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Brans-Dicke Gravitation Theory

0e00

The original Brans-Dicke theory is defined by the Lagrangian

¢;p¢;p
L=y/-9g{PR—w ® +v—9Lm,

and a flat FLRW metric -
ds? = dt? — a(t)dx'dx’/

(1)

(2)
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Brans-Dicke Gravitation Theory
[e]e] o]

For the Matter component £, two models are analyzed
e A perfect fluid

™ = (p+p)u"u” — g"p, 3)

with state equation p = ap.

Tiago H. B. Alves (PPGFIS - UFES) Fluid and scalar field representation in the Brans-Dicke theory 10 de abril de 2025



Brans-Dicke Gravitation Theory
[e]e] o]

For the Matter component £, two models are analyzed
e A perfect fluid

™ = (p+p)u"u” — g"p, 3)

with state equation p = ap.
e A scalar field with self interaction

1 .
TMV = €<¢;M¢;V - 2guu¢);p¢'p> +gp,1/ V(¢) (4)
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Brans-Dicke Gravitation Theory
[e]e]e] ]

3
8mpy = €5 + V(9), (5)
12
8mpy = e - V(9). (6)
or,
e? = 8mu(py+Py), (7)
V() = 8m(ps — Ps), (8)
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Field solution
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® Field solution
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Field solution
o] lee)]

2 _ p ﬂﬁ_ 9
3H 87r¢+2¢2 3H¢,
.. . 8
b+ 3Hd = 3+2w(p—3p),
p+3H(p+p) = O.
For the scalar field
1 ¢? w H2 ®
2 ) - _
3H (D{ez +V(¢)}+2¢2 3H¢,
. L 8 -
O+ 3Hd = —3+2w{eq’) —4V(¢)},
p+3Hp = —Vy(9).

9)

(10)
(11)
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Field solution
[e]o] le]

Solutions Gurevich?

9L. E. Gurevich, A. M. Finkelstein e V. A. Ruban. “On the problem of the initial state in the isotropic scalar-tensor
cosmology of Brans-Dicke". Em: Astrophysics and Space Science 22.2 (1973). ISSN: 0004640X. DOI:
10.1007/BF00647424.

alt) = af, (15)
O(t) = Dot (16)

2[1 + w(1 — a)]

= arsu(i—a?)’ a7
__ 2(1-3a)
* T Frse(i-ad) L

Tiago H. B. Alves (PPGFIS - UFES) Fluid and scalar field representation in the Brans-Dicke theory 10 de abril de 2025


https://doi.org/10.1007/BF00647424

Field solution
[e]o] le]

Solutions Gurevich?

9Gurevich, Finkelstein e Ruban, “On the problem of the initial state in the isotropic scalar-tensor cosmology of
Brans-Dicke”.

at) = af, (15)
O(t) = ot (16)
Einstein’s Solution
alt) = ath (17)
O(f) = o+ Bint, (18)
fo
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e Gravitation Theory Field solution
[e]o]e] )

The initial conditions of the fluid are derived

po [4 — 6a + 3w(1 — a)?]
877%—2<3+2w> @+ 3001 — o) (19)
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Field solution

[e]o]e] )

The initial conditions of the fluid are derived

po [4 — 6a + 3w(1 — a)?]
87r2<3+2w> T (19)

For the scalar field we found the solutions in terms of the energy density

6 = *oot?, ¢o= W (20)
Vi) = Wit Vo =41 — a)po, (21)
and the potential in terms of the scalar field
V(6) = Tog?=D3, U= 22)
0
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Einstein’s frame
@000000

© Einstein’s frame

Alves (PPGFIS - UFES) Fluid and scalar field representation in the Brans-Dicke theory 10 de abril de 2025



e Gravitation Theory tion Einstein’s frame
0O@00000

With the following conformal transformation

G = ¢_1§wﬂ
we obtain the Lagrangian in Einstein Frame
L=/ —g{f? — na;pa;p}—i—ﬁm (e_;EQW, \U>
using this time a metric FRLW like

ds® = dr2 — b(r)dx'dx/

(23)

(24)

(25)

Tiago H. B. Alves (PPGFIS - UFES) Fluid and scalar field representation in the Brans-Dicke theory

10 de abril de 2025




ke Gravitation Theory tion Einstein’s frame
[e]e] le]e]e]e)

The conformal changes for perfect fluid

T Tu _2~o o2 ~\~ o~ ~~
T = =5 =6 27T, = (p+ P)U.l — PGy (26)

with,
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e Gravitation Theory

Einstein’s frame
0008000

Solutions are:

with,

= boT;7
= oo+ SInT,
F o= 4(1 _0‘)77
—B(1—a?)n+ (1 —3a)%?’
5 4(1 — 3a)y

6(1 —a?)n+ (1 — 3a)242

(28)
(29)

(30)

(31)
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ke Gravitation Theory ution Einstein’s frame
0O000@00

The initial energy density

[4 — 6a + 3w(1 — a)?]
[5—3a+3w(1 —a?))?

