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CMB: basics

Aplicação: O mapa de Jacobi no caso cosmológico

sujeitas às condições iniciais D(0) = 0 e Ḋ(0) = , com T dada por

T =

(

R+ReF ImF
ImF R− ReF

)

(2.38)

sendo suas entradas relacionadas a quantidades geométricas R = 1
2Rµνkµkν

e F = 1
2ε

αεβCαµβνkµkν a serem calculadas no espaço-tempo de interesse, que
para nós é o espaço FLRW sujeito a perturbações escalares e parametrizado
(no gauge newtoniano) como:

g = a2(η)[−(1 + 2Φ)d2η + (1− 2Ψ)(3)g] (2.39)

onde Φ e Ψ são os potenciais gravitacionais, também chamados de potenciais

de Bardeen e η é o tempo conforme.
A equação (2.37), que é uma equação de segunda ordem, pode ser escrita

como um sistema de equações de primeira ordem. Definindo

Y =
dD
dλ

,

temos
d

dλ

(

D
Y

)

= −

(

0 1

T (λ) 0

)(

D
Y

)

,

(

D
Y

)

(0) =

(

0

1

)

(2.40)

lembrando que as entradas desta equação são, de fato, matrizes.
Sabemos que se Φ = Ψ = 0 em (2.39), podemos invocar o teorema A.26

para determinar a matriz de maré óptica, que neste caso é bastante simples
(fazendo a(η) ≡ 1):

T (0) =

(

K 0

0 K

)

(2.41)

com K sendo a curvatura seccional. O fato de termos uma matriz tão simples

deve-se ao tensor de Weyl anular-se no espaço-tempo base, como conseqüência

do Teorema A.26.
Supondo que as correções devidas aos potenciais gravitacionais são “peque-

nas”, podemos escrever
(

0 1

T (λ) 0

)

=

(

0 1

K 0

)

︸ ︷︷ ︸

L

+

(

0 0

T (1)(λ) 0

)

︸ ︷︷ ︸

I(λ)

, (2.42)

donde obtivemos um problema de perturbações sobre um sistema linear. A
solução de ordem zero será dada por eLλ aplicada à condição inicial. Explici-
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Integral version of Boltzmann’s equations

Temperature
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2 Boltzmann’s equations

The hierarchy of Boltzmann’s equations describing CMB temperature fluctuations and po-
larization can be written in terms of a set of coupled integral equations — see, e.g., [14]. Let
the temperature anisotropies observed at position xo and at (conformal) time ηo along the
direction ô be given in terms of its momenta as:

Θ(xo, ηo, ô) =

∫
d3k

(2π)3/2
eik·xo 4π

∑

lm

il Θl(k, ηo)Y
∗
lm(k̂)Ylm(ô) . (2.1)

Similarly, the polarization, in terms of the usual Stokes parametersQ, U and I, is decomposed
as:

Q+ iU

4I
(xo, ηo, ô) =

∫
d3k

(2π)3/2
eik·xo 4π

∑

lm

il αl(k, ηo)Y
∗
lm(k̂) 2Ylm(ô) , (2.2)

where 2Ylm are the spin-weighted spherical harmonics [16].
The momenta of the CMB temperature and polarization are then given by the integral

equations:

Θl(k, ηo) =

∫ ηo

0
dη e−µ(η)

{

µ′(η)

[

θSW (k, η) jl(k∆η0)− k Vb(k, η) j
′
l(k∆η0)

+
1

2

[

Θ2(k, η)−
√
6α2(k, η)

]
[
3

2
j′′l (k∆η0) +

1

2
jl(k∆η0)

]
]

+ (Ψ′ + Φ′)(k, η) jl(k∆η0)

}

, (2.3)

and

αl(k, ηo) = −
3

2

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη µ′(η)e−µ(η) 1

2

[

Θ2(k, η)−
√
6α2(k, η)

]jl(k∆η0)

(k∆η0)2
. (2.4)

In eqs. (2.3)–(2.4) a prime denotes a derivative with respect to conformal time η, the optical
depth to Thomson scattering is µ(η), and we have defined the interval∆η0 = ηo−η. It is some-
times convenient to define the ubiquitous source term P (k, η) = 1

2

[

Θ2(k, η)−
√
6α2(k, η)

]

.
The system above is closed once the perturbed Einstein equations are used to determine how
the linear scalar cosmological perturbations θSW , Vb, Φ and Ψ evolve with time. However,
both the precise nature of the perturbed Einstein equations, or of the initial conditions that
are used to evolve those equations, are irrelevant for our results.

