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Classical Field Theory



Action Principle

e [ ine-element & metric of a curved s-t:

ds® = guvdatdz” g = det(guv)

e Action functional for a tensor field

S[é(z)] = / 'z =g LT(¢<x), 5 .(2). )
region If s-t Lagrangian density

 Action principle: EOM for ¢(x) are given by extremizing the
action wrt ¢(x) 5

So@)




Example: GR

e Finstein-Hilbert action (the field is Guv ):

SGr|Guv] = 16C;G /S2 d*x \/TQ(TR—I_ 2?)

Ricci scalar Cosmological const.

¢ FEinstein-Hilbert action with matter action:

S[¢v guv] — SGR[QIW] o+ Sm{gbﬂ gul/]



* Action principle:

0S5
5g;u/

— 0 >

Stress-energy tensor:

Too : energy density

10 : momentum density

Einstein field egs.:
!
Rw/ o §g,u,z/R o Agw/
2 08

Ly =
/=g ogm

(v =0,1,2,3;

T;; : (normal & shear) stress

=8nG1,;

j=1,2,3)



Stress-energy Tensor

e Bianchi identity —> V,(L.h.s. of EFE) =0 —

it mustbe: V, T =0

e If S, is constructed from a Lagrangian which is a scalar and
the fields obey the matter EOM, then T"" is conserved



Example: Scalar Field

e For a real (minimally-coupled) scalar field of mass m:

1 1
S[¢;guu] — / d4$v —g | — 5.9“ ¢;u¢;u — §m2¢2
(2 I T A e
K.E. P.E.

05/6¢ =0
ﬁ Klein-Gordon eq.: O — m2¢ =2\

= TiY,

05/dg"" 1 1

% 1y, = ¢ u¢v__guV¢ ¢a_§m¢9uu



Example: Scalar Field in Flat s-t

e Klein-Gordon eq. for a massive real scalar classical field in flat s-t:

¢ —mp =0 = —02 4 V?

e Apply spatial Fourier transform:

The modes ¢y (1) / 7 ~ihT (7, 1)
€ Modes > — & X
i R3 (27’(’)3/2 ’

satisfy the eq. for the simple harmonic oscillator:

2
dt?

&
00
-
]

|

-

oscillator frequency: Wk = \/ k2 + m?



e The general solution may be expressed via the inverse Fourier

transform as
o@)= [ &k ( ug(2) + a u,’*:;»(a:))

A Sl
so that ¢(z) € R

—iwpttikT

€

up(r) =
& \/ 1673w Fourier coefficients

e The field may be viewed as an infinite set of decoupled simple
harm. oscs., one for each %

e In particular, the Hamiltonian is that for a set of harm. oscs.:

H= | d’F Ty = l/ d°F (&2 + (V)2 + m2¢2)
2 RB

R3

N ¥

377 Wk | «
H:/de k £ [aEaE—I—aEa}



QFT in Flat Space-time

. Formalism



Canonical Quantization

* Areal scalar field may be viewed as an infinite collection of
simple harm. oscs., one for each £

e In order to quantize the field (in the Heisenberg picture) we just
quantize the harm. oscs.:

- A 1 - . » sl ]
ap — aj:annihilation ops. ap — @ :creation ops.

— ¢(x) — o(x) = /R3 Pk (&E up(z) + a

O

A

=2 Twwlx) — LTylz)



Commutation Relations

L
¢

e Define the canonical field momentum in CFT: [I(z) =

and quantize: [I(x) — f[(g;)

e Motivated by the commutation rins. of QM: |§(%), p(t)] = 1

we impose the equal-time commutation rins.:

3(&,),11(F,t)| = 6@(@ - 7)




QFT Divergences

e The equal-time comm. rlns. are equivalent to the comm. rlns.:

A @ (1 _ T ~ooal]l — 0 — AT AT
[ka k]_5 )(k_k,>v [alz CL,;,]—O—[CLE,CLT;]

A !

¢ is an operator-valued distribution!

