffiffiffiffiffi
ð3Þg

q
ViÞ ¼ 2 !"hð!rÞ. Thus,

the total energy is conserved because the gravitational field
redistributes the vacuum energy density in such a way that
an amplification of inh0j!̂j0iin somewhere with positive
magnitude must be compensated elsewhere by a corre-
sponding amplification with negative magnitude.

IV. PROBING THE AWOKEN PHASE
USING DETECTORS

Now, in order to probe the building up of the vacuum
energy density in region B, where the vacuum is awake by
the presence of tachyonic modes, we will look directly at
the response of Unruh-DeWitt detectors. We shall do so

because, as discussed in Sec. II B, the Fock-space states
have no natural particle-content interpretation [see discus-
sion below Eq. (20)]. Here, we relax the spherical symme-
try assumption of the previous section and consider regions
A and B as described by the line elements (31). Because we
want to avoid any contributions in the response coming
from the motion of the apparatus, the detector (with proper
time $) is made to lie static following an integral curve
x ¼ xð$Þ of the time-like isometry.
We consider here a two-level Unruh-DeWitt detector

represented by a Hermitian operator m̂0 acting in a
Hilbert space spanned by unexcited and excited energy
eigenstates jE0i and jEi (E> E0), respectively. The detec-
tor is prepared to be initially unexcited. For our purposes, it
is convenient to switch it on in the very beginning of region
B, where we set $ & 0. At the tree level, the excitation
probability as a function of the proper-time interval T is
given by [7]

Pexc ¼ jhEjm̂0jE0ij2F ð$EÞ; (51)

where $E & E! E0 and the response function is

F ð$EÞ ¼
Z T

0
d$

Z T

0
d$0e!i$Eð$!$0ÞGþ

in½xð$Þ; xð$0Þ+ (52)

with

Gþ
in½xð$Þ; xð$0Þ+ & inh0j#̂½xð$Þ+#̂½xð$0Þ+j0iin:

The two-point function is written throughout the spacetime
in terms of the in-modes as

Gþ
in½x; x0+ ¼

Z
d3kuðþÞ

k ðxÞuð!Þ
k ðx0Þ; (53)

where we recall that in the asymptotic past uð,Þ
k ðxÞ take the

simple form given in Eq. (34). Next, we suitably decom-

pose uðþÞ
k in terms of fvð,Þ

% g and fwð,Þ
" g as

uðþÞ
k ¼ &-

"kw
ðþÞ
" ! '"kw

ð!Þ
"

þ
Z

d(ð%Þð&-
%kv

ðþÞ
% ! '%kv

ð!Þ
% Þ; (54)

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

wðþÞ
" ¼ðBÞðe

"t!i)=12þe!"tþi)=12Þffiffiffiffiffiffiffi
2"

p
NðBÞðxÞ

FðBÞ
" ðxÞ; ">0: (55)

The tachyonic mode above will be labeled by " (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

vðþÞ
% ¼ðBÞ e!i$%t

ffiffiffiffiffiffiffiffiffiffi
2$%

p
NðBÞðxÞ

FðBÞ
% ðxÞ; $% > 0: (56)

The Bogoliubov coefficients in Eq. (54) are
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The time scale which rules how fast the vacuum energy

density increases is given by !"!1 " jVð0Þ
eff j!1=2 " Rs [see

Eq. (43)]. By using this, we rewrite Eq. (47) as

inh0j!̂j0iin "
ðBÞ !"hð!rÞe2 !"t=R3

s "
ðBÞ

hð !rÞ

% exp
!
t=ð10!5 sÞ
Rs=ð10 kmÞ

"
10!62 g=cm3

R4
s=ð10 kmÞ4 ; (48)

where hð!rÞ is a dimensionless function of !r & r=Rs (which
vanishes asymptotically and is of order unity for !r" 1). We
see from Eq. (48) that once the effect is triggered by a
neutron-like star with Rs ' 10 km, few milliseconds would
be enough for the vacuum energy density to become domi-
nant over the star classical mass-energy density (which can
be as high as 1014–1017 g=cm3). We must emphasize that
at some point the spacetime must backreact against the
growth of the vacuum energy density, affecting the field
and ceasing the instability by taming the tachyonic modes.
Eventually, field and spacetime must reach a new stable
configuration. As argued in Ref. [3], one possibility would
be that for some values of " the spontaneous scalarization
mechanism [4] could restabilize the star. In our context,
this would correspond to a symmetry breaking which would
lead h#̂i, which is null as calculated in the j0iin vacuum
state, to acquire a nonzero large value compatible with the
exponentially amplified h#̂2i [see Eq. (46)]. Whether the
star will end up destroyed or somehow rebalanced is
unknown at this point.

We close this section explaining how the vacuum energy
density amplification is consistent with energy conserva-
tion discussed below Eq. (23). For this purpose, let us note
that rað#bT̂

abÞ ¼ 0 can be rewritten as

@t!̂þ 1
ffiffiffiffiffiffiffiffi
ð3Þg

q @i

$ ffiffiffiffiffiffiffiffi
ð3Þg

q
ĵi
%
¼ 0; (49)

where ĵi & ! ffiffiffi
f

p
T̂i
0 is the energy-current density. The

corresponding vacuum expectation value can be calculated
and reads

inh0jĵij0iin "
ðBÞ ! !"Við !rÞe2 !"t=R3

s ; (50)

where ð3ÞriV
i & ðð3ÞgÞ!1=2@ið

ffiffiffiffiffiffiffiffi
ð3Þg

q
ViÞ ¼ 2 !"hð!rÞ. Thus,

the total energy is conserved because the gravitational field
redistributes the vacuum energy density in such a way that
an amplification of inh0j!̂j0iin somewhere with positive
magnitude must be compensated elsewhere by a corre-
sponding amplification with negative magnitude.

IV. PROBING THE AWOKEN PHASE
USING DETECTORS

Now, in order to probe the building up of the vacuum
energy density in region B, where the vacuum is awake by
the presence of tachyonic modes, we will look directly at
the response of Unruh-DeWitt detectors. We shall do so

because, as discussed in Sec. II B, the Fock-space states
have no natural particle-content interpretation [see discus-
sion below Eq. (20)]. Here, we relax the spherical symme-
try assumption of the previous section and consider regions
A and B as described by the line elements (31). Because we
want to avoid any contributions in the response coming
from the motion of the apparatus, the detector (with proper
time $) is made to lie static following an integral curve
x ¼ xð$Þ of the time-like isometry.
We consider here a two-level Unruh-DeWitt detector

represented by a Hermitian operator m̂0 acting in a
Hilbert space spanned by unexcited and excited energy
eigenstates jE0i and jEi (E> E0), respectively. The detec-
tor is prepared to be initially unexcited. For our purposes, it
is convenient to switch it on in the very beginning of region
B, where we set $ & 0. At the tree level, the excitation
probability as a function of the proper-time interval T is
given by [7]

Pexc ¼ jhEjm̂0jE0ij2F ð$EÞ; (51)

where $E & E! E0 and the response function is

F ð$EÞ ¼
Z T

0
d$

Z T

0
d$0e!i$Eð$!$0ÞGþ

in½xð$Þ; xð$0Þ+ (52)

with

Gþ
in½xð$Þ; xð$0Þ+ & inh0j#̂½xð$Þ+#̂½xð$0Þ+j0iin:

The two-point function is written throughout the spacetime
in terms of the in-modes as

Gþ
in½x; x0+ ¼

Z
d3kuðþÞ

k ðxÞuð!Þ
k ðx0Þ; (53)

where we recall that in the asymptotic past uð,Þ
k ðxÞ take the

simple form given in Eq. (34). Next, we suitably decom-

pose uðþÞ
k in terms of fvð,Þ

% g and fwð,Þ
" g as

uðþÞ
k ¼ &-

"kw
ðþÞ
" ! '"kw

ð!Þ
"

þ
Z

d(ð%Þð&-
%kv

ðþÞ
% ! '%kv

ð!Þ
% Þ; (54)

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

wðþÞ
" ¼ðBÞðe

"t!i)=12þe!"tþi)=12Þffiffiffiffiffiffiffi
2"

p
NðBÞðxÞ

FðBÞ
" ðxÞ; ">0: (55)

The tachyonic mode above will be labeled by " (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

vðþÞ
% ¼ðBÞ e!i$%t

ffiffiffiffiffiffiffiffiffiffi
2$%

p
NðBÞðxÞ

FðBÞ
% ðxÞ; $% > 0: (56)

The Bogoliubov coefficients in Eq. (54) are
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!!ð"Þ # 3Mð"Þ
4#½rð"Þ%3 (42)

is the corresponding average density up to the radius coor-
dinate rð"Þ, which encompasses a mass Mð"Þ. We remind
that according to general relativity R¼8#Gð!'3pÞ,
where p is the hydrostatic pressure which bears the star up
against its weight.