Equations (2.3)–(2.4) show that the primary sources of temperature fluctuations are the
Sachs-Wolfe term, θSW , the baryon velocity, Vb, and the gravitational potentials Φ and Ψ
(also known as the Bardeen potentials — we work in the conformal-Newtonian gauge). The
primary source of the polarization of the CMB, on the other hand, is the quadrupole of the
temperature fluctuations. The integral equations then couple all the momenta of temperature
and polarization, mediated by the visibility function g(η) = µ′(η)e−µ(η).

Henceforth we will take xo = 0, i. e., the observer is taken to be at the origin of the
coordinate system employed for the description of the problem.
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∫
d3k

(2π)3/2
eik·xo 4π

∑

lm

il Θl(k, ηo)Y
∗
lm(k̂)Ylm(ô) . (2.1)
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Polarization in position space - uncoupled 
temperature

Estudo do sistema quando se toma P = 0 na temperatura

3.2.1 Expressão da temperatura no espaço das posições

Estudaremos (3.1) mas escreveremos, por conveniência, a mesma decomposição
da seguinte forma:

Θ(ηo,o) =
∑

lm

θ(0)lm (ηo)Ylm(o) (3.6)

e desejamos determinar os coeficientes θ(0)lm (ηo).
Com efeito,

θ(0)lm (ηo) = 2il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

{
∫

d2k̂e−µ(η)

{

µ′(η)

[

ΘSW (k, η)

−Vb(k, η)
∂

∂η

]

+ (Ψ′ + Φ′)(k, η)

}

Y∗
lm(k̂)

}

jl(k(ηo − η)) . (3.7)

Definiremos então o seguinte objeto:

Slm(k, η) :=

∫

d2k̂ e−µ(η)

{

µ′(η)

[

ΘSW (k, η)− Vb(k, η)
∂

∂η

]

+ (Ψ′ +Φ′)(k, η)

}

Y∗
lm(k̂)

(3.8)

e com isso reescrevemos (3.7) como:

θ(0)lm (ηo) = 2il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2Slm(k, η)jl(k(ηo − η)) . (3.9)

Observamos agora que os coeficientes Slm(k, η) no espaço dos momentos podem

ser expressos no espaço das posições1 Ou seja, apenas termos de fonte sobre

uma esfera de raio (ηo − η) contribuem para o valor de θ(0)lm (ηo) para cada η.

1Seja ylm(k,A) os coeficientes da expansão em harmônicos esféricos de uma quantidade y que

depende de k e mais um grupo de variáveis denotado por A. Esses coeficientes no espaço de Fourier

são relacionados aos correspondentes coeficientes no espaço das posições como:

ylm(k,A) = 2(−i)l
∫

∞

0
ylm(x,A)jl(kx)x

2 dx

(2π)1/2
.

. Como resultado, teremos:

θ(0)lm (ηo) =
2

π

∫ ηo

0
dη

∫

dxx2Slm(x, η)

∫

dkk2jl(kx)jl(k(ηo − η)) . (3.10)

Como
∫

∞

0
dkk2jL(ak)jL(bk) =

π

2

bL

aL+2
δ(a− b) ,

obtemos finalmente o resultado simples:

θ(0)lm (ηo) =

∫ ηo

0
Slm((ηo − η), η)dη . (3.11)
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3 Uncoupling the temperature evolution

We can decouple eqs. (2.3)–(2.4) by neglecting the term α2 in eq. (2.3). This truncation
represents the approximation whereby deviations from the equilibrium temperature are de-
scribed by the Sachs-Wolfe (SW) and integrated Sachs-Wolfe (ISW) effects. Within this
approximation, then eq. (2.3) becomes:

Θl(k, ηo) =

∫ ηo

0
dη

{

g(η)
[

θSW (k, η) jl(k∆η0)− k Vb(k, η) j
′
l(k∆η0)

]

+ e−µ(η)(Ψ′ + Φ′)(k, η) jl(k∆η0)
}

. (3.1)

Neglecting polarization as a source term for the temperature anisotropies is in fact a very
good approximation, and the reason for this underlies the argument presented in this paper.
The visibility function g(η) should be regarded as the probability per unit (conformal) time
that photons will scatter with some free electron — and, in fact, g(η) is defined in such a way
that this probability is normalized,

∫∞
0 dη g(η) =

∫∞
0 dµ e−µ = 1. This means that each time

a factor of the visibility function intermediates a source term, that source term is damped by
a factor ε, with 0 < ε < 1. Since the lowest-order polarization term has at least one factor of
the visibility function, it contributes as a source term to the temperature with two factors of
the visibility function. Hence, the SW and ISW effects dominate the intensity of the signal,
and eq. (3.1) accounts for the largest contribution to the temperature anisotropies.

