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1 - Introduction/Motivation.

- General Relativity Theory (GRT) (Einstein, A.-1915)

From Sobral eclipse 1919 (Eddington, A., Dyson, F.-1920) to gravitational waves
(Abbott, B. P., et al. (LIGO/Virgo Collaboration)-2016).

- Accelerating expanding universe, SN Ia (Riess, A. G., et al.-1998).

ACMD model.
Cosmological Constant tensions.

- Recently released data from DESI (DESI et al - 2025) experiment suggest that
the (Dde = (Dde(t).



1 - Introduction/Motivation.
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1 - Introduction/Motivation.

ACDM model. Einstein-Hilbert+C.C. action:

st 2 .1 d'z/=g(R — 2A), and the Hubble constant is: . ;

Variational principle: a

y 1 Expanding in terms of the
(I;M/ 5 g/u/A Pr— R;u/ 25 A Q/u/R -+ q;u/A e F27—;Lll7 . 8

*4 components:
A 27 - trace
R = 4 — K . 3H2 - K"Z(p"l 4 p,) A A
9 Qrr2 .2
When we consider the FLRW metric: Sl = i e bl
‘ warT pm anda pr are the matter and
ds* = dt* — a(t)? (1 ——f r?d¢* + r’sin ((/))d02) radiation density.



2 - Metric Theories (f(R)).

Unlike GRT, the metric theories define the functional in term of a arbitrary
function of Ricei scalar f(R). i % / =0/ (R)d"Z + Spa
K

So, using the variational principle: 1 P : ;
(IY;u — /. [(V“V — Yuv )_/’ + l"T(/‘ — R[ )] + f\?z’];“,,

trace: i

30f'(R) — 2f(R) + f'(R)R = f(R)K"T. I'="

dn -

We can see the effective Einstein tensor as:

1 L
The teI’m ( ) aCt hke A in ACDM. ;;,,t,l; — (’Y;u/ =, [(vllvl/ s .q;uzD) fl - s (JI ([ Rj )]

I
j,[(vv 0) '+ 25 - Ry,
_



2 - Metric Theories (Palatini).

Palatini theories: The Palatini’s scalar curvature is defined with a metric
independent connection: R = @u(()f‘za) _ vo(éf‘zu), T2, — 1% (h).

Nz

5 . l
The Functional: o o / V—9f(R)d'z + Spa.

y | R
Field Equations: J'(R)R ) — 59""] (R)=KTw:  and the trace:

Va(v=9/(R)g") = 0. f'(R)R —2f(R) = kT.




2 - Metric Theories (Palatini).

Using @/\(, /—gf'(R)g"™) =0. we can define the conformal transformation:

B = TAR 0 —_— h* = 7 (l,R) g,
and after some algebra we can write:
qu = Fa 2_}“(72) (qlzﬁf ( )w +gﬁu.f,(R)m _g;zuf’(R)7ﬂ )7
e 3 ’ ’ 1 q,w
Ruw = B+ 552 (Vul RVl (R) = s (V¥ + %20) f1(R)
3 7 ’ . 3 ’
R=R+ TR ===V (R)V.F'(R) I )Df (R)- trace.



2 - Metric Theories.

So we can rewrite the field equations:

i - 3 n : i . 1 :
Gy = —22 + (i —R) — 55 |0uf'0.f — 22(0f )2]+F(vﬂvu—g,,ua) !

fl 92 f/ 2f/2
Note that:
While in f(R) the trace equation: In Palatini:
30f(R) — 2f(R) + f(R)R = f'(R)K*T. f(RYR —2f(R) = kT.

The equations reveal that f(R) theories possess an extra propagating degree of
freedom, in contrast to Palatini theories. This property can be rigorously expressed

through the scalar-tensor (S.T.) formalism.
T SGGGSSGSSSSSS——————————————,— S



2 - Metric Theories.

Scalar-Tensor equivalence. Scalar fields:

f(R) X Palatini
of(R) Af(R)
Funcional:
S= g [ VIR V@I + Sy 5 [V |01+ 5007 = V)| 0t S

V(o) = R — f(R). V($) = ¢R — f(R),




2 - Metric Theories.