As discussed in Sec. II B, the appearance of tachyonic
modes in the present context will depend on the existence
of nontrivial solutions for Eq. (39). They are expected to
exist for negative enough effective potentials satisfying

jVðlÞ
effjR2

s * 1; (43)

where r ¼ Rs is the star radius. Because the centrifugal
barrier in Eq. (41) is positive, we look for tachyonic
solutions of Eq. (39) with l ¼ 0 which are the most likely
ones to exist (if any). By taking f( 1 and assuming !!( !,
we obtain from Eq. (41) that

Vð0Þ
eff (m2 þ ð$' 1=6ÞR:

Clearly, only the second term in the right-hand side can be
negative. Then, Eq. (43) implies that a necessary condition
for the existence of tachyonic modes with $ * 1 is

!

1015 g=cm3

!
Rs

7 km

"
2
* 1 (44)

and

m2=ð3:5+ 10'11 eVÞ2
!=ð1015 g=cm3Þ , 1; (45)

where we have set !( p. Equations (44) and (45) show
that the appearance of tachyonic modes for small $ values
in the spacetime of typical neutron stars requires the scalar
field to be light: m & 10'11 eV.

Although light scalars are widely considered in astro-
physics and cosmology, there is the issue about how much
extra mass they could acquire from Planck-scale radiative
corrections. For axions, e.g., a general expression for the
mass shift can be cast as %m2

a ( Kaf
nþ2
a =Mn

P, where Ka is
some unknown coupling constant, fa ( 1012 GeV is the
energy scale of the Peccei-Quinn symmetry breaking,
MP ( 1019 GeV is the Planck energy, and n is a model-
dependent positive integer (associated with the dimension
of the symmetry-breaking operators appearing in the ef-
fective Lagrangian) [15]. We see, then, that %ma can easily
exceed, e.g., 10'5 eV (ruling out axions as a dark matter
candidate) unless Ka and n turn out to be small and large
enough, respectively (see Ref. [16] and references therein).
Fortunately, explicit models showing how scalar fields can
be protected from acquiring large mass due to quantum
gravity effects have already been worked out (see, e.g.,
Ref. [17]). In our context, assuming the electroweak sym-
metry breaking of the standard model which has an energy
scale of "ESM ( 100 GeV, the corresponding mass shift

would be %m2 ( K"nþ2
ESM=M

n
P, where again K and n are

unknown. Here, we pragmatically assume that Planck-
scale effects will not shift the mass of our scalar field
beyond 10'12 eV. At this point, it is difficult to say how
strong this assumption is because of our lack of under-
standing of the Planck-scale physics. Still, this is much less
demanding than what is usually required for quintessence
fields where the mass shift cannot typically exceed the
mass scale defined by the Hubble constant 10'33 eV
[18]. A detailed analysis of this issue would be welcome
but goes far beyond the scope of this paper. For computa-
tional purposes, we take our scalar field to be massless.
By assuming stars with uniform and parabolic density

profiles and suitable $ values (typically $> 1=6 and
$ & '2), it was shown in Ref. [2] that tachyonic modes do
appear forM=Rs ratios compatible with neutron-like stars.
Now, let us proceed by recalling that the positive-norm

in-modes uðþÞ
k , which in region A look like as exhibited in

Eq. (34), will emerge, in general, as a combination of

positive- and negative-norm modes fvðþÞ
$l&; v

ð'Þ
$l&g and

fwðþÞ
#l&; w

ð'Þ
#l&g in region B [see Eqs. (36) and (37)].

Hence, not only the in-vacuum will not coincide in general
with the out-vacuum but also at least some of the in-modes
will certainly go through a phase of exponential growth
provided, of course, the existence of tachyonic modes

wð-Þ
#l&. This leads to what was denominated vacuum awak-

ening effect in relativistic stars, i.e., an exponential ampli-
fication of the vacuum fluctuations [1,2]. In order to see
this, we use Eq. (35) to calculate

inh0j$̂2j0iin (
ðBÞ

'
e2

!#t

8# !#

!
F !#0ð"Þ
rð"Þ

"
2
½1þOðe'(tÞ%; (46)

where F !#0ð"Þ denotes the solution of Eq. (39) with the

most negative eigenvalue,' !#2 (taking l ¼ 0, which is the
most favorable case), ( ¼ const> 0, and ' is a constant of
order unity whose value depends on (i) projections of

modes uð-Þ
k on wð-Þ

!#l&
and (ii) the quantum state, assumed

here to be the in-vacuum j0iin. It is worthwhile to empha-
size that ultraviolet divergences, which should be renor-
malized to obtain h$̂2i, are associated with the $ ! 1
sector of the oscillatory modes [see Eq. (35)] and does not
concern the tachyonic modes (#2 . !#2 <1), which are
the ones giving the dominant contribution in Eq. (46)
(because of the expð2 !#tÞ term). Accordingly, the expecta-
tion value of the vacuum energy density (23), namely,

inh0j!̂j0iin # na'b
inh0jT̂abj0iin;

experiences an exponential amplification:

inh0j!̂j0iin(
ðBÞ

'
!#e2

!#t

16#
ffiffiffi
f

p
$
1'4$

2r2
d
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d

d"

!
F !#0
!#r

"
2
"

þ $
!#2r2

d

d"

!F2
!#0

f

df

d"

"%
½1þOðe'(tÞ%: (47)
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✓ Numerical search for negative eigenvalues in the simplified case of a parabolic-density-profile 
compact object:

✓ In a few milliseconds the vacuum energy density would become comparable to the extremely 
dense matter constituting the compact object. And then what?



“Seed conjecture”
[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

A

A

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

A

A

B

B

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

A

A

B

B

C

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

A

A

B

B

C

✓ Supposedly, the amplified vacuum fluctuations would seed classical perturbations which would 
eventually evolve to the scalarized configuration; 

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



“Seed conjecture”

! Spontaneous scalarization
[T. Damour and G. Esposito-Farèse, PRL 70, 2220 (1993); PRD 54, 1474 (1996). T. Harada, Prog. Theor. Phys. 98, 359 (1997)]

✓ For some compact-object configurations, there are static, nonzero, asymptotically vanishing field 
profiles which are energetically favored (lower total gravitational mass for same baryonic mass) 
over the null field configuration; 

A

A

B

B

C

✓ Supposedly, the amplified vacuum fluctuations would seed classical perturbations which would 
eventually evolve to the scalarized configuration; 

✓ In the process, scalar particles/waves are emitted, carrying away (part of) the exceeding energy. 
[A. Landulfo, W. Lima, G. Matsas, and D.V., PRD 86, 104025 (2012); M. Ruiz, J. Degollado, M. Alcubierre, D. Núñes, 
and M. Salgado, PRD 86, 104044 (2012)]

[P. Pani, V. Cardoso, E. Berti, J. Read, and M. Salgado, PRD 83, 081501(R) (2011)]



! “Classicalization” of vacuum fluctuations: two steps

Quantum fluctuations X classical perturbations
[A. Landulfo, W. Lima, G. Matsas, and D.V., PRD 91, 024011 (2015)]  



! “Classicalization” of vacuum fluctuations: two steps

Quantum fluctuations X classical perturbations

1. Appearance of “classical correlations” 

Variables of a canonical pair (q,p) become strongly correlated: for some 
function f (q,p), 
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! “Classicalization” of vacuum fluctuations: two steps

Quantum fluctuations X classical perturbations

1. Appearance of “classical correlations” 

Variables of a canonical pair (q,p) become strongly correlated: for some 
function f (q,p), 

2. Decoherence  

Coherent quantum superposition becomes statistical mixture of “pointer” 
states (after tracing out the “environment” degrees of freedom E):
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$lµ + â†$lµv

(�)
$lµ) (15)

|0i = |0iu ⌦ |0is (16)

ˆH =

ˆHu +

ˆHs (17)

=

1

2

p̂2⌦ � ⌦

2

2

q̂2⌦ (18)

ˆHu = �⌦

2
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ
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sin θdθ
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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(â⌦â⌦ + â†⌦â
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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†
⌦) (19)

(= (20)

⇢R(q, q
0
; t) :=

Z
dE hq, E| ˆU(t)|0, E0ih0, E0| ˆU †

(t)|q0, Ei ⇠
t!1

P (q) �(q � q0) (21)

1

[A. Landulfo, W. Lima, G. Matsas, and D.V., PRD 91, 024011 (2015)]  



! Classical correlations from squeezing dynamics

Field: 

Hamiltonian:                      , 

Canonical variables:                             , 

Vacuum state:                       , where                 and                  . 

