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Part 3: the angular power spectrum 

•  Perturbed FLRW geometry 
–  large scale anisotropies 

•  Acoustic oscillations in plasma 
–  Baryon loading 
–  Diffusion damping 
–  Reionisation 

•  Parameter constraints from 
angular power spectrum 



•  Curvature and entropy perturbation: 

–  Adiabatic initial conditions: 

–  Isocurvature initial conditions: 

Initial conditions on large scales: 

Large-scale perturbations

• energy conservation in arbitrary gauge

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

• simple in uniform-density gauge (�⇢ = 0)

3H�Pnad + 3 (⇢+ P ) ⇣ 0 + (⇢+ P )r2V = 0

) ⇣ 0 = �H �Pnad

⇢+ P
� 1

3
r2V

• Conserved quantities on large scales (r2V = 0)

– radiation

⇣� =
1

4
�� + �

– Matter

⇣m =
1

3
�m + �

• Curvature+entropy perturbations

⇣ =
4⇢�⇣� + 4⇢m⇣m
4⇢� + 3⇢m

, Sm = 3(⇣m � ⇣�)

• Adiabatic initial conditions

⇣ = ⇣� = ⇣m = constant , Sm = 0

Isocurvature initial conditions

⇣� = 0 , Sm = 3⇣m = constant

• Inflation sets-up an initial scale-invariant spectrum P⇣ on large scales
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Intrinsic Sachs-Wolfe effect (on large scales) 

Radiation/matter dynamics

• Barotropic fluid with constant (isotropic) equation of state P = w⇢

• Equation of motion for  = ��

 00 + 3(1 + w)H 0 + wr2 = 0

Initial conditions (large-scale)

 !  0 = �3(1 + w)

5 + 3w
⇣

• Growing-mode solutions:

– Radiation era (w = 1/3):

 k(⌘) = ⇣�
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3
⇣� as k⌘ ! 0

! 0 as k⌘ ! 1 (58)

– Matter era (w = 0):

 k(⌘) = �3

5
⇣m

• Sachs-Wolfe e↵ect on large-scales in matter era

�T
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5
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– Adiabatic perturbations (Sm = 0, ⇣� = ⇣m)
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– Isocurvature perturbations (⇣� = 0, Sm = 3⇣m)
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5
Sm = 2 ⇤

– hence angular power spectrum on large scales
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Newtonian potential: 
Radiation/matter dynamics

• Barotropic fluid with constant (isotropic) equation of state P = w⇢

• Equation of motion for  = ��
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Initial conditions (large-scale)
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– Matter era (w = 0):
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• Sachs-Wolfe e↵ect on large-scales in matter era
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Potential constant in matter era



Potential decays in radiation era
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Part 3: the angular power spectrum 

•  Perturbed FLRW geometry 
–  large scale anisotropies 

•  Acoustic oscillations in plasma 
–  Baryon loading 
–  Diffusion damping 
–  Reionisation 

•  Parameter constraints from 
angular power spectrum 



Acoustic oscillations

Neglecting baryons

• Coupled energy and momentum conservation equations for radiation in conformal
Newtonian gauge
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Acoustic oscillations (neglecting baryons) 
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Acoustic oscillations (neglecting baryons) 

H
u 0802.3668  

rarefaction (under-dense)



compression (over-dense)





Acoustic oscillations 

H
u 0802.3668  

•  Acoustic scale: 
–  Wavenumber 

–  Length scale 

–  Angular scale    

–  in matter-dominated universe  

–  Adiabatic initial conditions: 

–  Isocurvature initial conditions: 
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Acoustic oscillations (neglecting baryons) 
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Acoustic oscillations (neglecting baryons) 

¼δγ+Ψ 
H
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Effect of matter density 

background.uchicago.edu/~whu/‎ 



Acoustic oscillations (including baryons) 
Adding baryons

(⇢� + P�)V� + (⇢b + Pb)Vb = (1 +R)(⇢� + P�)Vb�

where

R ⌘ ⇢b + Pb
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Tight-coupling
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• Coupled energy and momentum conservation equations
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– odd peaks (ks⇤ = (2n+ 1)⇡) higher than even peaks (ks⇤ = 2n⇡)
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Effect of baryon loading 
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Acoustic oscillations (damping tail) 
Damping tail

• Tight-coupling approximation breaks down on small scales

– finite photon scattering rate: ne�T

– leading to finite (Compton) mean free path: �C = (ne�T )�1.

• Photon di↵usion length scale, due to random walk

�D =
p
N�C =

s

⌘

�C

�C

gives geometric mean of mean free path and horizon size

�D =
q

⌘�C

• Acts as damping term in oscillator equation

• Full Boltzmann calculation gives

�D ' 64.5 Mpc
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2

0.14

!�0.278  
⌦bh

2

0.024

!�0.18
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–  Tight-coupling breaks down on small scales 
•  Finite mean free path for photons 

•  Anisotropic shear viscosity, πγ 
•  Photon diffusion due to random walk 

¼δγ+Ψ 
H

u 0802.3668  



Reionisation: 

•  Absence of Gunn-Peterson trough 
–  No absorption by neutral H in quasar spectra 
–  Neutral gas reionised by first stars at z>6 

•  Optically thin (τ ~ 0.1) “smog” between us and recombination 
–  re-scatters 10% of CMB photons 
–  suppresses small-scale anisotropies 

H + � ! p+ + e�

⌧re ⇡ 0.1



Effect of reionisation 
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