87 Gpo = 2(3 + 2w)
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Einstein’s frame

0O000@00

The initial energy density

[4 — 6a + 3w(1 — a)?]

87Gpo = 2(3 + 2w) 5 30 3u(l _a)F (32)
Comparing with Jordan’s frame the numerator is the same
_ _ 2
gr 20 = 2<3+2w> 4 ba +3u(1 —a)] (33)

[4+3w(1 —a?)]?
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Einstein’s frame

O0000e0

Again for matter componet like a scalar field

~ 1. -
87TGT;w = g(dj;uwu - zguz/lppwp> +9uv U(¢)7 (34)

n comparing with perfect fluid we obtain

@2 = 8rG(1+ )p, (35)
Uw) = 4rG(1 —a) (36)

i
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e Gravitation Theory tion Einstein’s frame

O00000e

Solutions for matter field

v = ++/81Gpo(1 + a)élnT, (37)

_ _ Y
= 47 G(1 a)poexp{:FZ 871'G/30(1+a)€}' (38)
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e Gravitation Theory

Conditions analyzed

0O@0000000

Two main conditions are analyzed. For both, Jordan and Einstein, Frame. For 3 kinds of

parameter in the state equation, pressureless fluid (. = 0), cosmological constant (o« = —1),
and phantom fluid (o = —2).

1 - For a universe in attractive gravity

] Jordan Frame \ Einstein Frame \

4—6a-+3w(1—a)? ~ 4—60a+3w(1—a)?
8 = 2(3 + 2w) Pl > 0 | 8rGpo = 2(3 + 2w) fgiiel=] > 0
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e Gravitation Theory

Conditions analyzed

0O@0000000

Two main conditions are analyzed. For both, Jordan and Einstein, Frame. For 3 kinds of

parameter in the state equation, pressureless fluid (o« = 0), cosmological constant (« = —1),
and phantom fluid (o = —2).

1 - For a universe in attractive gravity

] Jordan Frame \ Einstein Frame \

— —a)? = = —o)°
grin — 2(3+2w)% >0 | 87Gpo = 2(34‘2“)% >0

2 - For a universe in accelerated expansion

| Jordan Frame | Einstein Frame |

g _ F(thﬂ >0 % _ ?(7;1) >0
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e Gravitation Theory on g ne Conditions analyzed
[e]e] le]e]ele]e]e]

Fora=20
] | JordanFrame | Einstein Frame
Scale factor a o tise bo 1%
Brans-Dicke field ® ot -
Potential V() = Voo ®U+%) | U(y) -E Jr(Szci)gu;aw)
exp{ — SR 1/)}
V2(3 + 2w)(4 + 3w)
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Conditions analyzed
[e]o]e] le]elele]e]

] Jordan Frame | Einstein Frame \
r<0;t<o r<0;7<0
: l l
For attraction _% cw< 1 1/6<w<1/2
r>1,t>0 r>1,7>0
1 1
—-1/2<w<0 w<0orw>49/18
>0
For accelerated expansion w < —3/2 and po > 0 for all interval
—4/3 <w
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e Gravitation Theory [¢ e Conditions analyzed
O [e]o]ele] Jelele]e]

Fora = —1
] | Jordan Frame | Einstein Frame |
Scale factor ao otz bxrT?
Brans-Dicke field b x 12 -
Potential Vo Uy
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Conditions analyzed
000008000

For a = —1
] \ Jordan Frame \ Einstein Frame
r<0;t<0 r<0;t<0
: 4 \
For attraction W< —1/2 W=D
r>1. >0 r>1:. >0
1 AL
w<—1/3orw>4/9 w<0
>0
For accelerated expansion w= 1/2;;|'L:d< —&2 po > 0 exceptfor —-5/6 <w <0
-5/6<w<—-1/2
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e Gravitation Theory

Conditions analyzed
0O00000e00

Fora=-2

|

| Jordan Frame

Einstein Frame

Scale factor

246w
aoc tio

i)
b o< 7% 18w

Brans-Dicke field ¢ tros -
i _ et “3(3+ 2w)(16 + 27w)
Potential V(o) = Voo U(y) = e '
o { B 11— 9w w}
P /BB r2w)(16 + 27w)
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e Gravitation Theory

Conditions analyzed
000000080

Fora = -2

\ Jordan Frame

Einstein Frame

r<0;t<o0 Fr<0;,7<0
: i \
For attraction w<—1/30rw> 4/9 w<00rw>49/18
r>1;,t>0 r>1,7r>0
1 \:
w< —1/30orw>4/9 49/18 < w < 49/30
5>0
For accelerated expansion w < —03/2 and po>0= -27/16 <w < —3/2
—4/3 <w
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Gravitation Theor eld solutio s frame Conditions analyzed

O0000000e
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Conditions analyzed
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