Quantum fluctuations X classical perturbations

d2�n
dt2

+ !2
n�n = 0 (1)

!n = 2⇡c/�n = n⇡c/L , n = 1, 2, 3, ... (2)

mc2 <

> mc2 � eV0 (3)

eV0 > 2mc2 (4)

Electric field ⇡ V0

�C
=

2m2c3

e~ ⇠ 10

18
V/m (5)

@2�

@t2
� @2�

@�2
+ V (t)� = 0 (6)

! (7)

� =

X

n

 n(t) sin[n⇡(�� �0)/L] (8)

�d2 n

dt2
+ [�V (t)] n =

n2⇡2

L2
 n (9)

| n|2 (10)

/ e�i!nt
(11)

/ ↵ne
⌦t

+ �ne
�⌦t

(12)

2 hNi (13)

hNi / e2⌦T
(14)

ˆ

� = â⌦w
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parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying
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for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
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#
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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d$ (â$lµv

(+)
$lµ + â†$lµv
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d! (â!lµv

(+)
!lµ + â†!lµv
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying
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0
dχψΩðχÞ2 ¼ 1

and
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0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has
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"
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#
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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Z
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dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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modes are decoupled and evolve independently. Thus, it is
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:
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ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
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has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]
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W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and

LANDULFO et al. PHYSICAL REVIEW D 91, 024011 (2015)

024011-4

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω
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has

ηðt; qÞ ¼
"
aðtÞ
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#
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
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dpWðq; pÞ ¼ jψðqÞj2

and
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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!lµ + â†!lµv

(�)
!lµ) (15)

ˆH =

ˆHu +

ˆHs (16)

=

1

2

p̂2⌦ � ⌦

2

2

q̂2⌦ (17)

ˆHu = �⌦

2
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying
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dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
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for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt
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and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has
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"
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#
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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Z
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−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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⌦ + â†⌦w

(�)
⌦ +

X

lµ

Z
d$ (â$lµv
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modes are decoupled and evolve independently. Thus, it is
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
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exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
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A useful tool to analyze the classicalization of a quantum
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represented by the density matrix ϱ̂, the associated
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W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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possible to write the vacuum state of the unstable quantum
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and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
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ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as
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and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
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parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
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−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and

LANDULFO et al. PHYSICAL REVIEW D 91, 024011 (2015)

024011-4

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω
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p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
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and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
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and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
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has
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]
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ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as
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harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:
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and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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and

LANDULFO et al. PHYSICAL REVIEW D 91, 024011 (2015)

024011-4

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω
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q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator
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Thus, the fact that âΩj0ui ¼ 0 implies
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and the definitions given in Eqs. (16) and (17), one
arrives at
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where the function αðtÞ is conveniently written as αðtÞ ¼
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and
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Finally, by solving Eq. (20) in the representation of the
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has
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
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ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity
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system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
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ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as
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for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies
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Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
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ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
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Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;
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harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity
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and the definitions given in Eqs. (16) and (17), one
arrives at
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where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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−∞
dpWðq; pÞ ¼ jψðqÞj2
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and
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Eq. (15) can be cast as
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Ω −
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q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying
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and
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dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
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#
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2
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q̂Ω that we shall investigate the classicalization of the
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Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
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evolution of the state j0ui. For this end, let us define
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arrives at
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ð21Þ

and
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Finally, by solving Eq. (20) in the representation of the
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has
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;
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Ω2

2
q2: ð26Þ
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2
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2
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#
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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unstable mode.
Next, we note that in this fixed-background regime the
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possible to write the vacuum state of the unstable quantum
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and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
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In what follows we will focus the discussion on the
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jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then
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harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
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Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2
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Z
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with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
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obeys
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We remark that Eq. (25) coincides with the Liouville
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down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and

LANDULFO et al. PHYSICAL REVIEW D 91, 024011 (2015)

024011-4

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω
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ÛðtÞ≡ e−itĤu : ð19Þ
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as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity
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In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
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0
dχψΩðχÞ2 ¼ 1

and
Z
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0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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state ϱ̂ turns more delocalized in both q and p representa-
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In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
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As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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jηðtÞi≡ ÛðtÞj0ui, with the evolution operator
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eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
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with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
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if ϱ̂ ¼ jψihψ j, then
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
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Thus, the fact that âΩj0ui ¼ 0 implies
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The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
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A useful tool to analyze the classicalization of a quantum
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represented by the density matrix ϱ̂, the associated
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ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ
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4π
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Z
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0
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π

0
sin θdθ
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0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
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has
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as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
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represented by the density matrix ϱ̂, the associated
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through

FROM QUANTUM TO CLASSICAL INSTABILITY IN … PHYSICAL REVIEW D 91, 024011 (2015)

024011-5

Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
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−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
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time evolution separately—see, e.g., Ref. [10].
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2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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Z
þ∞

−∞
dqWðq; pÞ ¼ j ~ψðpÞj2;

with ~ψðpÞ being the Fourier transform of ψðqÞ≡ hqjψi.
In the case of an upside-down harmonic oscillator, W

obeys

∂tWðt; q; pÞ ¼ fHðq; pÞ;Wðt; q; pÞg; ð25Þ

where f·; ·g denotes the Poisson bracket and Hðq; pÞ is the
classical Hamiltonian

Hðq; pÞ≡ 1

2
p2 −

Ω2

2
q2: ð26Þ

We remark that Eq. (25) coincides with the Liouville
equation for the classical system defined by the
Hamiltonian (26). (We emphasize that this result holds
only for quadratic potentials.) In order to analyze Eq. (25),
it is useful to rewrite it in terms of the variables

u≡ p −Ωq
2

and v≡ pþ Ωq
2

; ð27Þ

which leads to

∂tW ¼ Ωðu∂u − v∂vÞW: ð28Þ

For localized states, Eq. (28) tends to exponentially stretch
the Wigner function along the v direction and exponentially
squeeze it along the u direction. This behavior just reflects
the structure of the classical phase space of the upside-
down harmonic oscillator. The orbits of the Hamiltonian
(26) are hyperbolas with asymptotes at the lines u ¼ 0 and
v ¼ 0, while u ¼ v ¼ 0 is a saddle point. Physically, this
means that the particles are generally pushed away from the
origin by the potential.
In our particular case, we have from Eq. (23) that the

density matrix of the squeezed vacuum is

ϱðt; q; q0Þ ¼
ffiffiffiffiffiffiffiffi
aðtÞ
π

r
e−

1
2aðtÞðq

2þq02Þ−i
2bðtÞðq

2−q02Þ; ð29Þ

and, thus, the corresponding Wigner function gives

Wðt; q; pÞ ¼ 1

π
exp

"
−aðtÞq2 − ½pþ bðtÞq&2

aðtÞ

#
: ð30Þ

In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that
a ≈ 2Ωe−2Ωt and b ≈ −Ω. Hence, the state j0ui evolves into
a highly squeezed state and Eq. (30) reduces to

Wðt; q; pÞ ≈Ωt≫1 jηðt; qÞj2δðp −ΩqÞ; ð31Þ

where δ denotes the usual delta distribution. As time goes
by, the Wigner function (30) becomes negligibly small

away from the classical trajectory u ¼ 0. This shows that
when Ωt ≫ 1, the possible values for the amplitude
(proportional to q) and momentum (proportional to p) of
the unstable mode are correlated along a classical trajectory
in the phase space.
The expression forW given in Eq. (30) is positive, a fact

that holds for any Wigner function associated with a
Gaussian state. Moreover, from Eq. (24), W also satisfiesRþ∞
−∞ dqdpW ¼ 1. Thus, it can be seen as a probability
distribution over the classical phase space of the system.
This interpretation, combined with the appearance of
classical correlations, is sometimes regarded as a kind of
quantum-to-classical transition. In cosmology, for instance,
it can account for some of the features of the cosmic
microwave background inhomogeneities [15–17], which
can be traced back to the quantum fluctuations present in
the inflationary epoch [18,19].
Notwithstanding, there are some reasons why one should

regard this kind of quantum-to-classical transition as being
incomplete. For instance, looking at Eq. (29) one sees that
while W becomes peaked at a classical trajectory, the pure
state ϱ̂ turns more delocalized in both q and p representa-
tions. Besides, W cannot be interpreted as a probability
distribution in general. (As remarked above, the Wigner
function can assume negative values, a fact directly related
to interference.) Fortunately, these difficulties can be over-
come if one takes into account decoherence effects. In
inflationary cosmology, a more comprehensive understand-
ing of the quantum-to-classical transition including
decoherence was tackled, e.g., in Refs. [20–25].

IV. DECOHERENCE AND THE EMERGENCE OF
CLASSICAL INITIAL CONDITIONS

In order to complete the picture of the quantum-to-
classical transition, we shall analyze the loss of quantum
coherence by the scalar field during the unstable phase.
As anticipated, we shall study the decoherence process
induced by the interaction between the quantum scalar field
and quantum fluctuations of the gravitational field. To do
so, we will apply standard perturbative quantum field
theory techniques to gravity from the perspective of an
effective field theory [26–28].

A. Environment

We start by considering the classical action

S ¼ SEH þ SΦ þ SM: ð32Þ

The Einstein-Hilbert action is given by

SEH½gab&≡ 2

κ2

Z

M
d4x

ffiffiffiffiffiffi−gp
R;

with κ ≡ ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
and g≡ det gab, the scalar field action is

defined through
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π
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Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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✓ Environment for decoherence: metric fluctuations (gravitons) and the other field modes

Initial state: 

  

                                                                                             

Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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! Decoherence
✓ In the fixed classical-background regime,                          stays pure at all times. In particular, 

                                                   , even though                        gets exponentially amplified.  

Quantum fluctuations X classical perturbations

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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✓ Environment for decoherence: metric fluctuations (gravitons) and the other field modes

Initial state: 

Reduced state:    
   

                                                                                             

Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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! Decoherence
✓ In the fixed classical-background regime,                          stays pure at all times. In particular, 

                                                   , even though                        gets exponentially amplified.  