* So products like ° () in Tyv () are just formal expressions
and will plague the QFT with divergences

e Note: strictly, one should integrate it against a test-function f(z)
in order to get a well-defined operator:

o= / iz f(2)p(2)



Hilbert Space

e The Minkowski vacuum state is defined via ar M) =0, Vk

-+

s
o Excited states | ™1, N2, - - - H \/ni (a ) | M)
S

span a Hilbert space (Fock representatlon). They correspond to
states with nsquantum particles with momentum ES \VZ




Scalar Product
e Define (1, o) = i / 43F [610sbo — d20,81]
R3.t=t,

- it is a scalar product

-if @1 & ¢2 are slns. of K-G eq, then it is independent of ¢

*The Minkowski modes uj(x) are orthonormal:

(ugug) = 6@ (K= ) = — (ug. up,)

*
(’U,]‘C’, uE’) — O



Quantization Procedure

(1) Choose a set {u;(x),u; (x),Vi} of slns. of field eq. that is
complete and orthonormal:

*x * *
(wi, uj) = 0;; = — (ui,u3), (usu;)=0

(2) Then any op. sln. of the field eq. may be expanded as
O(x) = ) aiui(z) +ajui ()
: where a; = (u’u¢3> ; &I = (u:adg

(3) Then imposing comm. rlns. for a;, &I is equivalent to

A

imposing comm. rins. for QB, 1T

(4) Define a vacuum by g, 0) =0, Vi

excited statesby | n;) = (&I) 10)/Vn!  etc



Hamiltonian

. . > = WE | .+ . A
e Hamiltonian: H = d3k — ata-; . afat
R3 2 |k k k k.

e Zero-point energy density:

(M | H | M) per unit volume=

1 d3k R
= = — dk k?+/ k2 2
2 /R3 (27T)3wk 412 |, \/ L

has ultra-violet divergence since there is an infinite
amount of harm. oscs., each with zero-point energy

o | &

e Origin: é(x) is an operator-valued distribution



Normal Ordering

e Renormalization: this infinite cannot be detected by
measuring transitions between states -> it can be subtracted
away by normal ordering: place all annihilation ops. to the
right of the creation ops.

o 31, Wk [AtA | A Af . . 37 Tq
H—' d’k [algak akaz]%.H.—./Rgdkw e

(M |: H | M) =0 in agreement with experiments

e Normal-ordering is equivalent to subtracting the exp.val. in
Minkowski vacuum:

(W [: d(x)* | ) = (¢ | (@) [ ¥) — (M | $(x)? | M)



Bogolyubov Transformations

e Consider two complete and orthonormal sets of sIns. of the field

egs.: {ui(x),u; (x),Vi} and {v,(z), v} (z),Vi}

e Then

EjazuZ )+ a;u; ( Zb U +bT ~(7)

and, since {uz( ), Vi} form a complete set,

Z Qg uz —l— B3 aL: ( ) <+— Bogolyubov transt.

Bogolyubov coeffs.: i, Oy € C



Vacuum States

e The relationship between the creation/annihilation ops. is then

l;fr:(v’raq;): _ZQ i — * AT

e Different choices of complete sets yield different “vacuum’
quantum states of the matter field:

@;|0), =0, Vi and  b,|0)y, =0, Vr

e The number of quantum v-particles of mode-type r in the

u-vacuum 1S o ,
u(0 [ blb, | 0 =) 1Bl



QFT in Flat Space-time
Il. Unruh Effect



Rindler Observers

e Consider 2-D flat s-t: ds? = —dt* + dy* = —dudv

null coords.: w=t—vy, v=t+y

where t is the proper time of inertial observers

e Rindler obs.: obs. with uniform acceleration ¢? = a%a, = const

and proper time 7 . They have

Hr) = sinh(axr)j pilie) = cosh(ar)

a a

2

St = P = g
(hyperbola)



Rindler Frame

e Coordinate transf. to Rindler coords. {n,(} :

at = e*¢ sinh(an), ay = e*¢ cosh(an)
— ds® = e?* (—aln2 + dCQ)

o >0

T conformal factor

e Rindler obs. are at ( = const

* Range 7, ( € (—00, 00) only cover y > || : the right Rindler
wedge. Similar transformations can be used to cover the whole s-t



(O3S
e,
OO B
Q
----------- T = const
L: left Rindler =Y . .
e R R EE R: right Rindler
wedge wedge
OQQ 0."
o7 -
A\
N ~( = const

e Rindler obs. ‘perceive an event horizon” at the Killing horizons
at ( = —o0



Wave Eq.