Field equations in f(R): In Palatini:
K 1 1
Tuy — w w 7 L - WD )
( Jul (/5’1—; 2(/)(]/ V ¢) + (/) [vl VV .ql ](p
. K 3
= G = 5T = 5355 (Vb Vb = 50, 7 8V9) 4
1 | %4
30¢ + 2V (¢) — ¢V = KT. +5(V uVio — 9 00) — 269
06 = SR=V) +5:9"69,0.

2V — ¢V’ =k T.




) _

Metric Theories

There is a substantial body of observational results placing constraints on f(R)
and Palatini theories (Ishak, 2019; de Felice, 2010), indicating that they do not
provide a viable alternative to GRT + A.

Cosmological observations suggest that Palatini’s theories are nearly
indistinguishable from GRT (Tsujikawa, 2008).

f(R) theories require the "chameleon mechanism" to prevent the extra degree of
freedom from altering post-Newtonian predictions (e.g., in the Solar System).

Various astrophysical observations show no evidence of such a mechanism in
action (Jain, 2013).



3 - Hybrid Theories. f(R,R) = R+®R),

Supposing: S / vV—g(R+ ®(R))d"z + Spat-

Field equations:

1
R;u/ o q),R;w = ég;w(R i (I)) — IGT',“,.
v(:(V _Q,/-qu“/) — @(:(V _g(I)’gI“’) = 0’ R,,,, — R 2(1),2(9 0,9 — (V V., + lqu/ > P’
R=R+ 2 [(w()@')z 2 m'] .
G Pl = ; 0,9'0,®" + (V,V Iwn) e 4 e 4 kT
’;u/"' oy 2(1),(;1. In u+7 + 9 + K -




3 - Hybrid Theories.

S.T. representation: s / v—a [ (14 1)+ —((?zp)2 V(4 )] d*% 1 Srar

V() =—-2+ PR =—-D+ YR,
Field equations:

(1+9)G = KT+ (VuV' — guwD) th }(M/)aﬂ/))'i’g,w[ v+—(aw>]

2 A4

ZT 1/) trace:

— 2 —_— — <
W=—"g T2 GO 'W G- —R(1+9) = &*T — 30¢ + %((m)? —2V.

GZ’.E = (l 1 TP) Tpy — (Vﬂvu — Guv )"/’ L3 _d)(ay"wbau"/)) — Guv [ =V F 4_1/)(87/)) ‘



4 - Cosmology and Dynamical System.

3H2 — \,2 i -+ i + A
Back to GRT+CC: B pr)
2H + 3H? = —.2(pm + pr) + A.
deSitter solution:
-2
3H? = 3% =A —> glt) = e\/:AT", Stable solution.

Renormalized Dynamical Variables:

2
K p-m

L= 82'm. — O
& 3H?

1=z 4y .

with P=p=0

[{2 Pr K,2 PA
adf x Gy = .
Y:C A= B2




4 - Cosmology and Dynamical System.

Example of dynamical systems analysis in GRT:

Dynamical System: .y = z(3z+4y—3) with N = log(a)
y,n = YB3z +4y —4).
Critical points: Para O: M0 ={—4,-3},
O = (0,0), H=A0. 1') ¢ M = (1,0). para R: AP={1,4} e
= ﬁz = —%% = Para M: M ={-13}
=3 =0 e uf=-]



4 - Cosmology and Dynamical System.
0 = (0,0), R=(0,1) e M=(10).7

Para O: M ={—4,-3)},
Para R: M'={1,4} e
Para M: MY ={-1,3}.

e L o 2T 5
T Py 3H?
1
R M 9 ..
w{,fj— ‘3, weff—() e weff—_l




4 - Cosmology and Dynamical System.