Quantum fluctuations X classical perturbations

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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✓ Environment for decoherence: metric fluctuations (gravitons) and the other field modes

Initial state: 

Reduced state:    
   
Master equation:                                                                                               ,                                                                                                

                                                                                             

Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
2ωα

dϖ
2ϖ

!
e−iðωαþϖÞðτ−τ0Þ

×
eβωα

eβωα − 1
j
1
ΓðjÞ
lμ ðα;ϖÞj2

þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
ΓðjÞ
lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
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q þ ∂2
q0Þ −
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−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4
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dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
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×
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In Eq. (83), β≡ ðkBTÞ−1,
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dΣfεðjÞαab½Ωs
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and
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ð1Þab
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where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT
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α
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
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1

2
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q0Þ −
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2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ
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2ωα
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: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
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lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ
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dϑðαÞ
2ω2

α

dϖ
2ϖ
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þ
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! Decoherence
✓ In the fixed classical-background regime,                          stays pure at all times. In particular, 

                                                   , even though                        gets exponentially amplified.  

Quantum fluctuations X classical perturbations

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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✓ Environment for decoherence: metric fluctuations (gravitons) and the other field modes

Initial state: 

Reduced state:    
   
Master equation:                                                                                               ,                                                                                                

✓  D is a diffusion coefficient which, assuming a thermal background of gravitons with 
temperature              , is given by 

                                                                                             

Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu
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0Þ
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0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu
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≡
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In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
2ωα

dϖ
2ϖ

!
e−iðωαþϖÞðτ−τ0Þ

×
eβωα

eβωα − 1
j
1
ΓðjÞ
lμ ðα;ϖÞj2

þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
ΓðjÞ
lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
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in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
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expected to localize the state in these representations.
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background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.
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representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
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1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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Then, by factorizing all the dimensional terms above,D can
be simply written as

D ¼ 8πΔ
!
lP

R

"
2
!
kBT
Ω

"
Ω2: ð87Þ

In Eq. (87), Δ is a dimensionless quantity whose precise
value will not be relevant to estimate the decoherence time
scale, although it is expected to be of order unity.

D. Estimation of the decoherence time scale and the
width of the pointer states

Here, we are interested only in the decoherence effects
produced by the localization term in Eq. (77), the master
equation describing the unstable mode in its long-time
regime. As already mentioned—see discussion below
Eq. (74)—the other terms appearing in that master equation
are essentially of two types: either they also produce
decoherence but are not able to localize the state in the
amplitude and momentum representations or they are
responsible for damping effects. While the former only
reinforce the consequences of the localization term in
Eq. (77), the latter are not important when the coupling
with the environment is weak. Therefore, in order to
estimate the decoherence rate in the long-time regime,
one can drop these terms and consider the following
equations:

∂tϱred ¼ −i
#
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

$
ϱred

−Dðq − q0Þ2ϱred ð88Þ

and

∂tWred ¼ fHðq; pÞ;WredgþD∂2
pWred; ð89Þ

with Hðq; pÞ given in Eq. (26).
A possible route to estimate the decoherence time scale

is to investigate the temporal behavior of the Wigner
function sign. As mentioned earlier, the Wigner function
is not positive in general. Nevertheless, decoherence should
suppress any negative region in the course of time. Indeed,
it was shown in Ref. [47] that for a nonrelativistic free
quantum particle, the presence of a localization term in
position in the master equation makes the corresponding
Wigner function positive after a certain time td, regardless
of the initial state of the system. This result was extended in
Ref. [48] for systems defined by quadratic Hamiltonians
and with more general couplings with the environment.
Following Refs. [47,48], the time td after which the

Wigner function Wred becomes positive is the solution of
the equation

det½Mð−tdÞ& ¼
1

4
; ð90Þ

where, in the case of our Eq. (89),

det½Mð−tÞ& ¼ D2

Ω4

#
cosh 2Ωt − 1

2
− ðΩtÞ2

$
: ð91Þ

The feebleness of the gravitational interaction implies in
our case that D ≪ Ω2 and, thus, from Eqs. (90) and (91)
one obtains

2D2

Ω4
cosh 2Ωtd ≈ 1:

Then, by using Eq. (87), one concludes that

td ∼
1

Ω
ln
#

1

8πΔ

!
R
lP

"
2 Ω
kBT

$
; ð92Þ

which gives us an estimate for the decoherence time scale.
The logarithm in Eq. (92) shows that the decoherence
process depends weakly on the magnitude of the interaction
with the environment, codified in the diffusion coefficient—
see Eq. (87). This logarithmic dependence results from the
combination of the squeezing caused by the time evolution
and the weak coupling between the unstable mode and its
environment. In particular, td does not depend much on the
value ofΔ. For the case of a neutron star (R ∼ 10 km), if one
assumesΔ ∼ 1 and a cosmic gravitational wave background
with temperature T ∼ 1 K, then td ∼ 160 ×Ω−1 ∼ 160 × R,
which is of the order of the backreaction time scale
tbr ∼ 10−3 s, when the vacuum and ordinary star energy
densities rival each other. We note thatΩtd ≫ 1, complying
with the long-time approximation.
The investigation we have undertaken so far suggests

that by the time backreaction becomes important, both the
appearance of classical correlations and decoherence have
been effective to turn the unstable sector of the initial
vacuum state into a classically correlated statistical mixture
of localized states in the amplitude and momentum repre-
sentations. The form of these pointer states depends on both
the internal dynamics of the open quantum system and its
interaction with the environment, and it has been derived in
just a few examples [49,50]. However, within the simpli-
fications made in this section, it is possible to estimate the
width of these pointer states. To do so, we shall again make
use of the variables u and v defined in Eq. (27) to cast
Eq. (89) as

∂tWred ¼ Ωðu∂u − v∂vÞWred

þD
4
ð∂2

u þ ∂2
v þ 2∂uvÞWred: ð93Þ

By assuming the weak-coupling limit, the state is squeezed
along the u direction and stretched along the v direction, as
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
2ωα

dϖ
2ϖ

!
e−iðωαþϖÞðτ−τ0Þ

×
eβωα

eβωα − 1
j
1
ΓðjÞ
lμ ðα;ϖÞj2

þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
ΓðjÞ
lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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! Decoherence
✓ In the fixed classical-background regime,                          stays pure at all times. In particular, 

                                                   , even though                        gets exponentially amplified.  

Quantum fluctuations X classical perturbations

of harmonic oscillators. Hence, we shall revisit the quan-
tum upside-down harmonic oscillator in the light of our
problem.
By defining the operators

q̂Ω ≡ 1ffiffiffiffiffiffi
2Ω

p ðâΩ þ âΩ†Þ ð16Þ

and

p̂Ω ≡ −i
ffiffiffiffi
Ω
2

r
ðâΩ − âΩ†Þ; ð17Þ

Eq. (15) can be cast as

Ĥu ¼
1

2
p̂2
Ω −

Ω2

2
q̂2Ω:

The operators (16) and (17) are related to the field operator
ϕ̂ and its time derivative according to

q̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφϕ̂ð0;xÞψΩðχÞ

and

p̂Ω ¼ 1ffiffiffiffiffiffi
4π

p
Z

þ∞

0
rdχ

Z
π

0
sin θdθ

Z
2π

0
dφ∂tϕ̂ð0;xÞψΩðχÞ:

In order to obtain these expressions, we have used that ψΩ
can be chosen to be a real function satisfying

Z
þ∞

0
dχψΩðχÞ2 ¼ 1

and
Z

þ∞

0
dχψΩðχÞψϖ00ðχÞ ¼ 0;

for all ϖ > 0, and the orthogonality between the spherical
harmonics. It will be with respect to the observables p̂Ω and
q̂Ω that we shall investigate the classicalization of the
unstable mode.
Next, we note that in this fixed-background regime the

modes are decoupled and evolve independently. Thus, it is
possible to write the vacuum state of the unstable quantum
field as the following tensor product:

j0i ¼ j0si ⊗ j0ui; ð18Þ

where j0si and j0ui are defined by âϖlμj0si ¼ 0, for allϖ, l
and μ, and âΩj0ui ¼ 0. Therefore, one can separate the
Fock space in its stable and unstable sectors and study their
time evolution separately—see, e.g., Ref. [10].
In what follows we will focus the discussion on the

evolution of the state j0ui. For this end, let us define
jηðtÞi≡ ÛðtÞj0ui, with the evolution operator

ÛðtÞ≡ e−itĤu : ð19Þ

Thus, the fact that âΩj0ui ¼ 0 implies

ÛðtÞâΩÛ†ðtÞjηðtÞi ¼ 0:

Then, by using the identity

ÛðtÞâΩÛ†ðtÞ ¼ âΩ coshΩt − iâΩ† sinhΩt

and the definitions given in Eqs. (16) and (17), one
arrives at

p̂ΩjηðtÞi ¼ αðtÞq̂ΩjηðtÞi; ð20Þ

where the function αðtÞ is conveniently written as αðtÞ ¼
i½aðtÞ þ ibðtÞ& with

aðtÞ≡ Ω
cosh 2Ωt

ð21Þ

and

bðtÞ≡ −Ω tanh 2Ωt: ð22Þ

Finally, by solving Eq. (20) in the representation of the
eigenstates of q̂Ω, i.e., solving for ηðt; qÞ≡ hqjηðtÞi, one
has