* K-G eq. in the inertial frame:  (—97 + (‘35) dp=0 —>

¢ e—iwt—l—z’ky 1 {e—iwu’ E>0
k: c—

VAaTw B Jdmg le™v, k£
Vk e R, w = |k

These modes:

- are pos. freq. modes wrt Oy : O, = —IwWPy

A

- form a complete set in the whole s-t: ¢ = / dk (dk Px + &kﬁbxt)
R



e K-G eq. in the Rindler frame: (—8,,% - 32 ) ¢ =0

"R _ p —1won+1k( _ 1 (_aq—)ik/a’ IE > 0 R
k Amio Varw | (ow)*/* k<0
qgg =0 inL

VEeR, @ = |k

These modes:
Iy - — 1 R
- are pos. freq. modes wrt 9, 1 On@p = —iWy,

- form a complete set in R only -> We can also find the mode slns.:
1 (—av)*/o k>0
Varw | (cw)™ />, k<0

&520 in R

Q—% = in L



e Together they form a complete set in the whole s-t:

~

e / ak (BEGF +BEGE +hc.)
R

e Vacuum states:
- Minkowski vacuum: ax | M) =0, Vk € R

- Rindler vacuum: Bg | R) = l;,% | R) =0, Vk e R

e How many Rindler particles does the Minkowski vacuum
contain? Unruh’76



4w

) | | gb B 1 e_iwu, k>0
¢ The Minkowski modes ®k = \/— e—iwv’ kL < ()

are analytic and bounded in the lower half of the complex
u- and v-planes

e Any lin.comb. of pos. freq. (wrt9; ) modes @i (ie, trivial
Bogolyubov transf. Oxx’ = 0 ) will have this property but it won't
if any negat. freq. mode ¢y, is included -> characterization of
Minkowski pos.freq. modes: they are analytic and bounded in the
lower u- and v-planes

(—ou)*/* 4 < 0 (eg, in R)

| = R
e Rindler modes for k > 0: ¢ {O, u > 0 (eg, in L)

are not analytic



¢ But it can be shown that the modes

eﬂl_c/(QOz) B B T
— [Gf + /g
\/2 sinh (7k /)

are analytic and bounded in the lower half of the u- and v-planes

¥ - -

e For k > () they are concentrated in R, so also construct

€—7rl?c/(2a)

\/2 sinh (7k /)

TR* k/o 7L
YE = [¢_;; +€” m%;]

which are also anal;_ftic and bounded in the lower half of the u- and
v-planes, and, for k£ > 0, they are concentrated in L



* We can expand ¢ = / dk (d?uf F &,{iu,{i + h.c.)
R

then ar | M)=ar|M)=0, Vk €R

e We have explicitly constructed the Bogolyubov transf.:

‘R (1 7 1 : :
= (340) - b b

\/2 sinh (7k /)

e Therefore the number of Rindler particles contained in the
Minkowski vacuum is

1

" ABTAB — —
(O | BB | M) = o

this is a thermal Planck spectrum of Rindler particles with

temperature 7, — =
ZWkB




e It can be shown that the ‘renormalized’ (R |: T/w | R)
diverges at the Killing horizons (in the regular inertial frame)

e Therefore, the Rindler vacuum is an unphysical state



e A ‘quantum particle detector” sees as a vacuum state that state

which is defined using pos.freq. modes wrt its proper time
[Unruh’76,Brown&Ottewill’83,Grove&Ottewill’83] (also true in
curved s-t)

e So, if the field is in the Minkowski vacuum,
- an inertial observer detects no particles

- a Rindler observer detects particles as if he were in a thermal
bath at the Unruh temperature

e Unruh effect not currently measurable, eg,

for T =1K < Tcup ~ 3K weneed a ~ 10°°m/s”



QFT in Curved Space-time

. Formalism



Semiclassical Einstein Egs.

e Semiclassical theory of Quantum Gravity

1 &
Ry — §QWR — Agp, = 87G (Y | Ty | ¥)

matter fields are quantized (in some appropriate state | ) ) but
gravitational field is not. We will keep the grav. background
classical and fixed

e This is valid in the limit that the length and time scales of the
physical processes >>> Planck length and time

