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Part 2: the anisotropic CMB 

•  Inhomogeneities 
–  Fourier modes 
–  Spherical harmonics 

•  CMB sphere 
–  Sudden recombination 

•  Perturbed FLRW geometry 
–  Sachs-Wolfe formula 
–  perturbed dynamics 
–  large scale anisotropies 



homogeneous background dynamics 
•  Spatially flat metric: 

•  Einstein energy constraint G00 + evolution Gij equations: 

•  Energy conservation 
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5.2.1 Dynamical equations

Background: FRW metric

ds2 = a2
n

�d⌘2 + �ijdx
idxj

o

. (111)

The Einstein equations give the Friedmann constraint and evolution equation for the
background (spatially flat,  = 0) FRW universe

H2 =
8⇡G

3
a2⇢ , (112)

H0 = �4⇡G

3
a2 (⇢+ 3P ) , (113)

and energy conservation gives the continuity equation

⇢0 = �3H (⇢+ P ) , (114)

where ⇢ and P = w⇢ are the total energy density and the total pressure, a prime denotes
a derivative with respect to conformal time, ⌘, the scale factor is a, and H ⌘ a0/a is the
conformal Hubble parameter.

Radiation domination:

P� = ⇢�/3 , ⇢� / a�4 , a / t1/2 / ⌘ . (115)

Matter domination:

Pm = 0 , ⇢m / a�3 , a / t2/3 / ⌘2 . (116)

Vacuum domination

Pv = �⇢vc
2 ⇢v = constant , a / eHt / 1/(⌘1 � ⌘) (117)
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inhomogeneity 

•  Density field: 

•  Fourier decomposition: 
 

–  Different k-modes evolve independently at first-order 

•  Power spectrum: 

brackets denote ensemble average (over many realisations) 
 
Variance in real space 
 
dimensionless power (per log k) 
 
spectral tilt 

3 Cosmological perturbations

Inhomogeneities

Density
⇢(⌘) ! ⇢(⌘, ~x) = ⇢̄(⌘) + �⇢(⌘, ~x)

Fourier modes
�⇢~k(⌘) =

Z

d3~x �⇢(⌘, xi) e�i~k.~x

�⇢(⌘, ~x) =
1

(2⇡)3

Z

d3~k �⇢~k(⌘) e
i~k.~x

Di↵erent ~k-modes evolve independently at first-order.
Power spectrum for statistically isotropic field:

h�⇢~k1�⇢~k2i = (2⇡)3�3(~k1 + ~k2)P (k1)

Angle brackets denote ensemble average, over many realisations.
Variance in real space

h�⇢2(⌘, ~x)i = 1

(2⇡)3

Z

d3~k P (k) =
Z

d(ln k)P

Dimensionless power spectrum

P(k) =
k3

2⇡2
P (k)
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Anisotropies on sphere: 
•  Photon distribution (at first order): 

•  Spherical harmonic decomposition: 

»  where 

•  Angular power spectrum: 

Anisotropies

Photon distribution at first-order

f(p, T̄ ) != f(p, T̄ (1 +⇥(⌘, ~x, p̂)))

Beyond first order we must take account of spectral distortions (see Pitrou and Stebbins,
2014).
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Spherical harmonics

⇥(⌘, ~x, p̂) =
1
X
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+
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m=�`

alm(⌘, ~x)Y`m(p̂)

where
Z

d⌦nY`m(n̂)Y
⇤
`0m0(n̂) = �``0�mm0

Angular power spectrum
ha⇤`ma`0m0i = �``0�mm0C`
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Spherical harmonics:  

monopole 

dipole 

quadrupole 

octopole 

Z
d⌦nY`m(n̂)Y ⇤

`0m0(n̂) = �``0�mm0

by Clem Pryke, Minnesota 



Angular power spectrum 

l(l+1)Cl 

ha⇤`ma`0m0i = �``0�mm0C`

by Clem Pryke, Minnesota 



Part 2: the anisotropic CMB 

•  Inhomogeneities 
–  Fourier modes 
–  Spherical harmonics 

•  CMB sphere 
–  Sudden recombination 

•  Perturbed FLRW geometry 
–  Sachs-Wolfe formula 
–  perturbed dynamics 
–  large scale anisotropies 



•  Thomson scattering 

Tight-coupling: 
e� + � $ e� + �

Tight-coupling

Thomson scattering (e� + � $ e� + �) scatters photons o↵ non-relativistic electrons.