. vV .
3H? = K? — —3Hvyp — — ()2
(1+17) k°(pr + pm) + = P rm ()

Cosmology in f(R,[]):
(1+$)(—3H2—2H) — K’p, +2Hd) + — % _ 4‘—;(1/;)2.
H? . b
v = —3H¢+ i’/ - e (2+ %) + 2‘;”’/ — k(pr — 3pr)

In terms of density:

(2/) 5 3 1)3H2 = "2(/)«: T Pr + pm) — “2/7«:]]1
: K2
(v+1)H = —5(/7«11 + Pess)
¢ 9 an 3H'I/} — 1/ (”l/})



4 - Cosmology and Dynamical System.

Considering vacuum,

, : 32V
3 NH?2 = —pH ———if —
: ;a2
2w+ 1)H = Hp+2 4, |
2t and y as constant, we have in
. 2 9 deSitter state:
b= —3HY + o 2V - @+ DV,
: Vas
Hy=4l—e .
=\ 6(as + D
1/) lde =0.
ds
—:‘;—[2VdS — (Yus + 1)Vy,s] = 0. 2 Vis

(Yas + 1) ~ Vs




4 - Cosmology and Dynamical System.

Changing variables:

p=sx’, Y=2xx% Y=2"+2x% V@E)=V(), e Vp=3=

premr E,
o avoid indetermination problems.

3H% (s’ +1) = —6sHyx —3sx*+ @,

; o  SX2 V,(sx?+1
9H(sx2+1) = 8sHyxx+4s%> + % [2V(x) - X(SZXSX )] ,
D Vi(sx?+1)

X = —8Hx—2 IQV(X) 25 :



4 - Cosmology and Dynamical System

X
. . . T == Y= = e z2==— ulxr) = =%
Renormalized dynamical variables: K Y= (z)

H 1 ; ;

T = 2z 1) [8szy + 4sy” + 4s7°2 — u(z)2z(s2° + 1))

g w@)z,

— = AR i (). ‘

52 % 25 ¢ ) sz + 2sTy+sy' +1=s(z+y)* +1 =z

= g i), .
X u u(z)y? xs r,n = F(z,y
% = —3y+2z+ T d u(z)r® 4+ u(z)zy + ( 2)J + ?(:r +9)?(u(z)z — 4).

yn = G(z,y).
N = log(a)



4 - Cosmology and Dynamical System.

Dynamical system: ¥~ — U,
o ol
YN = T Yo
Ly — Y
> {7 — 1 1
YN — —3y—2x+ 3 + ux” + -2-11,:1:y+§uy 2('r-}-y) (uz — 4).
With these critical points: Iy = (0,0) € P, = (24,0),
F(z,y)=0 u(Ty) = 7'33—‘:1
G(z,y) =0



4 - Cosmology and Dynamical System.

In (0,0), the linearized matrix is: And the eigenvalues:
F g 1
0 1 N {__ (3 +4/1F zum(()))
M, = 1z (0) ; .
I
-2+ -3
L 2 Y
A1 A2 Stable/Unstable stab/unstab charact.
u, > 4 > () <0 Unstable Saddle
u, = 4 =0 <0 Center Manifold Saddle or stable
—% <uy <4 #Fxh<0 #FA<0 Stable Improper node (assintotic. stab.)
U= —% =Xl =M 20 Stable Jordan node (assintotic. stab.)
u; < —3  R(A) <0 R(A) <0 Stable Vortex (assintotic. stab.)




4 - Cosmology and Dynamical System.

In (Xu,0), the linearized matrix is: And the eigenvalues:
N 0 1 i |
00— 2(3;3 B 1) " 71'.1:(2-Lu) (1 - ) iz A = {—§ (3 + \/1 + 822 + 2u, + 422u, + 2.7:uz'4uz)}
M Ao Stable/Unstable stab/unstab charact.

Uy > —¢ f‘jr_l)l : > () <0 Unstable Saddle
U, = —?—f‘%’l;l)l% = <0 Center Manifold Saddle or stable

—m T —%ﬁ% #FA <0 #F AN <0 Stable Proper node (assintotic. estab.)
o= —m =<0 =X<0 Stable Jordan node (assintotic. estab.)
T —Tx.ﬁi—l)f R(A) <0 R(A) <0 Stable Vortex (assintotic. stab.)