1/2

(Gh/03)1/2 ~10"%em and (Gh/c’) " ~107*s



Renormalization

e However, <¢ ‘ 1 ‘ ¢> sutfers from ultraviolet divergences
since ¢(x) is an operator-valued distribution

¢ S0 we need to renormalize: <¢ | T/w | ¢> — <¢ \ Tuv \ ¢>ren

e Energy now creates s-t curvature via Einstein eqs., so we cannot
renormalize by simply subtracting constant infinities like we did
in flat s-t



2 05
V=g 0gH

Sm:/d4x —qg Lm
QO

e Classically:

— Tu v

e Semiclassically: we define an effective action and Lagrangian

Seff :/d4x\/—g Eeff
9,

S.t.

2 05:Fr B .
A w1 T

e The divergencesin (¢ | T v | ) can be traced back
to divergences in peff




* Before removing the divergences, one must use a
regularization scheme to make sense of ¢ ()

Eg, point-splitting lets temporarily q§ () — qg(x)gg(a:/)

then remove the divergences and afterwards take the limit 2’ —

| Tur(@) | O)ren = lim (@ | T (@,2') | ¥) - T (z,2))

1 4
' —x i

di
How to calculate 77" (z, 2")?

e Using certain regularization schemes (like that in point-
splitting) one can show that the divergences of £¢// :

(a) only depend on the background Jpv (they are
independent of | ¥))

and...



(b) can be expressed as terms which are either:

(b1) proportionalto R~ —— renormalize (&

R A
Recall:  p97av o peff — _ peff _
167G 8nG
—R 1 : A | . o |
(167TG - ‘div. prop. to R) el (E ff_ <Qiv. prop. to R)
————————
—R
167G e,
(b2) constant —> renormalize A
"R B
grav eff _ - div. | : w i
L + L (167TG div. prop. to R) + (8776’ const. div ) =+
_R _Aren
1677Gren 87TGT.€n

([,eff — ‘div. prop. to R’ — ‘const. div.’)



The finite, renormalized values (5,..,, and A...,, (which have
‘absorbed’ the divergences) are given by experiments.

(b3) 4th (adiabatic) order y  Apriori, Einstein eqgs. might
in derivatives of g.. include terms of 4th order in
RQ, R, 0R,0OR,,,. .. derivatives of YGuv !




The resulting (¢ | Ty, | 1) ren , which is constructed from ¢/ f
after the removal of the above divergences, satisfies Wald’s
axioms (Wald’77): the renormalized (1 | TW ) ren should
satisty:

(1) covariant conservation (| TW ) Y — () so it can be on

Ten’
rhs of Einstein eqs. (true because derived from scalar lagrangian)

(2) causality: only depends on metric at pts. € J ™ ()

B)If (Y | @) =0,then (¢ | T, | Dpen = (¢ | Ty | D)
(this is because it’s finite, so no need to do anything)

(4) In flat s-t with R*topology: (M | TW | M) yer, =0

“Uniqueness’: If two ditferent energy-momentum tensors satisty
(1)->(3), their difference can be “absorbed’ by the renormalization
procedure mentioned.



Scalar product

e Consider a globally hyperbolic s-t -> Cauchy surfaces 33,
labelled by a parameter t. Then

(1, 92) = ’&L dXH (910,02 — 920,07)

- defines a scalar product

- is independent of the Cauchy surface if @; are sIns. of the
Klein-Gordon eq.



Quantization Procedure: like in flat s-t

(1) Choose a set {u;(x),u; (x),Vi} of slns. of field eq. that is
complete and orthonormal:

* * *
(”LL?;,’LL]') — 57;]‘ = — (uz ,uj) ) (ui,uj) =1

ie, 14, have positive norm

(2) Then any op. sln. of the field eq. may be expanded as

b(z) =Y aui(x) + aluj ()

(3) Then where  di = (ui’ QB) : &I - (u:‘, qg)

[45(:1?, t),f[(:‘z:",t)] — 6O (F - ) [&i,&f] Y

J

(4) Define a vacuum by g, 0) =0, Vi

excited statesby | n;) = (&I) 10)/Vn!  etc



Choice of modes

e Suppose X is a timelike Killing vector, then

- J X s.t. it is the proper time of an observer with 4-velocity
parallel to X = Ox,

- J complete set {u,;(x),u; (x),Vi} of slns. s.t.

