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@ First-oder equations (usual):
i=y, J=-2y-wx+F/m

@ x and y are not canonical variables:
d .
%[xvy] = _Zg[xay]7 - [xhy] :lhexp(_zgt)

@ Transformation to canonical variables

‘p/m

x=q, y=e%®
q= e_Qgtp/m, p = —mw?e®tq + %'F

o Bateman-Caldirola-Kanai (BCK) type Hamiltonian (G = 2gt) [2, 3, 4]:

1 1
H= z—e_(;(t)p2 + émw2 (t)e%Dq? —COF (1) ¢
m
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lg.p] =in, [q,q] =0, [p,p] =0
o Two functions « (t), 3 (¢): [5]
qg= e %/m, X«
p= eCF — eGmqu, X3

@ And a function F:

F(B,8) = /t %) 8 () F (r)dr,

to

Bl Flt) =0, = peOF =T

@ Resulting

%(Bp +oamg — F) = (ae*G +B)p +m (d fer2ﬁ> q.
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o If B = p(t)e!*® is a solution for p and ¢ real function, 5* = p (t) e~i*® is also
a solution, so we have two L.I. first-order invariants:

I=pp—me®pqg—F
I = 8*p — meCB*q — F*.
o We have
[I,IT] =01, Q=imheCW, and W = 38 — 8*5,
the remaining relations are just [I,1] = [IT,IT] = 0.

@ Besides, 2 is a constant function.
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o We introduce
I F_ It
— a'= —,
V49 V49

a

o Which obey the commutation relations

[a,af] =1, [a,a] = [af,af] =0.

@ Since a and a' are invariants, the number operator

n=ala,

is also an invariant.
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Quantum states

o In this case, we suppose a basis {|n)}:
Aln) =nn), necRT.
o The complete algebra of the oscillator is shown to be given by
[a,af] =1, [n,a] = —a, [ﬁ,aq =al,
from where we derive
alny=vnln—-1), afpy=va+in+1).

o We suppose the existence of a fundamental state, defined by a |0) = 0, and
therefore n must be a natural number.

o All other eigenstates can be derived from

_ @)
In) = <2 10).
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o n may be written as
1/1
h—— (=1t _
()
e The quantity Io = 1 {I',I} is a quadratic self-adjoint dynamical invariant:
1 1d%y d~y 1 dry 1
I, == =r - G=*r - 2
@ 2(me ) (2 de? +gdt +w7> 1" @ {q,p}+27p+
do
— me@ (dt +'yeGF)q+ap F(o,t),

with v = 28*8, and 0 = —*F — F*p3.

@ Therefore,

1
Ip=Q(n+=-).
Q (n+2)

o Physical states are eigenstates of I but still obey the time-dependent
Schrodinger equation.
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o It can be shown that v and o obey the generalized Ermakov equation [1],

1d3y d2 . 9 o\ dv dw?
S +3g—— 20w?) =L+ [ = + 4u? =0
2dt3+gdt2+(g+4g+w)dt+(dt+wg)y ,

o Together with

d%o do 3 dvy dF
— 2+’ :—fGF——G(— F) .
dt2+ gdt+wa 2 Ty ¢ dt+4g 7
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Wave functions

o Considering (q |a|0) = 0,
Gay 1 ing @
F +me”Bq +tﬁﬂ@ %o (q) =0,
@ Solution

11 :
Yo = Aexp {75% (meG5q2 +2.7-—q>} ,

= () - () omrn]

o The complete set of normalized eigenfunctions are found to be

ot (Y [Q (a, 2 .

where Hy (x) are the Hermite polynomials.
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Uncertainty relations

@ Writing the canonical variables in the form
ik

Va

imhe@

PE A

(B*a - /3aT) - lem (B*F),

2mhe@

(B*a — BaT) — Im <B*]—') ,

o allows us to calculate the uncertainty relations

2m2nte?G . . 1\?2
q), (Ap), = ——5—" n+ o).
(Aq)y (Ap)y = 58" 8 (n+ 5
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o g2 < w?, w and g constant parameters, F = F(t), G = 2gt:

B = exp(—gt)exp(ivt), @ =w®—g%
B* is just the complex conjugate.

@ The linear dynamical invariants become (g = g — i®)
I =¢%t [e_gtp + mgeStq — e_im}'] ,
together with the adjoint operator IT.

o We also have Q2 = 2mah, which gives the ladder operators

eth

a= [e‘gtp +m(g—iw)eslq — e_im]-'] ,

2mah

and the adjoint at.
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@ The quadratic invariant results in

d
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@ The quadratic invariant results in
2t do
Ig =2mH — me E—&-Up—]-'(a,t).
1 om0, 1 9040  og
H= —e *'p*+ —mw“e*'q” — e*'Fq.
2m 2
o Note that I is an invariant observable, so the invariant eigenvalues

1
I, = 2mwh (n + 5)
represent invariant characteristic values of the oscillator.

o The normalized wave function of the fundamental state is given by

o\ /4 28t ) 2
_ t/2 [ MW _ € —iwt
wo= e (2 e [ (m (7)) x
71”@ 2t 2 i —idt T8t
Xexp( 2he q+he F q)

where g = g — iw.
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o A straightforward calculation shows that

Yn = 7(1)" e_i"w”l/)OHn (%)
2" . n!

are the normalized eigenfunctions, where

x = \/?egtq —4/ %mlm (e’i‘:’t]-'> .

@ Moreover, we have the uncertainty relations

o2 7g2 1 2
(Aq)2 (Ap); = h27 (n + 5) ,

which are time-independent.
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o Now, let us display some results for the case F = Fy sin (at):
8" sin (at) — acos (at) + ae ™8t

&)+ o2

F = Fyé?

@ The parameter o is given by

o= —2Fo {2wg [wsin(at)+

(€2 — @2 +a2)® + 402g?
[ ]

—ae & sin(wt)] + (g2 w2+ az) [gsin(at)+
—acos(at) + ae & cos(@t)] } ,
o and F(o,t) becomes
—2F2e%!

[(gz @y a2)2 + 4w2g2]

F(ot) = {[wsin(at)+

—ae 8 sin(@,‘)]2 + [gsin(at) — acos(at) + ae & cos(@t)}z} .

@ The simple harmonic oscillator is trivially recovered in the case G = 0, w = w,
and F = 0, which also gives the condition o = 0.
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Conclusions

@ We showed a procedure for the quantization of the general one dimensional
linear oscillator.

@ The procedure is based on the construction of the linear invariants of the BCK
Hamiltonian, which turns out to be ladder operators.

o We also construct the Hilbert space of the system and calculate the wave
eigenfunctions.

o The wave functions 1, are time-dependent and lead, in the general case, to
time-dependent expectation values and uncertainty relations for the canonical
operators.

o In the special case of constant parameters, however, the uncertainty relations
between ¢ and p are time-independent.
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