Thomson cross-section:

�T =
8⇡↵2

3m2

e

= 6.65⇥ 10�29 m2 (44)

Mean free-path for photons

�T =
1

ne�T

(45)

where free electron density

ne = xe(1� YP )nb ' 10xe(1� YP )(1 + z)3⌦bh
2 m3 (46)

with xe =ionisation fraction, and yP ' 0.25 is primordial helium abundance.

Comoving mean free path near recombination (xe ⇡ 1 when z ⇡ 103)

�T/a ⇡ 2.5Mpc (47)

On larger scales, � � �T , photons are tightly coupled to electrons, and electrons are
tightly coupled to baryons by Coulomb interaction.

v� = ve = vb (48)

Note e�cient scattering leads to an isotropic photon distribution, hence no shear anisotropic
stress.
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epoch of recombination 

Recombination

p+ + e� $ H + � (37)

Non-relativistic particles in equilibrium take Maxwell-Boltzmann distribution:

fA(p) = exp

"

�
✓

mA � µA

T

◆

� p2

2mAT

#

(38)

where µA = Zµp + (A� Z)µn for atomic number Z and mass A.

Integrating

nA = gA

Z 4⇡p2dp

(2⇡)3
fA(p) = gA

✓

mAT

2⇡

◆

3/2

exp
✓

µA �mA

T

◆

(39)

Ionisation fraction in equilibrium, µp + µe = µH + µ� and given µ� = 0:

xe ⌘ ne

nb

=
np

np + nH

(40)

given by Saha equation

x2

e

1� xe

=
npne

nHnb

=
1

nb

✓

meT

2⇡

◆

3/2

e�B/T =
n�

nb

 

mec
2

T

!

3/2

e�B/T (41)

where binding energy
B = mp +me �mH = 13.6 eV (42)

Many photons per baryon, n�/nb ⇡ 109, hence recombination occurs only for T⇤ ⇠ 0.3eV
rather than 13.6eV.
Recombination is epoch at which Thomson optical depth, ⌧ =

R

ne�Tdt, reaches unity:

⌧⇤ = 1 ) 1 + z⇤ = 1089

 

⌦mh
2

0.14

!

0.0105  
⌦bh

2

0.024

!�0.028

. (43)

11

⌧⇤ = 1

Free e- fraction 

xe =
ne

ne + nH
! 0



WMAP  last scattering sphere 

© NASA 

quicktime movie from WMAP 
http://map.gsfc.nasa.gov/ 



Sudden recombination 

•  Instant recombination at  

 
•  Fourier decomposition: 
 

–  Plane-wave expansion in spherical harmonics 

–  with spherical Bessel function 

•  Spherical harmonic coefficient: 

Sudden recombination

Instantaneous recombination at z = z⇤ and ~x⇤ = �r⇤p̂

⇥(p̂) =
Z

d3~x⇥(⌘⇤, ~x, p̂)�
3(~x� ~x⇤)

where ~x⇤ = �r⇤p̂.
Use Fourier decomposition

�⇥(⌘, ~x) =
1

(2⇡)3

Z

d3~k �⇥~k(⌘) e
i~k.~x

and plane-wave expansion in spherical harmonics

ei
~k.~r = 4⇡

X

`,m

i`j`(kr)Y
⇤
`m(k̂)Y`m(r̂)

where j`(x) is spherical Bessel function,

j`(x) = (⇡/2x)1/2J`+(1/2)(x)

yields

a`m =
1

(2⇡)3

Z

d3~k⇥(k̂)4⇡i`j`(kr⇤)Y
⇤
`m(k̂)

Angular power spectrum can be related to Fourier power spectrum

ha⇤`ma`0m0i = �``0�mm0C`

where
C` =

Z

d(ln k)P⇥(k)4⇡j
2
` (kr⇤)