Ogo Uk = —IlwrUgk, wg >0 (pos. freq. modes wrt (‘)mo)

e Remember: an observer sees as empty a quantum state which is
defined using pos.freq. modes wrt its proper time.
So the obs. with 4-velocity ||x would see as empty the state
defined using wuy



e In a non-stationary s-t, it is “natural’ to choose modes which are
pos. freq. wrt the tlike Killing vector (supposing there’s one) in the
asymptotic past & future

e The K-G scalar product is positive definite for pos. freq. modes ->
it is an inner product for the vector space of pos. freq. slns. (one-
particle Hilbert space)



QFT in Flat Space-time
l|. Black Holes



Eternal Schwarzschild BH

e Line-element for a static, spherically-symmetric black hole of
mass M (Schwarzschild):

2M oM\ "
ds® = — <1 > dt* + (1 ) dr® + r? (d92 + sin” Hdgpz)
/ri

T

Event horizonat 1 =2M

e Killing vectors: slike J,, (axisymmetry) and tlike 9, (stationarity)

e Nullcoords.: U=Tt—7T«, V=T~ 7«

mzr—kZMln(ﬁ—l) € (—oo0,00) for r e (2M,o0)

Radially in/outgoing null geodesics are at u,v=const.
* Kruskal coords. to cover beyond EH: [J = —¢7#% |/ = v

1 surface gravity=force done at infinity to hold unit
~ 4M  mass above horizon

K

Similar transformations to cover whole s-t U, V € (—o00, 00)



. Ty

<- Schwarzschild

flat/Rindler ->




 Compactify s-tvia U = arctanU, V = arctanV € (—7/2,7/2)

-t =const

Maximally extended Schwarzschild s-t




Scalar Field

* Massless Klein-Gordon eq., [1¢ = (0, separates by variables:

Gral. sln.: ¢(x) :/ dwz Z apnPA (T

=0 m=-—2¢
A={l,m,w}

Field modes: @a(x) = Ny, Ry (T)}/Em(ea (p)e—iwt

normalization const. spherical harmonics



e Radial eq.: 2nd order linear ODE -> choose 2 lin. indep. slns.

d? o . 2M N\ [ £(£+ 1) | 2M
dr? m r r? S o3

}RM
’ N—  —_—_—_—_—_—_—_—_—_.—_———

Vers




¢ ‘in R” modes

Modes

0,

e—zwv7

AZZe—iwu
éze—iwv



e ‘up,R” modes




* ‘in&up,L” modes

Kl/’u-p,L(U’ V’ Q) —



Boulware State

e On the maximally extended Schwarzschild s-t,

{ j\n/up’L/R & ¢icy, VA} form a set that is:

in/up,L/R,qbin/UpaL/R) _ 5A,A’

- orthonormal: ( A A

- complete:

o0
o A1 .L ) .L A ,L )L A7 aR ) 3R 2 ?R ’R
() =) / dw{a'z”* R o T O i e +h-c-}
¢ m 0

e Boulware state is defined via

ay/"Pt | By =0=ay/""" | B), VA



| Remember: an observer sees as empty a quantum state which is
defined using pos.freq. modes wrt its proper time]

e Boulware state is defined using modes that are pos. freq. wrt 0,

— it is seen as empty by static obs. (ie, 7, 8, ¢ = const)



Gravitational Collapse

e Astrophysical BH’s are not eternal, they are formed from

gravitational collapse of a star

singularity

7 -

e Hawking’75 showed that modes

o y -
?A’n, Adi B WU 4t jR

behave like e “rV

ie, they are pos. freq. modes
wrt O, as they leave the star,
leading to the ‘evaporation” of

t]

ne BH via emission of

¢

uantum Hawking radiation



Unruh State

* So instead of using ¢UP Bt in eternal BH s-t, we could model

BH evaporation by using modes that are pos. freq. wrt dy onH 5,

e Eg, we could directly use e~ "“*Y but in order to obtain
Bogolyubov coeffs. Unruh’76 instead used the modes:

0P eww/(ZK,)

. /2 sinh (7w /k

up,R —nw/k gup,L”

Same rln. as between Rindler&Minkowski modes in flat s-t!
Remember:

B_ oTk/(2a) _k/o
U{ N \/2 sinh (w/;:/a) [(pk,:P /jb ]

they define | M > they define | R>




e Similarly define ng—P modes with L <+ R in ¢{7*

e On the maximally extended Schwarzschild s-t,

{ 'KI,L/R, XP/UP & c.c.. VA} form a set that is:

- orthonormal

- complete:

o0
2 - sin,L in,L | ~UP UP | ~in,R in,R | ~UP _UP
qb(x)—g / dw{aA A Fap OpT Fa,TON T+ as dp +h.c.}
0
{m

e Unruh state is defined via

ay Uy =af" | U)=af" |U) =0, VA



e It can be shown that ¢ ' & @4 P, Vw > 0, are pos. freq. wrt O
on H

e [t is defined using modes that are pos. freq. wrt affine parameter [/
on H, and affine parameter v on [J, = Unruh state is
seen as empty by free-falling obs. in those regions



Hartle-Hawking State

e We can also define the IN version of the UP modes as:
¢5\N& Qbf\N defined like qbKP& cbgp with qup,R/ L _, j\n,R/ L

* On the maximally extended Schwarzschild s-t,
{ A INIINIUE g ec VA} form a set that is:

- orthonormal
- complete:
oo
d(x) = Z/O dw {&f\’ N Aaxlont tay oy +ax on + h.c.}
{.m

e Hartle-Hawking state is defined via

alN | HY=alP |HY=alN | H)=a{P | H)=0, VA



o It can be shown that ¢} & Qﬁf\—N, Vw > 0, are pos. freq. wrt Ov
on H7,
R

e [t is defined using modes that are pos. freq. wrt affine parameter {J
on Hp and affine parameter V' on ”}—[;5 — 1t is seen as empty
by free-falling obs. on 7{%



States’ Properties (Candelas'80)

e RSET (B |T", | B)yen
M?

r 6

- goes to zero like O ( ) as 1 — 00

- diverges on H% in a free-falling frame

Expected, since it is defined using inertial frame 1t
which diverges on EH [similar to Rindler state defined using
Rindler frame {7, &}, which diverges on Killing horizons]

* Remember: Boulware state is seen as empty by static obs.,
which are accelerated obs. in Schwarzschild s-t [so similar to
Rindler state seen as empty by accelerated obs. in flat s-t]



e Boulware state:

- is the equivalent of the Rindler state in flat s-t

- models a cold star



e RSET (U|T," |U)ren

- diverges at ‘H~
-is regular at T

- has a flux of thermal Hawking radiation at Z :

-1 -1 0 0
L 1 1 0 0
~ dnr2 0 0O 0 0 |’ r— 00 pv =1t,7,0, 0}
0 0O 0 O
I, :‘greybody’
o0 . factor
Luminosity: [, = i / deo w -1y,
2T 0 ew/TH — 1
Hawking t ture: Ty = !
awking temperature: H= o

Expected, since UP - up modes (though not for ingoing modes)
relationship same as between Rindler&Minkowski modes in flat s-t



e Unruh state models an evaporating BH




® RSET (H | T, | H)ren

- has a bath of thermal radiation at ./ gf :

(-1 0 0 0 )\
R w? 0 1/3 0 0 »
on2 J, Weme/k_1| 0 0 1/3 0 |* T
\ 0o 0 0 1/3) pov = {t, 7,0, 0}

Expected, since UP - up and IN - in modes relationship same as
between Rindler&Minkowski modes in flat s-t

- is regular at 7—[}3% (and everywhere else)

Expected, since it is defined using Kruskal frame U, vV}
which is regular in the whole s-t [similar to Minkowski state
defined using inertial frame, regular in the whole flat s-t]

- is invariant under symmetries of BH s-t



 Remember: H-H state is seen as empty by free-falling obs. on ’}-[i ,
[similar to Minkowski state seen as empty by inertial obs. in flat s-t]

e Hartle-Hawking state:

- is the equivalent of the Minkowski state in flat s-t

- models a BH in thermal (unstable) equilibrium with its own
radiation



Kerr Space-time

e Rotating black hole with angular momentum per unit mass a and
mass M

. 2
ds® = —% [dt2 — asin? Gdgo]z + %017“2 + Xdb* A Sin” 6 [(

A=7r?>—2Mr -+ a? Y =7r? 1+ ag?cos’f

r? + a2) dp — adﬂ2

e Event-horizon: 7, = M + \/ M? — a?