3.1 CMB temperature in position space

Let’s now take the lowest-order contribution to the temperature anisotropies, and express it
in terms of position space. Expressing eq. (2.1) as:

Θ(ηo, ô) =
∑

lm

θ(0)lm (ηo)Ylm(ô) , (3.2)

the coefficients θ(0)lm (ηo) are given by:

θ(0)lm (ηo) = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂ e−µ(η)

×
{

µ′(η)

[

θSW (k, η)− Vb(k, η)
∂

∂η

]

+ (Ψ′ + Φ′)(k, η)

}

Y∗
lm(k̂) jl(k∆ηo) . (3.3)

We shall then define the primary source term operator as:

Slm(k, η) =

∫

d2k̂ e−µ(η)

{

µ′(η)

[

θSW (k, η)−Vb(k, η)
∂

∂η

]

+(Ψ′+Φ′)(k, η)

}

Y∗
lm(k̂) , (3.4)

where we stress the fact that we have included the optical depth to Thomson scattering in
the definition of the source term. In terms of eq. (3.4), eq. (3.3) can be written as:

θ(0)lm = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η) jl(k∆ηo) . (3.5)

In order to obtain a position-space description, we will express the coefficients Slm(k, η) in
terms of their counterparts in position space, by means of a Hankel transform:

Slm(k, η) = 2 (−i)l
∫

dX

(2π)1/2
X2 Slm(X, η) jl(kX) . (3.6)
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+ e−µ(η)(Ψ′ + Φ′)(k, η) jl(k∆η0)
}

. (3.1)

Neglecting polarization as a source term for the temperature anisotropies is in fact a very
good approximation, and the reason for this underlies the argument presented in this paper.
The visibility function g(η) should be regarded as the probability per unit (conformal) time
that photons will scatter with some free electron — and, in fact, g(η) is defined in such a way
that this probability is normalized,

∫∞
0 dη g(η) =

∫∞
0 dµ e−µ = 1. This means that each time

a factor of the visibility function intermediates a source term, that source term is damped by
a factor ε, with 0 < ε < 1. Since the lowest-order polarization term has at least one factor of
the visibility function, it contributes as a source term to the temperature with two factors of
the visibility function. Hence, the SW and ISW effects dominate the intensity of the signal,
and eq. (3.1) accounts for the largest contribution to the temperature anisotropies.

3.1 CMB temperature in position space

Let’s now take the lowest-order contribution to the temperature anisotropies, and express it
in terms of position space. Expressing eq. (2.1) as:

Θ(ηo, ô) =
∑

lm

θ(0)lm (ηo)Ylm(ô) , (3.2)

the coefficients θ(0)lm (ηo) are given by:

θ(0)lm (ηo) = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂ e−µ(η)

×
{

µ′(η)

[

θSW (k, η)− Vb(k, η)
∂

∂η

]

+ (Ψ′ + Φ′)(k, η)

}

Y∗
lm(k̂) jl(k∆ηo) . (3.3)

We shall then define the primary source term operator as:

Slm(k, η) =

∫

d2k̂ e−µ(η)

{

µ′(η)

[

θSW (k, η)−Vb(k, η)
∂

∂η

]

+(Ψ′+Φ′)(k, η)

}

Y∗
lm(k̂) , (3.4)

where we stress the fact that we have included the optical depth to Thomson scattering in
the definition of the source term. In terms of eq. (3.4), eq. (3.3) can be written as:

θ(0)lm = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η) jl(k∆ηo) . (3.5)

In order to obtain a position-space description, we will express the coefficients Slm(k, η) in
terms of their counterparts in position space, by means of a Hankel transform:

Slm(k, η) = 2 (−i)l
∫

dX

(2π)1/2
X2 Slm(X, η) jl(kX) . (3.6)
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Using now the orthogonality relation for spherical Bessel functions,