ηðt; qÞ ¼
"
aðtÞ
π

#
1=4

eiαðtÞq
2=2: ð23Þ

The wave function (23) is known in the literature
as the squeezed vacuum state. The evolution operator
defined in Eq. (19) is the squeeze operator Ŝðs; βÞ≡
exp f−sðe−i2βâΩâΩ − ei2βâΩ†âΩ†Þ=2g, with the squeezing
parameter s ¼ Ωt and the squeezing angle β ¼ −π=4. For a
detailed account on the properties of these states, see, e.g.,
Refs. [12,13].
A useful tool to analyze the classicalization of a quantum

system is the Wigner function. Given a general state
represented by the density matrix ϱ̂, the associated
Wigner function is defined by [14]

Wðt; q; pÞ≡ 1

2π

Z
þ∞

−∞
dyϱðt; q − y=2; qþ y=2Þeipy;

ð24Þ

with ϱðt; q; q0Þ≡ hqjϱ̂ðtÞjq0i. From Eq. (24), one sees that
W is a real function, but not necessarily positive. Moreover,
if ϱ̂ ¼ jψihψ j, then

Z
þ∞

−∞
dpWðq; pÞ ¼ jψðqÞj2

and
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✓ Environment for decoherence: metric fluctuations (gravitons) and the other field modes

Initial state: 

Reduced state:    
   
Master equation:                                                                                               ,                                                                                                

✓  D is a diffusion coefficient which, assuming a thermal background of gravitons with 
temperature              , is given by 

                                                                                             

✓  Decoherence time scale given by                                    . For 

Z

Σ
dΣFΩðxÞ2 ¼ 1;

Z

Σ
dΣFϖlμðxÞFϖ0l0μ0ðxÞ$ ¼ δll0δμμ0δðϖ −ϖ0Þ;

and

Z

Σ
dΣFΩðxÞFϖlμðxÞ$ ¼ 0;

the free scalar field action (38) can be cast as

Sϕ½ϕ& ¼ Sϕ½ϕs& þ Sϕ½ϕu&: ð44Þ

For the interaction action, Eq. (40), we observe that the
tensors Tab, Uabcd, Vabcde, and Wabcdef depend quadrati-
cally on ϕ and its derivatives. Hence, by employing the
decomposition (41), the energy-momentum tensor can be
written as

Tab ¼ TðsÞ
ab þ TðuÞ

ab þ tab; ð45Þ

where Tðs=uÞ
ab corresponds to the tensor given in Eq. (2)

calculated for ϕs=u and

tab ≡ ð1 − 2ξÞð∇aϕs∇bϕu þ∇aϕu∇bϕsÞ
þ 2ξRabϕsϕu − 2ξðϕs∇a∇bϕu

þ ϕu∇a∇bϕsÞ þ ð4ξ − 1Þ½∇cϕs∇cϕu

þ ðm2 þ ξRÞϕsϕu&gab: ð46Þ

We note that, in contrast to the tensor TðuÞ
ab , the expression

given in Eq. (46) depends linearly on the amplitude of the
field ϕu and its derivatives. As for the other three tensors,
one has

Uabcd ¼ UðsÞ
abcd þ UðuÞ

abcd þ uabcd;

Vabcde ¼ VðsÞ
abcde þ VðuÞ

abcde þ vabcde;

and

Wabcdef ¼ WðsÞ
abcdef þWðuÞ

abcdef þ wabcdef:

In these expressions,Uðs=uÞ
abcd , V

ðs=uÞ
abcde, andW

ðs=uÞ
abcdef are tensors

obtained from Eqs. (A1)–(A3) when one replaces ϕ by ϕs=u,
while the form of uabcd, vabcde, and wabcdef can be easily
deduced from these equations and depend linearly on ϕs
and on ϕu and its derivatives. We omit the expressions for
these tensors, since they are long and will not contribute in
the calculations that follow. This approach of splitting the
quantum field into two sets of modes according to some
scale was employed in Ref. [31] to study the decoherence
of modes above a certain wavelength in a λϕ4 model, and it

is a useful strategy to tackle the issue of the emergence of a
classical order parameter in phase transitions [32–34].
In our setting, one does not expect quantum fluctuations

of the metric and the stable modes of ϕ to have any relevant
influence on the background spacetime during the unstable
phase. They, however, are perceived by the unstable mode,
becoming entangled with it due to the interaction (40) in the
course of the time evolution.

B. Derivation of the master equation

Once one has defined the environment, it is possible to
construct the master equation for the reduced density
matrix. We start by assuming that at t ¼ 0 the total density
matrix of the system formed by the scalar perturbations and
gravitons can be written as

ϱ̂ð0Þ ¼ ϱ̂sð0Þ ⊗ ϱ̂uð0Þ ⊗ ϱ̂γð0Þ;

with ϱ̂sð0Þ, ϱ̂uð0Þ, and ϱ̂γð0Þ denoting the initial states of the
stable modes, unstable mode, and gravitons, respectively.
Thus, initially these subsystems are uncorrelated. In the
field amplitude representation, the reduced density matrix
for the unstable sector of the field at t > 0 is defined by
tracing out the gravitons and stable degrees of freedom
according to

ϱredðt;φu;φu
0Þ≡

Z
dφsdςabhφu;φs; ςabjϱ̂ðtÞjφu

0;φs; ςabi:

ð47Þ

Above, we have denoted by jφsi, jφui, and jςabi the
eigenstates of the field operators ϕ̂s, ϕ̂u, and γ̂ab, respec-
tively, at t ¼ 0. The time evolution of the reduced density
matrix can be written as

ϱredðt;φu;φu
0Þ ¼

Z
dψudψu

0ϱuð0;ψu;ψu
0Þ

× Jredðt;φu;φu
0; 0;ψu;ψu

0Þ; ð48Þ

wherein ϱuð0;ψu;ψu
0Þ≡ hψujϱ̂uð0Þjψu

0i and Jred stands for
the reduced propagator. Here, the reduced propagator is
defined in terms of the following functional integral:

Jredðt;φu;φu
0; 0;ψu;ψu

0Þ

≡
Z

φu

ψu

Dϕu

Z
φu

0

ψu
0
Dϕu

0eifSϕ½ϕu&−Sϕ½ϕu
0&gF½ϕu;ϕu

0&: ð49Þ

In Eq. (49), F stands for the Feynman-Vernon influence
functional [35] and is given by
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Z

Σ
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Z

Σ
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
2ωα

dϖ
2ϖ

!
e−iðωαþϖÞðτ−τ0Þ

×
eβωα

eβωα − 1
j
1
ΓðjÞ
lμ ðα;ϖÞj2

þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
ΓðjÞ
lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime
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state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to
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and
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dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as

Kðτ − τ0Þ ¼ Re
X

jlμ

Z
dϑðαÞ
2ωα

dϖ
2ϖ

!
e−iðωαþϖÞðτ−τ0Þ

×
eβωα

eβωα − 1
j
1
ΓðjÞ
lμ ðα;ϖÞj2

þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
ΓðjÞ
lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ

Z
dϑðαÞ
2ω2

α

dϖ
2ϖ

! j
1
ΓðjÞ
lμ ðα;ϖÞj2

ðωα þϖÞ2 þΩ2

þ
j
2
ΓðjÞ
lμ ðα;ϖÞj2

ðωα −ϖÞ2 þ Ω2

"
: ð86Þ

LANDULFO et al. PHYSICAL REVIEW D 91, 024011 (2015)

024011-12

on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.
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free field evolution. As discussed in Sec. III, the free
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Then, by factorizing all the dimensional terms above,D can
be simply written as

D ¼ 8πΔ
!
lP

R

"
2
!
kBT
Ω

"
Ω2: ð87Þ

In Eq. (87), Δ is a dimensionless quantity whose precise
value will not be relevant to estimate the decoherence time
scale, although it is expected to be of order unity.