Qa
2 2
rh—l—a

® Angular velocity: Q=



Killing Vectors

e Axisymmetrics-t = 0, is a spacelike killing vector
e Stationary s-t == 0O is a spacelike killing vector
® Any lin. comb. of 9; and 0, is a Killing vector. In particular,

X = 0 + Q0, isaKilling vector that is the null generator
of the horizon

e However, there is no Killing vector which is timelike everywhere
outside the horizon:

- O is timelike from infinity down to the stationary limit surface:
where obs. cannot be static anymore (they must rotate)

- X is timelike from just outside the horizon up to the speed-of-
light surface: where obs. cannot rotate at () anymore (veloc.=c)



Hypersurfaces

2
b stationary
> >0 (9,)% > 0 limit surface
(0)" =0

ergosphere

X* =0
speed-of-light event-horizon X~ =0
surface X = 0y + 0,







QFT in Kerr for Bosons

e Fieldeq: “[J7¢ = (0 separates by variables

A={l,m,w}
—A={l,—m, —w}

Mode slns.: @A = Ra(r)Sx()e" ™Mt

* Suppose {p,, VA} is a complete set of slns., then you
may expand the field operator as . A A
b= anpa+ayd_a

A

o [f (¢::A7 Qb::A’) = 5A,A/ positive norm wrt a scalar product

negative

then commutation rlns. {CAL A &j\/} = OA. A follow from the equal

A A

time commutation rlns. [qb(f, t), IL(Z, t)] = 6 (Z — &)



QFT in Kerr for Fermions

o Dirac field eq.  Y" (6M — Pu) o =20

Dirac matrices Dirac 4-spinors
=29

Spinor connection matrices

O, +TH A% =T 4" ++*T, =0

The Dirac field eq. in Kerr separates by variables and decouples
for the different spinor components

* Suppose {¢,,VA}isacomplete set of slns., then you
may expand the field operator as

6= anga+ bl oA

A



e There is a conserved current J" = <¢J{WO) Y P2

V,J" =0

which we can use to constract an inner product as:

(@1, P2) = /t_ tJtdS

*If (dpip,Prnr) = Op n all positive norm wrt inner product

AAT _ ) _
then anticommutation rIns. {af\v aA/} — {bAv b /} — 5/\,1\’

A

follow from {ﬁb(f, t)) ﬁ(f/a t)} — M(g)(f - f/)



Modes

e We will define in/up/UP/IN modes in Kerr similarly to the way
we did in Schwarzschild, with two differences:

- We will only consider the outer region of the BH

- The radial eq. has the Schrodinger-like form:

d*R(r)
0 Ulr)R(r) =0
with
U(r) - —w?, r—o00 but U(r) = —0%, 7r,— —00



Pos. freq. modes: when Fourier-decomposed, the modes only have
positive frequency

‘in”: p.f. at 7~ wrt null coord. v 0, jx” ~ _iw¢j\” Vo > 0
‘up’: p.t. at H~ wrt null coord. u Oud . ~ —iwd,” Yo >0

‘IN’: p.f. at H* wrt Kruskal coord. V. Vw € R
‘UP”: p.f. at H{~ wrt Kruskal coord. U Vw € R



Classical: Boson Modes

e We are constrained to choosing the in/up modes as follows

- ‘in” modes are pos/negat norm for pos/negat W

So A for‘in” modes involves only w > (0

~

- ‘up’ modes are pos/negat norm for pos/negat w

So A for ‘up’ modes involves only w > (



Classical: Boson Modes

e (lassical superradiance for ww < (
2 W02
I —|R|" = —|T]
W

® 1st law of b-h thermodynamics:

A
dM = Tyd (Z) + QdJ

W W A
L - — — —dM =Tyd| —
Send wavepacket in with 77 - W H ( 4 )