Window function, relating Fourier wavenumber k to angular scale `,

W`(k) ⌘ 4⇡j2` (kr⇤)

peaks at ` ⇡ kr⇤.
For approximately scale-invariant power spectrum, P(k), can use

Z 1

0
4⇡j2` (x)d(ln x) =

2⇡

`(`+ 1)

hence for ` ⇡ kr⇤
`(`+ 1)

2⇡
C` = P⇥(`/r⇤)
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Angular power spectrum at 
sudden recombination 

•  Spherical harmonic coefficient: 

•  Angular power spectrum: 

–  where 
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Part 2: the anisotropic CMB 

•  Inhomogeneities 
–  Fourier modes 
–  Spherical harmonics 

•  CMB sphere 
–  Sudden recombination 

•  Perturbed FLRW geometry 
–  Sachs-Wolfe formula 
–  perturbed dynamics 
–  large scale anisotropies 



Perturbed FLRW geometry 
•  Perturbed metric: 

–  4 scalar metric perturbations 

–  3 combinations independent of spatial threading: 

–  2 combination independent of time slicing: 

–  Vanishing anisotropic stress (e.g., tight-coupling)) 

•  Other gauge-invariant variables in conformal Newtonian (E=B=0) gauge  

•  but not unique gauge-independent variables 
–  e.g., curvature perturbation in uniform-density gauge: 

Perturbed FLRW spacetime

• Four scalar metric perturbations

ds2 = a2
n

�(1 + 2A)d⌘2 + 2riB dxid⌘ + [(1 + 2C)�ij + 2rirjE ] dxidxj
o

• Three independent of spatial gauge (xi ! xi + �xi(⌘, xj))

A , C , � ⌘ E 0 � B

• Two combinations independent of temporal gauge, e.g.,

 ⌘ A�H� � �0 , � ⌘ C �H�

In absence of anisotropic stress (e.g., tight-coupling approximation)

 + � = 0

Simple interpretation as metric perturbations in conformal Newtonian gauge (B =
E = 0). Other quantities in this gauge also have definitions that are independent of
gauge, e.g., density contrast and velocity potential (~v = ~rv)

� ⌘ �⇢� ⇢0�

⇢
, V ⌘ v + E 0

• Beware di↵erent conventions, e.g. Mukhanov-Feldman-Brandenberger

�MFB =  ,  MFB = ��

• But choice not unique, e.g., curvature perturbation in uniform-density gauge

⇣ = C � H
⇢0
�⇢

• Of course, can relate di↵erent gauge-invariant variables

⇣ = �� H⇢

⇢0
�
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A , B , C , E

Malik & Wands, Phys Rep (2009) 



Perturbed geodesics 
•  Perturbed metric in conformal Newtonian gauge: 

•  Null trajectory: 

•  4-momentum: 

•  3-momentum: 

•  Geodesic equation: 

–  Perturbed Hubble redshift  +  gravitational potential redshift:  

Perturbed geodesics

• Conformal Newtonian metric

ds2 = a2
n

�(1 + 2 )d⌘2 + (1 + 2�)�ijdx
idxj

o

• Null trajectory
dxi

d⌘
= (1 + � �)p̂i

where p̂i is unit vector.

• 4-momentum

P µ =
dxµ

d�
=

d⌘

d�

⇣

1, (1 + � �)p̂i
⌘

where � is a�ne parameter along path.

• 3-momentum

p2 = gijP
iP j = a2(1 + 2 )

 

d⌘

d�

!2

• Geodesic equation
dP µ

d�
+ �µ

⌫⇢P
⌫P ⇢ = 0

gives change of 3-momentum along photon path

1

p

dp

d⌘
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1

a

da

d⌘
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@�

@⌘

!

� p̂i
@ 

@xi

i.e., the (perturbed) cosmological redshift (/ a(1 + �)) plus gravitational redshift
climbing out of potential (~r ).
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Sachs-Wolfe effect: 
•  Geodesic equation: 

•  Total derivative along photon path: 

•  Integrate along path from recombination to observer 

•  First-order momentum perturbation 

•  Observed temperature includes Doppler shift 
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Sachs-Wolfe e↵ect
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• Along photon path
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dp
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� d 
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@

@⌘
( � �)

Integrating along photon path from recombination to observer

[ln p]0⇤ = �[ln a]0⇤ � [ ]⇤0 +
Z 0

⇤
( 0 � �0)d⌘

• First-order part
 

�p

p

!