D. Estimation of the decoherence time scale and the
width of the pointer states

Here, we are interested only in the decoherence effects
produced by the localization term in Eq. (77), the master
equation describing the unstable mode in its long-time
regime. As already mentioned—see discussion below
Eq. (74)—the other terms appearing in that master equation
are essentially of two types: either they also produce
decoherence but are not able to localize the state in the
amplitude and momentum representations or they are
responsible for damping effects. While the former only
reinforce the consequences of the localization term in
Eq. (77), the latter are not important when the coupling
with the environment is weak. Therefore, in order to
estimate the decoherence rate in the long-time regime,
one can drop these terms and consider the following
equations:

∂tϱred ¼ −i
#
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

$
ϱred

−Dðq − q0Þ2ϱred ð88Þ

and

∂tWred ¼ fHðq; pÞ;WredgþD∂2
pWred; ð89Þ

with Hðq; pÞ given in Eq. (26).
A possible route to estimate the decoherence time scale

is to investigate the temporal behavior of the Wigner
function sign. As mentioned earlier, the Wigner function
is not positive in general. Nevertheless, decoherence should
suppress any negative region in the course of time. Indeed,
it was shown in Ref. [47] that for a nonrelativistic free
quantum particle, the presence of a localization term in
position in the master equation makes the corresponding
Wigner function positive after a certain time td, regardless
of the initial state of the system. This result was extended in
Ref. [48] for systems defined by quadratic Hamiltonians
and with more general couplings with the environment.
Following Refs. [47,48], the time td after which the

Wigner function Wred becomes positive is the solution of
the equation

det½Mð−tdÞ& ¼
1

4
; ð90Þ

where, in the case of our Eq. (89),

det½Mð−tÞ& ¼ D2

Ω4

#
cosh 2Ωt − 1

2
− ðΩtÞ2

$
: ð91Þ

The feebleness of the gravitational interaction implies in
our case that D ≪ Ω2 and, thus, from Eqs. (90) and (91)
one obtains

2D2

Ω4
cosh 2Ωtd ≈ 1:

Then, by using Eq. (87), one concludes that

td ∼
1

Ω
ln
#

1

8πΔ

!
R
lP

"
2 Ω
kBT

$
; ð92Þ

which gives us an estimate for the decoherence time scale.
The logarithm in Eq. (92) shows that the decoherence
process depends weakly on the magnitude of the interaction
with the environment, codified in the diffusion coefficient—
see Eq. (87). This logarithmic dependence results from the
combination of the squeezing caused by the time evolution
and the weak coupling between the unstable mode and its
environment. In particular, td does not depend much on the
value ofΔ. For the case of a neutron star (R ∼ 10 km), if one
assumesΔ ∼ 1 and a cosmic gravitational wave background
with temperature T ∼ 1 K, then td ∼ 160 ×Ω−1 ∼ 160 × R,
which is of the order of the backreaction time scale
tbr ∼ 10−3 s, when the vacuum and ordinary star energy
densities rival each other. We note thatΩtd ≫ 1, complying
with the long-time approximation.
The investigation we have undertaken so far suggests

that by the time backreaction becomes important, both the
appearance of classical correlations and decoherence have
been effective to turn the unstable sector of the initial
vacuum state into a classically correlated statistical mixture
of localized states in the amplitude and momentum repre-
sentations. The form of these pointer states depends on both
the internal dynamics of the open quantum system and its
interaction with the environment, and it has been derived in
just a few examples [49,50]. However, within the simpli-
fications made in this section, it is possible to estimate the
width of these pointer states. To do so, we shall again make
use of the variables u and v defined in Eq. (27) to cast
Eq. (89) as

∂tWred ¼ Ωðu∂u − v∂vÞWred

þD
4
ð∂2

u þ ∂2
v þ 2∂uvÞWred: ð93Þ

By assuming the weak-coupling limit, the state is squeezed
along the u direction and stretched along the v direction, as
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on the amplitude and momentum and, thus, are not
expected to localize the state in these representations.
We note that, even though it was assumed that the

background is curved by a compact spherical object, the
analysis we carried out so far applies for more general static
spacetimes.

C. Long-time regime

Our next task is to show that Eq. (73) does localize the
state of the unstable mode in the amplitude and momentum
representations. To do so, let us assume that initially the
unstable mode is in the state j0ui. We emphasize that this
choice only serves to simplify the calculations. Due to the
feebleness of the gravitational interaction, the evolution
dictated by the master equation (73) is dominated by the
free field evolution. As discussed in Sec. III, the free
dynamics acts as a squeeze operator. Thus, in the long-time
regime (Ωt ≫ 1) the initial state becomes highly squeezed.
In this case Eq. (20) leads to

−i∂qϱred ≈ Ωqϱred ð75Þ

and

i∂q0ϱred ≈Ωq0ϱred: ð76Þ

Then, by substituting Eqs. (75) and (76) into Eq. (73), the
master equation reduces to

∂tϱred ≈ −i
!
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

"
ϱred

−Dðq − q0Þ2ϱred þ $ $ $ ; ð77Þ

with the diffusion coefficient D > 0 given by

D≡ κ2

4

Z
þ∞

0
dτKðτÞe−Ωτ ð78Þ

and

Kðτ−τ0Þ≡Reh½Q̂ðτÞþΩP̂ðτÞ&½Q̂ðτ0ÞþΩP̂ðτ0Þ&i: ð79Þ

As for Wred, one has the following equation:

∂tWred ≈ fHðq; pÞ;WredgþD∂2
pWred þ $ $ $ : ð80Þ

The second term in Eq. (77) ensures the localization of ϱ̂red
in both amplitude and momentum representations, due to
the relation between q and p set by Eqs. (75) and (76).
One can estimate the magnitude of the diffusion coef-

ficient in the following manner. As mentioned earlier, we
assume the existence of a gauge in which the graviton field
admits the following decomposition:

γ̂abðt;xÞ ¼
X

j

Z
dϑðαÞffiffiffiffiffiffiffiffi
2ωα

p b̂ðjÞα e−iωαtεðjÞαabðxÞ þ H:c: ð81Þ

Here, α denotes all the pertinent quantum numbers, j labels
the graviton polarizations, b̂ðjÞα denotes the graviton anni-
hilation operator, εðjÞαab is the spatial part of the mode, and
ωα > 0. As for the field operator ϕ̂s, one has

ϕ̂sðt;xÞ ¼
X

lμ

Z
dϖâϖlμv

ðþÞ
ϖlμðt;xÞ þ H:c:; ð82Þ

with vðþÞ
ϖlμ given in Eq. (6). Thus, by substituting Eqs. (81)

and (82) into the expressions for the operators P̂ and Q̂,
Eqs. (67) and (68), with the aid of Eqs. (65) and (66),
Eq. (79) can be cast as
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×
eβωα

eβωα − 1
j
1
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þ eiðωα−ϖÞðτ−τ0Þ

eβωα − 1
j
2
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lμ ðα;ϖÞj2

"
: ð83Þ

In Eq. (83), β≡ ðkBTÞ−1,

1
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞαab½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ & ð84Þ

and

2
ΓðjÞ
lμ ðα;ϖÞ≡

Z

Σ
dΣfεðjÞ(αab ½Ωs

ð1Þab
ϖlμ þ sð2Þabϖlμ &; ð85Þ

where sð1Þabϖlμ and sð2Þabϖlμ come from Eqs. (65) and (66),

respectively, after we replace ϕs by vðþÞ
ϖlμ and factorize

e−iϖτ. The tensors sð1Þabϖlμ and sð2Þabϖlμ are weighted by the
spatial part of the unstable mode, FΩ ¼ ψΩY00=r, with ψΩ
as a “bound solution” of Eq. (11) with width of order Ω−1.
As a result,

1
ΓðjÞ
lμ and

2
ΓðjÞ
lμ can be neglected for α and ϖ

such that ωα;ϖ ≫ Ω. Thus, the main contribution for the
integrals in Eq. (83) comes from gravitons and stable
modes with frequency up to orderΩ. Consequently, one can
define the high-temperature regime here as kBT ≫ Ω. In
the spacetime of a neutron star, this regime is achieved at
temperatures T ∼ 1 K, in which case the diffusion coef-
ficient given in Eq. (78) reduces to

D ¼ κ2

4
ΩkBT

X

jlμ
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1
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þ
j
2
ΓðjÞ
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ðωα −ϖÞ2 þ Ω2

"
: ð86Þ
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Then, by factorizing all the dimensional terms above,D can
be simply written as

D ¼ 8πΔ
!
lP

R

"
2
!
kBT
Ω

"
Ω2: ð87Þ

In Eq. (87), Δ is a dimensionless quantity whose precise
value will not be relevant to estimate the decoherence time
scale, although it is expected to be of order unity.