Areath.: JA > if weak-energy cond. is satisfied (ie, energy
density measured by an obs. is non-negat)

= dM <0 for ww <0



Classical: Fermion Modes

e All modes are positive norm Vw € R

-> freedom in choice of pos.freq. modes

® No classical superradiance: 1 — |R|* = |T|°

H—I—

e Fermions do not satisfy the weak-energy condition -> Area
th. does not apply



Classical stability for bosons

Mirror outside ergosphere Mirror inside ergosphere

I—I— z'—l-

(0¢)* >0
stable
unstable
- (Friedman’78)
-

Mirror inside SOL Mirror outside SOL

x>0

stable

unstable
(Duffy&Ottewill’08)




Classical stability for fermions

stable in all cases!

(In preparation)




States in Kerr - hosons

Defined as in Schwarzschild but w — w for ‘up’ modes (because
of positive norm)

* Boulware a4 | B)=a}’ | B) =0, VA

[s=0: Unruh’74; Ottewill&Winstanley’00; s=1: Casals&Ottewill’ 05]
Properties:

-irregular at H =T, regular elsewhere

-empty at 7 and H™

- has Unruh-Starobinsky radiation at 7 from superradiant modes

- there is no state empty at 7=



e Unruh a|U)=a3" |U)=0, VA

Properties as in Schwarzschild:
- irregular at 7{~ but regular elsewhere
-empty at L~

- Hawking radiation at 7+

2 2

. . T —
at Hawking temperature: 1H d7rn (12 + a?)



States in Kerr for Bosons

e Hartle-Hawking

- Remember: in Schwarzschild, this state was regular
everywhere, satisfied the symmetries of the s-t, contained a
thermal bath at infinity, modeled a BH in thermal eq. with its
own radiation

- This state, therefore, is the relevant one for, eg, the laws of BH
thermodynamics; AdS/CFT correspondence, etc



-

- The attempt by Frolov&Thorne’89 is ill-defined everywhere
due to a pole at w = 0 [Ottewill&Winstanley’00]

A

2
¢2 T|

~) —(FT| ¢* |FT) ~ ) |
U =P IFT) ~ 3 [ e T

Ch

- Candelas, Chrzanowski & Howard’81 constructed a H-H-like
state where modes are thermalized wrt their ‘natural energy’ (ie,
‘in” modes wrt w and ‘up’ modes wrt v )



Casals&Ottewill’05: CCH is regular everywhere but does not
satisty symmetries of space-time

1606 - SOL sL




e Kay&Wald’'91: in a globally-hyperbolic s-t with a bifurcate
Killing horizon, if there exists a state which is regular everywhere
and has symmetries of spacetime then it is thermal (ie, Hartle-
Hawking).

They prove that such a state does not exist in Kerr for bosons
using superradiance....but what about fermions?



States in Kerr - fermions

|Casals,Dolan,Nolan,Ottewill, Winstanley’12]

Remember: ‘in” & ‘up’ have positive norm Vw € R

® Boulware: similar as for bosons. Eg, it has Unruh-Starobinsky
radiation (even if fermions have no classical superradiance) at Z+

However, one may define:
aV'|BY =0 Vw >0
a,’|B) =0 Yw > 0 (for bosons: Vw > ()

Expected to be empty at 7=



e Unruh: Similar as for bosons

o'Hartle-Hawking’ is now well-defined!

but where is it regular?



Boulware for Fermions

Particle number

~\U —B
current < J" >
Properties:

- Empty at radial
infinity

- Regular on and outside
SOL

- Divergence in
ergosphere

y/M

ergosphere




H-H for Fermions

Properties:

3T ergosphere

- It is well-defined 1

)
]

=
~ 0
>

L
I x
- Divergence on SOL due to large- 1
modes: { -> thermal bath rotating 2 |
with horizon? WL —SOL
P 5 2 a4 0

|
2 3 4

4

x/ M



Conclusions in Kerr

® For bosons:
- No ‘Boulware empty at infinity

- Hartle-Hawking is ill-defined

e For fermions we can construct:

- A state (‘Boulware') empty at infinity, though div. in ergosphere

- A state ("Hartle-Hawking’) that is in thermal though divergent on

Ob?zigaalo