0

=

 

�p

p

!

⇤
+ ⇤ � 0 +

Z 0

⇤
( 0 � �0)d⌘

Including local Doppler shift, temperature anisotropy is

⇥ =
�p

p
+ n̂.~V

Sachs-Wolfe formula

⇥obs =
1

4
��⇤ + ⇤ � n̂.~V⇤ +

Z 0

⇤
( 0 � �0)d⌘ � 0 + n̂.~Vobs
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Sachs-Wolfe formula: 

–  Intrinsic Sachs-Wolfe effect (on last-scattering surface): 

–  Integrated Sachs-Wolfe effect (decay of potential along line of sight) 

–  Monopole: 

–  Dipole: 
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Sachs-Wolfe formula

⇥obs =
1

4
��⇤ + ⇤ � n̂.~V�⇤ +

Z 0

⇤
( 0 � �0)d⌘ � 0 + n̂.~Vobs

• Sachs-Wolfe e↵ect at last-scattering

1

4
��⇤ + ⇤ � n̂.~V�⇤

• Integrated Sachs-Wolfe e↵ect (vanishes in matter-dominated universe)

Z 0

⇤
( 0 � �0)d⌘

• Monopole
� 0

• Dipole
n̂.~Vobs
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Part 2: the anisotropic CMB 

•  Inhomogeneities 
–  Fourier modes 
–  Spherical harmonics 

•  CMB sphere 
–  Sudden recombination 

•  Perturbed FLRW geometry 
–  Sachs-Wolfe formula 
–  perturbed dynamics 
–  large scale anisotropies 



Linear perturbation dynamics: 
scalar perturbations in arbitrary gauge 

•  Einstein energy+momentum constraints: 

•  Einstein evolution equations 

•  Energy+momentum conservation (continuity+Euler) equations 

Inhomogeneous dynamics

In arbitrary gauge:

• Einstein energy and momentum constraints

3H (�C 0 +HA) +r2 [C �H�] = �4⇡Ga2�⇢

�C 0 +HA = �4⇡Ga2(⇢+ P )(v + B)

• Einstein evolution equations

C 00 + 2HC 0 �HA0 �
⇣

2H0 +H2
⌘

A = �4⇡Ga2
✓

�P +
2

3
r2⇧

◆

�0 + 2H� � C �A = 8⇡Ga2⇧

where ⇧ is the scalar part of the (tracefree) anisotropic stress.

• Energy and momentum conservation

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

(v + B)0 + (1� 3c2s )H(v + B) + �+
1

⇢+ P

✓

�P +
2

3
r2⇧

◆

= 0

where adiabatic speed of sound c2s ⌘ P 0/⇢0.
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uniform density, δρ= 0





•  uniform-density gauge: 

 
 
 

–  Conserved quantities for barotropic fluids (δPnad=0) on large scales (V=0) 

•  radiation density perturbation 

•  matter density perturbation 

Energy conservation on large scales: 
Large-scale perturbations

• energy conservation in arbitrary gauge

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

• simple in uniform-density gauge (�⇢ = 0)

3H�Pnad + 3 (⇢+ P ) ⇣ 0 + (⇢+ P )r2V = 0

) ⇣ 0 = �H �Pnad

⇢+ P
� 1

3
r2V

• Conserved quantities on large scales (r2V = 0)

– radiation

⇣� =
1

4
�� + �

– Matter

⇣m =
1

3
�m + �

• Curvature+entropy perturbations

⇣ =
4⇢�⇣� + 4⇢m⇣m
4⇢� + 3⇢m

, Sm = 3(⇣m � ⇣�)

• Adiabatic initial conditions

⇣ = ⇣� = ⇣m = constant , Sm = 0

Isocurvature initial conditions

⇣� = 0 , Sm = 3⇣m = constant

• Inflation sets-up an initial scale-invariant spectrum P⇣ on large scales

21

(�⇢ = 0, C = ⇣)