∫

dk k2 jL(ak) jL(bk) =
π

2

bL

aL+2
δ(a− b) ,

we obtain:

θ(0)lm =

∫ ηo

0
dη Slm(X = ∆η0, η) . (3.7)

Eq. (3.7) has a straightforward interpretation: it states that, in order for a source term at
time η contribute to the CMB signal at time ηo, that source must be located at the spherical
shells of radius ∆η0 = ηo − η centered at the observer. The set of those spherical shells is a
hypersurface which corresponds, of course, to the past light cone of the observer on {xo, ηo}.
Since the visibility function is highly peaked at the time of decoupling, the primary source
term contributes the most to the signal near the epochs when z(η) " 1100.

3.2 CMB polarization in position space

We shall now decompose the polarization as:

Q+ iU

4I
(ηo, ô) =

∑

lm

πlm(ηo) 2Ylm(ô) , (3.8)

with the aim of determining the coefficients πlm(ηo). The source terms in eq. (2.4) are Θ2 and
α2, which are built iteratively from an initial temperature quadrupole. We can, therefore,
organize the iterative solution as a series into powers of the visibility function. As a first step
in the iterative solution, for example, α2 (which is of higher order in the visibility function)
will not be taken into account — only the temperature quadrupole will contribute to generate
polarization at this order. The first iteration is, therefore:

π(1)
lm (ηo) = −

3

4
2 il

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η)

×j2(k∆η1)
jl(k∆η0)

(k∆η0)2
, (3.9)

where the time intervals are defined as ∆η1 = η1−η and ∆η0 = ηo−η1. The source term Slm

is the same as was defined in eq. (3.4). Using once again the Hankel transform of eq. (3.6)
we can recast eq. (3.9) as:

π(1)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫ ∞

0
dk k2 jl(kX)

jl(k∆ηo)

(k∆ηo)2
j2(k∆η1) . (3.10)

The interpretation of the expression above is the following: at time η a source term generates
a temperature quadrupole. That quadrupole then generates, through a scattering at time
η1, the polarization which is finally observed at time ηo. As we shall see, the integral of the
second line of eq. (3.10) guarantees that the source term, at a distance X from the origin,
is located in the past lightcone of the observer, for all possible η1 and η. The variable X
will also be upper-bounded, and therefore the upper limit in the integration over the source
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The general term in the iterative series expansion with n intermediate scatterings can be
written as:

π(n)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1) ×

1

(n− 1)!

∫ η1

0
dη2 . . . dηnT{g(η2) . . . g(ηn)}

×
∫ ηn

0
dη

∫ ∞

0
dX X2 Slm(X, η)

× 9(n−1)
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
. . .

j2(k∆ηn−1)

(k∆ηn−1)2
︸ ︷︷ ︸

(n−1) times

j2(k∆ηn) . (3.13)

Here, T stands for the time-ordered product of the sub-intervals, whose purpose is to repro-
duce the chain of integrations mediated by visibility functions shown in, e.g., eq. (3.12).

The coefficients πlm appearing in eq. (3.8) can be expressed, therefore, as:

πlm(ηo) =
∞
∑

n=0

π(n)
lm (ηo) , (3.14)

with π(n)
lm (ηo) given by eq. (3.13).

An important condition for the validity of this perturbative expansion of the CMB
temperature and polarization is that all the terms in the expansion of eq. (3.8), with an
arbitrary number n of intermediate scatterings, must be expressed in position space. However,
this can only be true if the k integrals over products of spherical Bessel functions appearing
in eq. (3.13) can be in fact performed, and are well-behaved. In the next section we will show
that, in fact, these integrals are probability densities for random flights with n steps, in a
space of suitable dimensionality.

4 Random flights and the CMB

From the previous section — specially from eq. (3.13) — it is evident that a complete treat-
ment of the CMB in position space requires that some specific integrals of products of spher-
ical Bessel functions should be computed. In order to fulfill this requirement, we will proceed
in the following way: first, we will present a simplified version of those integrals, and we will
show that they give rise to probability densities associated with random flights. Next, we
will show how the integrals we have to solve can be expressed in terms of the random flight
integrals.

Let’s recall the well-known identities satisfied by spherical Bessel functions:

zL+
3

2JL+ 1

2

(z) =
d

dz

[

zL+
3

2JL+ 3

2

(z)
]

.