9 - Testing Some Models.

Quadratic model:

Dynamical variables

®(R) = a + BRZ,
F(R,R) =R+ a+ AR

uas(x)

sx? = 28R,

sx?

_2—/?»

! - 4ap
4/

ViXx)

3H%(sx? +1) = —65Hx)'(—33)'<2+—2—,
2
2H(sx* +1) = 8-9Hx5<+43>'<2+% [2V(x)—m32+;l)]’
Vi(sx2+1
X = —3Hx-3% [2V(x) - X(+x+)] |
In deSitter state:
. Vas 18
.lf[2 v — —“—- = e———
dS 6(3X121S + l) 6
SXZS = 0’
ou
sX?iS = —4af para x =40,



9 - Testing Some Models.
Dynamical system and critical points:
z,, = y(—4ap+z"),
Uy = 1208y +8afz + 2[z* + 4af(z + y)*] + 2°(22* + 3zy + 24°).

1)1 = ((),()),
Pyy = (£+v/—4ap,0),

H

Meff. m'l’o HZI[" =0, — werlp = —1.




3H2(SX2+1) - _GSHXX'_&”'CZ_'_ V(2X),

. " S
2H(sx*+1) = ssyxxﬂsxq%[zv(x)_ (5x% + )]’

. 2sx
9 - Testing Some Models. = oy [y - K],
Exponential model: B(R) = a(l + '),
f(R,R) = R+ a(1 + 7).
sx;m;m(‘x;i::mzr S
_ qepth
RSB = log L
V(R) = —all +F(1-8R)), In deSitter state:
Vi = —alr 2 (reiog™
X) = —«a [ Pl ( og, _a?)] .
2 =0
2sx log 25 XdS
Vy = 25xR=—0»2 oy
B _‘ﬁﬂ Z(X‘i‘q i (;ﬁ) + log aff = log X?IS"
"‘(X) cace X105 45 Xds =

-y T A
xlog;;Lﬂ aff —x



9 - Testing Some Models.

Dynamical system and critical points

Ly = Y,
iy =gy -5 _1 e ﬁ {—(af + %) (22 + 22° + 3y + 6%y + 6zy* + 2¢°) +
+alog %3 [—1+ 2" + 32%y — oy + 2® + 2%(2 + 37|}
Py = (0,0),
P, = (2a,0), | |
Bt z(_tlﬂ) | Do %m = g. =Bl

=—1.



Phase portrait:
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4 - Testing Some Models.
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6 - Future Perspective:

ZyN

Szr 'WN

Y,

1 . :

5[——:1: —3y+ (x4 y)( — 32) — s(z + y)* + uzs(sz® + 1) + uzyz],
z[3 — 32 4+ Q, — s(z + y)* + uy + ux2],

Q. [—14+ Q. — 32 — s(z + y)* + uz2],

Numerical integration/Dynamical analysis of cosmological equations:

4 2
% = —3Hy— -’-‘-‘5 4 '};ﬁ(‘“xz +1)] - = Considering
ot 3 ’ vV e matter and
SH™(sx" +1) = £ (pm+pr) + 5 — 6sHxX — 35X radiation
sx2 4p, content.

2H(sx* +1) = 8sHxx +4sx" + %[%'xv —Vi(sx®+1

Attractive characteristic theories:

1 0
2 Jv L LoV -
G 0;1.1/0 e w;u/w, T R;u/él £ )

df e -

dr 3

M(l‘ = _R-,wﬁ"ﬁ"'

-Main curvature.

3

o))

3

Raychaudhury’s equation.

Imposing the S.E.C:

- g
RuEE > tjl—{k 1{%(26“{" +1) [s + (z +y)? + dzuz(sz® + 1) — bsz — .s'Q,.] -
w
Ricei tensor in hybrid models - (4€°¢" — 1)(—2szy — sy*) — 3z}.
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