Large-scale perturbations

• energy conservation in arbitrary gauge
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•  Curvature and entropy perturbation: 

–  Adiabatic initial conditions: 

–  Isocurvature initial conditions: 

Initial conditions on large scales: 

Large-scale perturbations

• energy conservation in arbitrary gauge

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

• simple in uniform-density gauge (�⇢ = 0)

3H�Pnad + 3 (⇢+ P ) ⇣ 0 + (⇢+ P )r2V = 0

) ⇣ 0 = �H �Pnad

⇢+ P
� 1

3
r2V

• Conserved quantities on large scales (r2V = 0)

– radiation

⇣� =
1

4
�� + �

– Matter

⇣m =
1

3
�m + �

• Curvature+entropy perturbations

⇣ =
4⇢�⇣� + 4⇢m⇣m
4⇢� + 3⇢m

, Sm = 3(⇣m � ⇣�)

• Adiabatic initial conditions

⇣ = ⇣� = ⇣m = constant , Sm = 0

Isocurvature initial conditions

⇣� = 0 , Sm = 3⇣m = constant

• Inflation sets-up an initial scale-invariant spectrum P⇣ on large scales

21

Large-scale perturbations

• energy conservation in arbitrary gauge

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

• simple in uniform-density gauge (�⇢ = 0)

3H�Pnad + 3 (⇢+ P ) ⇣ 0 + (⇢+ P )r2V = 0

) ⇣ 0 = �H �Pnad

⇢+ P
� 1

3
r2V

• Conserved quantities on large scales (r2V = 0)

– radiation

⇣� =
1

4
�� + �

– Matter

⇣m =
1

3
�m + �

• Curvature+entropy perturbations

⇣ =
4⇢�⇣� + 4⇢m⇣m
4⇢� + 3⇢m

, Sm = 3(⇣m � ⇣�)

• Adiabatic initial conditions

⇣ = ⇣� = ⇣m = constant , Sm = 0

Isocurvature initial conditions

⇣� = 0 , Sm = 3⇣m = constant

• Inflation sets-up an initial scale-invariant spectrum P⇣ on large scales

21

Large-scale perturbations

• energy conservation in arbitrary gauge

�⇢0 + 3H (�⇢+ �P ) + 3 (⇢+ P ) C 0 + (⇢+ P )r2 (v + E 0) = 0

• simple in uniform-density gauge (�⇢ = 0)

3H�Pnad + 3 (⇢+ P ) ⇣ 0 + (⇢+ P )r2V = 0

) ⇣ 0 = �H �Pnad

⇢+ P
� 1

3
r2V

• Conserved quantities on large scales (r2V = 0)

– radiation

⇣� =
1

4
�� + �

– Matter

⇣m =
1

3
�m + �

• Curvature+entropy perturbations

⇣ =
4⇢�⇣� + 4⇢m⇣m
4⇢� + 3⇢m

, Sm = 3(⇣m � ⇣�)

• Adiabatic initial conditions

⇣ = ⇣� = ⇣m = constant , Sm = 0

Isocurvature initial conditions

⇣� = 0 , Sm = 3⇣m = constant

• Inflation sets-up an initial scale-invariant spectrum P⇣ on large scales

21



Intrinsic Sachs-Wolfe effect (on large scales) 

Radiation/matter dynamics

• Barotropic fluid with constant (isotropic) equation of state P = w⇢

• Equation of motion for  = ��

 00 + 3(1 + w)H 0 + wr2 = 0

Initial conditions (large-scale)

 !  0 = �3(1 + w)

5 + 3w
⇣

• Growing-mode solutions:

– Radiation era (w = 1/3):

 k(⌘) = ⇣�
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� 6
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⇣� as k⌘ ! 0

! 0 as k⌘ ! 1 (58)

– Matter era (w = 0):

 k(⌘) = �3

5
⇣m

• Sachs-Wolfe e↵ect on large-scales in matter era
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– Adiabatic perturbations (Sm = 0, ⇣� = ⇣m)
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– Isocurvature perturbations (⇣� = 0, Sm = 3⇣m)
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– hence angular power spectrum on large scales
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