Since the spherical Bessel functions are defined as:

jn(z) =

√

π

2 z
Jn+ 1

2

(z) ,
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Using now the orthogonality relation for spherical Bessel functions,

∫

dk k2 jL(ak) jL(bk) =
π
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bL

aL+2
δ(a− b) ,

we obtain:

θ(0)lm =

∫ ηo

0
dη Slm(X = ∆η0, η) . (3.7)

Eq. (3.7) has a straightforward interpretation: it states that, in order for a source term at
time η contribute to the CMB signal at time ηo, that source must be located at the spherical
shells of radius ∆η0 = ηo − η centered at the observer. The set of those spherical shells is a
hypersurface which corresponds, of course, to the past light cone of the observer on {xo, ηo}.
Since the visibility function is highly peaked at the time of decoupling, the primary source
term contributes the most to the signal near the epochs when z(η) " 1100.

3.2 CMB polarization in position space

We shall now decompose the polarization as:

Q+ iU

4I
(ηo, ô) =

∑

lm

πlm(ηo) 2Ylm(ô) , (3.8)

with the aim of determining the coefficients πlm(ηo). The source terms in eq. (2.4) are Θ2 and
α2, which are built iteratively from an initial temperature quadrupole. We can, therefore,
organize the iterative solution as a series into powers of the visibility function. As a first step
in the iterative solution, for example, α2 (which is of higher order in the visibility function)
will not be taken into account — only the temperature quadrupole will contribute to generate
polarization at this order. The first iteration is, therefore:

π(1)
lm (ηo) = −

3

4
2 il

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η)

×j2(k∆η1)
jl(k∆η0)

(k∆η0)2
, (3.9)

where the time intervals are defined as ∆η1 = η1−η and ∆η0 = ηo−η1. The source term Slm

is the same as was defined in eq. (3.4). Using once again the Hankel transform of eq. (3.6)
we can recast eq. (3.9) as:

π(1)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη
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0
dX X2 Slm(X, η)

×
∫ ∞

0
dk k2 jl(kX)

jl(k∆ηo)

(k∆ηo)2
j2(k∆η1) . (3.10)

The interpretation of the expression above is the following: at time η a source term generates
a temperature quadrupole. That quadrupole then generates, through a scattering at time
η1, the polarization which is finally observed at time ηo. As we shall see, the integral of the
second line of eq. (3.10) guarantees that the source term, at a distance X from the origin,
is located in the past lightcone of the observer, for all possible η1 and η. The variable X
will also be upper-bounded, and therefore the upper limit in the integration over the source
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terms will be replaced by a finite value that, as we shall see, corresponds the radius of the
observer’s past lightcone.

The next step in the iterative solution is to take the π(1)
2m just computed and use it as

a source term for the polarization itself — this means that now the polarization piece of the
source term in eq. (2.4), α2, is no longer assumed to vanish. This contribution, which we will

call π(2)
lm , is therefore given by:

π(2)
lm (ηo) = −

3

2

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫
d3k

(2π)3/2
4π il

[

−
√
6

2
α2(k, η1)

]

Y∗
lm(k̂)

jl(k∆ηo)

(k∆ηo)2

= −
3

2

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1) 4π il

1

2π

[

−
√
6

2

(

−
3

2

) √
24

∫ η1

0
dη2 g(η2)

×
1

2

∫
dk

(2π)3/2
k2

∫

d2k̂Θ2(k, η2)Y
∗
lm(k̂)

j2(k∆η1)

(k∆η1)2

]

jl(k∆ηo)

(k∆ηo)2
,

where now the interval ∆η1 = η1 − η2. In terms of the primary sources in position space,
after using eq. (3.7) we obtain:

π(2)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η2

0
dη2 g(η2)

∫ η2

0
dη

×
∫ ∞

0
dXX2Slm(X, η)

[

9

∫

dkk2jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
j2(k∆η2)

]

. (3.11)

The term π(2)
lm (ηo) is weighted twice by the visibility function and corresponds, as we will

show in details, to the contribution to the total polarization coming from photons that have
Thomson scattered twice during the recombination.