D. Estimation of the decoherence time scale and the
width of the pointer states

Here, we are interested only in the decoherence effects
produced by the localization term in Eq. (77), the master
equation describing the unstable mode in its long-time
regime. As already mentioned—see discussion below
Eq. (74)—the other terms appearing in that master equation
are essentially of two types: either they also produce
decoherence but are not able to localize the state in the
amplitude and momentum representations or they are
responsible for damping effects. While the former only
reinforce the consequences of the localization term in
Eq. (77), the latter are not important when the coupling
with the environment is weak. Therefore, in order to
estimate the decoherence rate in the long-time regime,
one can drop these terms and consider the following
equations:

∂tϱred ¼ −i
#
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

$
ϱred

−Dðq − q0Þ2ϱred ð88Þ

and

∂tWred ¼ fHðq; pÞ;WredgþD∂2
pWred; ð89Þ

with Hðq; pÞ given in Eq. (26).
A possible route to estimate the decoherence time scale

is to investigate the temporal behavior of the Wigner
function sign. As mentioned earlier, the Wigner function
is not positive in general. Nevertheless, decoherence should
suppress any negative region in the course of time. Indeed,
it was shown in Ref. [47] that for a nonrelativistic free
quantum particle, the presence of a localization term in
position in the master equation makes the corresponding
Wigner function positive after a certain time td, regardless
of the initial state of the system. This result was extended in
Ref. [48] for systems defined by quadratic Hamiltonians
and with more general couplings with the environment.
Following Refs. [47,48], the time td after which the

Wigner function Wred becomes positive is the solution of
the equation

det½Mð−tdÞ& ¼
1

4
; ð90Þ

where, in the case of our Eq. (89),

det½Mð−tÞ& ¼ D2

Ω4

#
cosh 2Ωt − 1

2
− ðΩtÞ2

$
: ð91Þ

The feebleness of the gravitational interaction implies in
our case that D ≪ Ω2 and, thus, from Eqs. (90) and (91)
one obtains

2D2

Ω4
cosh 2Ωtd ≈ 1:

Then, by using Eq. (87), one concludes that

td ∼
1

Ω
ln
#

1

8πΔ

!
R
lP

"
2 Ω
kBT

$
; ð92Þ

which gives us an estimate for the decoherence time scale.
The logarithm in Eq. (92) shows that the decoherence
process depends weakly on the magnitude of the interaction
with the environment, codified in the diffusion coefficient—
see Eq. (87). This logarithmic dependence results from the
combination of the squeezing caused by the time evolution
and the weak coupling between the unstable mode and its
environment. In particular, td does not depend much on the
value ofΔ. For the case of a neutron star (R ∼ 10 km), if one
assumesΔ ∼ 1 and a cosmic gravitational wave background
with temperature T ∼ 1 K, then td ∼ 160 ×Ω−1 ∼ 160 × R,
which is of the order of the backreaction time scale
tbr ∼ 10−3 s, when the vacuum and ordinary star energy
densities rival each other. We note thatΩtd ≫ 1, complying
with the long-time approximation.
The investigation we have undertaken so far suggests

that by the time backreaction becomes important, both the
appearance of classical correlations and decoherence have
been effective to turn the unstable sector of the initial
vacuum state into a classically correlated statistical mixture
of localized states in the amplitude and momentum repre-
sentations. The form of these pointer states depends on both
the internal dynamics of the open quantum system and its
interaction with the environment, and it has been derived in
just a few examples [49,50]. However, within the simpli-
fications made in this section, it is possible to estimate the
width of these pointer states. To do so, we shall again make
use of the variables u and v defined in Eq. (27) to cast
Eq. (89) as

∂tWred ¼ Ωðu∂u − v∂vÞWred

þD
4
ð∂2

u þ ∂2
v þ 2∂uvÞWred: ð93Þ

By assuming the weak-coupling limit, the state is squeezed
along the u direction and stretched along the v direction, as
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Then, by factorizing all the dimensional terms above,D can
be simply written as

D ¼ 8πΔ
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kBT
Ω
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In Eq. (87), Δ is a dimensionless quantity whose precise
value will not be relevant to estimate the decoherence time
scale, although it is expected to be of order unity.

D. Estimation of the decoherence time scale and the
width of the pointer states

Here, we are interested only in the decoherence effects
produced by the localization term in Eq. (77), the master
equation describing the unstable mode in its long-time
regime. As already mentioned—see discussion below
Eq. (74)—the other terms appearing in that master equation
are essentially of two types: either they also produce
decoherence but are not able to localize the state in the
amplitude and momentum representations or they are
responsible for damping effects. While the former only
reinforce the consequences of the localization term in
Eq. (77), the latter are not important when the coupling
with the environment is weak. Therefore, in order to
estimate the decoherence rate in the long-time regime,
one can drop these terms and consider the following
equations:

∂tϱred ¼ −i
#
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ

$
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−Dðq − q0Þ2ϱred ð88Þ

and

∂tWred ¼ fHðq; pÞ;WredgþD∂2
pWred; ð89Þ

with Hðq; pÞ given in Eq. (26).
A possible route to estimate the decoherence time scale

is to investigate the temporal behavior of the Wigner
function sign. As mentioned earlier, the Wigner function
is not positive in general. Nevertheless, decoherence should
suppress any negative region in the course of time. Indeed,
it was shown in Ref. [47] that for a nonrelativistic free
quantum particle, the presence of a localization term in
position in the master equation makes the corresponding
Wigner function positive after a certain time td, regardless
of the initial state of the system. This result was extended in
Ref. [48] for systems defined by quadratic Hamiltonians
and with more general couplings with the environment.
Following Refs. [47,48], the time td after which the

Wigner function Wred becomes positive is the solution of
the equation

det½Mð−tdÞ& ¼
1

4
; ð90Þ

where, in the case of our Eq. (89),

det½Mð−tÞ& ¼ D2

Ω4

#
cosh 2Ωt − 1

2
− ðΩtÞ2

$
: ð91Þ

The feebleness of the gravitational interaction implies in
our case that D ≪ Ω2 and, thus, from Eqs. (90) and (91)
one obtains

2D2

Ω4
cosh 2Ωtd ≈ 1:

Then, by using Eq. (87), one concludes that

td ∼
1

Ω
ln
#

1

8πΔ
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kBT
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; ð92Þ

which gives us an estimate for the decoherence time scale.
The logarithm in Eq. (92) shows that the decoherence
process depends weakly on the magnitude of the interaction
with the environment, codified in the diffusion coefficient—
see Eq. (87). This logarithmic dependence results from the
combination of the squeezing caused by the time evolution
and the weak coupling between the unstable mode and its
environment. In particular, td does not depend much on the
value ofΔ. For the case of a neutron star (R ∼ 10 km), if one
assumesΔ ∼ 1 and a cosmic gravitational wave background
with temperature T ∼ 1 K, then td ∼ 160 ×Ω−1 ∼ 160 × R,
which is of the order of the backreaction time scale
tbr ∼ 10−3 s, when the vacuum and ordinary star energy
densities rival each other. We note thatΩtd ≫ 1, complying
with the long-time approximation.
The investigation we have undertaken so far suggests

that by the time backreaction becomes important, both the
appearance of classical correlations and decoherence have
been effective to turn the unstable sector of the initial
vacuum state into a classically correlated statistical mixture
of localized states in the amplitude and momentum repre-
sentations. The form of these pointer states depends on both
the internal dynamics of the open quantum system and its
interaction with the environment, and it has been derived in
just a few examples [49,50]. However, within the simpli-
fications made in this section, it is possible to estimate the
width of these pointer states. To do so, we shall again make
use of the variables u and v defined in Eq. (27) to cast
Eq. (89) as

∂tWred ¼ Ωðu∂u − v∂vÞWred

þD
4
ð∂2

u þ ∂2
v þ 2∂uvÞWred: ð93Þ

By assuming the weak-coupling limit, the state is squeezed
along the u direction and stretched along the v direction, as
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Then, by factorizing all the dimensional terms above,D can
be simply written as

D ¼ 8πΔ
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lP
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kBT
Ω

"
Ω2: ð87Þ

In Eq. (87), Δ is a dimensionless quantity whose precise
value will not be relevant to estimate the decoherence time
scale, although it is expected to be of order unity.

D. Estimation of the decoherence time scale and the
width of the pointer states

Here, we are interested only in the decoherence effects
produced by the localization term in Eq. (77), the master
equation describing the unstable mode in its long-time
regime. As already mentioned—see discussion below
Eq. (74)—the other terms appearing in that master equation
are essentially of two types: either they also produce
decoherence but are not able to localize the state in the
amplitude and momentum representations or they are
responsible for damping effects. While the former only
reinforce the consequences of the localization term in
Eq. (77), the latter are not important when the coupling
with the environment is weak. Therefore, in order to
estimate the decoherence rate in the long-time regime,
one can drop these terms and consider the following
equations:

∂tϱred ¼ −i
#
1

2
ð−∂2

q þ ∂2
q0Þ −

Ω2

2
ðq2 − q02Þ
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−Dðq − q0Þ2ϱred ð88Þ

and

∂tWred ¼ fHðq; pÞ;WredgþD∂2
pWred; ð89Þ

with Hðq; pÞ given in Eq. (26).
A possible route to estimate the decoherence time scale

is to investigate the temporal behavior of the Wigner
function sign. As mentioned earlier, the Wigner function
is not positive in general. Nevertheless, decoherence should
suppress any negative region in the course of time. Indeed,
it was shown in Ref. [47] that for a nonrelativistic free
quantum particle, the presence of a localization term in
position in the master equation makes the corresponding
Wigner function positive after a certain time td, regardless
of the initial state of the system. This result was extended in
Ref. [48] for systems defined by quadratic Hamiltonians
and with more general couplings with the environment.
Following Refs. [47,48], the time td after which the

Wigner function Wred becomes positive is the solution of
the equation

det½Mð−tdÞ& ¼
1

4
; ð90Þ

where, in the case of our Eq. (89),

det½Mð−tÞ& ¼ D2

Ω4

#
cosh 2Ωt − 1

2
− ðΩtÞ2

$
: ð91Þ

The feebleness of the gravitational interaction implies in
our case that D ≪ Ω2 and, thus, from Eqs. (90) and (91)
one obtains

2D2

Ω4
cosh 2Ωtd ≈ 1:

Then, by using Eq. (87), one concludes that

td ∼
1

Ω
ln
#

1

8πΔ
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; ð92Þ

which gives us an estimate for the decoherence time scale.
The logarithm in Eq. (92) shows that the decoherence
process depends weakly on the magnitude of the interaction
with the environment, codified in the diffusion coefficient—
see Eq. (87). This logarithmic dependence results from the
combination of the squeezing caused by the time evolution
and the weak coupling between the unstable mode and its
environment. In particular, td does not depend much on the
value ofΔ. For the case of a neutron star (R ∼ 10 km), if one
assumesΔ ∼ 1 and a cosmic gravitational wave background
with temperature T ∼ 1 K, then td ∼ 160 ×Ω−1 ∼ 160 × R,
which is of the order of the backreaction time scale
tbr ∼ 10−3 s, when the vacuum and ordinary star energy
densities rival each other. We note thatΩtd ≫ 1, complying
with the long-time approximation.
The investigation we have undertaken so far suggests

that by the time backreaction becomes important, both the
appearance of classical correlations and decoherence have
been effective to turn the unstable sector of the initial
vacuum state into a classically correlated statistical mixture
of localized states in the amplitude and momentum repre-
sentations. The form of these pointer states depends on both
the internal dynamics of the open quantum system and its
interaction with the environment, and it has been derived in
just a few examples [49,50]. However, within the simpli-
fications made in this section, it is possible to estimate the
width of these pointer states. To do so, we shall again make
use of the variables u and v defined in Eq. (27) to cast
Eq. (89) as

∂tWred ¼ Ωðu∂u − v∂vÞWred

þD
4
ð∂2

u þ ∂2
v þ 2∂uvÞWred: ð93Þ

By assuming the weak-coupling limit, the state is squeezed
along the u direction and stretched along the v direction, as

FROM QUANTUM TO CLASSICAL INSTABILITY IN … PHYSICAL REVIEW D 91, 024011 (2015)

024011-13

[A. Landulfo, W. Lima, G. Matsas, and D.V., PRD 91, 024011 (2015)]  



✓ Vacuum fluctuations can be (exponentially) amplified by well-behaved 
background evolutions;

Conclusions



✓ Vacuum fluctuations can be (exponentially) amplified by well-behaved 
background evolutions; 

✓ This may be seen as the quantum aspect of an instability whose classical 
counterpart is spontaneous scalarization for some coupling values (more 
below);

Conclusions



✓ Vacuum fluctuations can be (exponentially) amplified by well-behaved 
background evolutions; 

✓ This may be seen as the quantum aspect of an instability whose classical 
counterpart is spontaneous scalarization for some coupling values (more 
below); 

✓ In this case, by the time backreation becomes important, the vacuum 
fluctuations have acquired classical correlations and lost coherence, 
seeding classical perturbations which evolve to the scalarized 
configuration;

Conclusions



✓ Vacuum fluctuations can be (exponentially) amplified by well-behaved 
background evolutions; 

✓ This may be seen as the quantum aspect of an instability whose classical 
counterpart is spontaneous scalarization for some coupling values (more 
below); 

✓ In this case, by the time backreation becomes important, the vacuum 
fluctuations have acquired classical correlations and lost coherence, 
seeding classical perturbations which evolve to the scalarized 
configuration; 

✓ However, this scenario partially depends on the state of gravitons;

Conclusions



✓ Vacuum fluctuations can be (exponentially) amplified by well-behaved 
background evolutions; 

✓ This may be seen as the quantum aspect of an instability whose classical 
counterpart is spontaneous scalarization for some coupling values (more 
below); 

✓ In this case, by the time backreation becomes important, the vacuum 
fluctuations have acquired classical correlations and lost coherence, 
seeding classical perturbations which evolve to the scalarized 
configuration; 

✓ However, this scenario partially depends on the state of gravitons; 
✓ Moreover, for some values of the coupling   scalarization doesn’t seem to 

be a possibility (energetically disfavored in comparison to the null field 
configuration, even the latter being unstable).
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generally referred to as “environment” [7]. Both the
appearance of classical correlations and the process of
decoherence in this open system depend, in principle, on
the system internal dynamics and its interaction with the
environment. The form of the interaction is particularly
important: it defines according to what observable the
system will be regarded as classical [8].
Here, we are interested in the behavior of the unstable

modes of the scalar field, since they dominate the vacuum
fluctuations. We will show that for these modes the internal
dynamics will be enough to produce classical correlations.
The decoherence process needed to ensure the quantum-to-
classical transition, as defined above, will depend on the
interaction of the scalar field with gravity. The most natural
environment to consider is the one formed by the quantum
fluctuations of the background metric—gravitons. These
will not be the only degrees of freedom of our environment,
though. The coupling of the scalar field with gravity
induces an interaction between the unstable and stable
modes of the scalar field, making the latter ones also part of
the environment. From this analysis we can estimate the
time scale for the unstable modes to become classical with
respect to their amplitude and canonically conjugate
momentum. This time scale is of fundamental importance
to determine whether backreaction may be treated in the
classical rather than semiclassical realm.
The paper is organized as follows. In Sec. II we briefly

revisit the quantization of an unstable free scalar field
nonminimally coupled to gravity in the spacetime of a
relativistic star. In Sec. III we focus on the sector of the
Fock space related to the unstable modes and describe the
evolution of the corresponding vacuum state through its
Wigner function representation. It is shown that the field
amplitude and its canonically conjugate momentum
become classically correlated in a time scale comparable
to the one set by when backreaction becomes important.
Next, in Sec. IV we discuss the loss of coherence of the
vacuum fluctuations. By integrating out the degrees of
freedom of the gravitons and of the stable modes of the
scalar field, we obtain a master equation for the density
matrix describing the state of the unstable modes. The
analysis of this master equation shows that by the time
backreaction becomes important the initially pure vacuum
state has already evolved into a mixture of localized states
in field amplitude and momentum. We close the discussion
and make our final remarks in Sec. V. Throughout the
text we shall assume that ℏ ¼ c ¼ 1, and the signature
ð−þþþÞ for the spacetime metric.

II. GRAVITY-INDUCED INSTABILITY

We start by considering a real scalar field ϕ evolving
over a globally hyperbolic spacetime background ðM; gabÞ
curved by some classical-matter distribution. The field
obeys the Klein-Gordon equation,

−∇a∇aϕþ ðm2 þ ξRÞϕ ¼ 0; ð1Þ

where m ≥ 0 is the field mass, ξ ∈ R is the nonminimal
coupling parameter, and R stands for the scalar curvature.
The associated energy-momentum tensor is given by

Tab ¼ ð1 − 2ξÞ∇aϕ∇bϕþ ξRabϕ2 − 2ξϕ∇a∇bϕ

þ
!
2ξ −

1

2

"
gab½∇cϕ∇cϕþ ðm2 þ ξRÞϕ2&; ð2Þ

where Rab stands for the Ricci tensor.
We quantize the field ϕ according to the canonical

procedure. Then, the field operator ϕ̂ can be expanded
in terms of a complete set of positive- and negative-norm
solutions fuðþÞ

α ; uð−Þα gα∈I ,

ϕ̂ ¼
Z

dϑðαÞ½âαu
ðþÞ
α þ âα†u

ð−Þ
α &; ð3Þ

with uðþÞ
α and uð−Þα ≡ uðþÞ'

α orthonormalized according to
the Klein-Gordon inner product. Here, I stands for some
set of good quantum numbers, while ϑ denotes some
measure over this set. As usual, the canonical commutation
relations combined with the completeness of the modes
imply that the creation and annihilation operators âα† and
âα, respectively, satisfy

½âα; âβ†& ¼ δϑðα; βÞ; ð4Þ

while other commutators vanish. The δϑ denotes the delta
distribution according to the measure ϑ, i.e.,R
dϑðαÞfðαÞδϑðα; βÞ ¼ fðβÞ. Finally, the vacuum state asso-

ciated with the selected set of modes is defined by
demanding âαj0i ¼ 0 for all α ∈ I .
Assuming that the background spacetime is curved by

the presence of a static, spherically symmetric compact
object, its metric can be written as

ds2 ¼ −fðdt2 − dχ2Þ þ r2ðdθ2 þ sin2 θdφ2Þ; ð5Þ

where f ¼ fðχÞ > 0 and r ¼ rðχÞ ≥ 0 are functions of the
radial coordinate χ such that limχ→þ∞fðχÞ ¼ 1,
limχ→þ∞rðχÞ=χ ¼ 1, and dr=dχ > 0. The last requirement
prevents the existence of trapped surfaces. By using the
symmetries of the underlying spacetime, it is possible to
find a set of time-oscillating positive-norm solutions of
Eq. (1) with the form

vðþÞ
ϖlμðt;xÞ ¼

e−iϖt
ffiffiffiffiffiffiffi
2ϖ

p ψϖlðχÞ
rðχÞ

Ylμðθ;φÞ; ð6Þ

where x denotes the spatial coordinates, while Ylμ stands
for the spherical harmonics, with l ¼ 0; 1; 2;… and
μ ¼ −l;−lþ 1;…; l, and ϖ > 0. The radial part of vðþÞ

ϖlμ
satisfies
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