At this point it is important to clarify our notation. We will always count the photon
scatterings backwards in time: the time the photons are observed is always taken to be
ηo; the last time that the photons scattered before being observed is η1; and so on. By
convention, we will always evaluate the primary source term Slm at the instant η, so the
sequence of scatterings ends with η. Hence if, as in the case described by eq. (3.11), there
are two scatterings between the generation of the signal at η and its observation at ηo, then
we have ηo ≥ η1 ≥ η2 ≥ η, and the time intervals always express the differences between one
time and the previous one, so in that case ∆η0 = ηo − η1, ∆η1 = η1 − η2, and ∆η2 = η2 − η.

The same argument allows us to calculate the next order contribution, which takes into
account three intermediate scatterings:

π(3)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη3 g(η3)

×
∫ η3

0
dη

∫ ∞

0
dX X2 Slm(X, η)

× 92
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
j2(k∆η2)

(k∆η2)2
j2(k∆η3) . (3.12)
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2

√
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lm (ηo) is weighted twice by the visibility function and corresponds, as we will

show in details, to the contribution to the total polarization coming from photons that have
Thomson scattered twice during the recombination.
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The general term in the iterative series expansion with n intermediate scatterings can be
written as:

π(n)
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(l − 2)!
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0
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dX X2 Slm(X, η)

× 9(n−1)
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
. . .

j2(k∆ηn−1)

(k∆ηn−1)2
︸ ︷︷ ︸

(n−1) times

j2(k∆ηn) . (3.13)

Here, T stands for the time-ordered product of the sub-intervals, whose purpose is to repro-
duce the chain of integrations mediated by visibility functions shown in, e.g., eq. (3.12).

The coefficients πlm appearing in eq. (3.8) can be expressed, therefore, as:

πlm(ηo) =
∞
∑

n=0

π(n)
lm (ηo) , (3.14)

with π(n)
lm (ηo) given by eq. (3.13).

An important condition for the validity of this perturbative expansion of the CMB
temperature and polarization is that all the terms in the expansion of eq. (3.8), with an
arbitrary number n of intermediate scatterings, must be expressed in position space. However,
this can only be true if the k integrals over products of spherical Bessel functions appearing
in eq. (3.13) can be in fact performed, and are well-behaved. In the next section we will show
that, in fact, these integrals are probability densities for random flights with n steps, in a
space of suitable dimensionality.

4 Random flights and the CMB

From the previous section — specially from eq. (3.13) — it is evident that a complete treat-
ment of the CMB in position space requires that some specific integrals of products of spher-
ical Bessel functions should be computed. In order to fulfill this requirement, we will proceed
in the following way: first, we will present a simplified version of those integrals, and we will
show that they give rise to probability densities associated with random flights. Next, we
will show how the integrals we have to solve can be expressed in terms of the random flight
integrals.

Let’s recall the well-known identities satisfied by spherical Bessel functions:

zL+
3

2JL+ 1

2

(z) =
d

dz

[

zL+
3

2JL+ 3

2

(z)
]

.

Since the spherical Bessel functions are defined as:

jn(z) =

√

π

2 z
Jn+ 1

2

(z) ,
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Extended random flights 4

of spherical Bessel functions that is essential for the calculations of the main text.

2. Random flights in odd dimensions

The concept of a random flight can be described, in general, as follows: take a particle
which starts moving from some initial point a in a D-dimensional space, traveling at

constant speed, with some probability of changing directions after traveling for some

time. The angles formed by sections of the movement are random variables with an

uniform distribution. We can then ask what is the probability that, after n changes in

direction, and after traveling intermediate distances ri (i = 1, . . . , n), the particle will

have reached a radius r away from the origin.
The answer to this question lies in determining the probability density

pn(r; r1, . . . , rn|D). After [1], we can write:

pn(r; r1, . . . , rn|D) :=
d

dr

{

[Γ(D/2)]n−1
∫ ∞

0

dk r

(

kr

2

)D/2−1

JD/2(kr)

×
n
∏

i=1

JD/2−1(kri)

(kri)D/2−1

}

. (3)

In figure 2 we illustrate the random flight of (3) in terms of the n individual

(straight) trajectories, of lengths ri. For future convenience, we also show the distances

(ρi) and the angles (αi) of each leg in the trajectory with respect to the final position

of the particle after the n turns (point b). According to our definitions, these distances

and angles are related by ρ2i−1 = r2i + ρ2i − 2 ri ρi cosαi. In the particular case i = 1, ρ0
should be identified with r, and when i = n we should identify ρn → rn, so that the last
angle, αn−1, is lies between rn and rn−1, hence ρ2n−2 = r2n−1 + r2n − 2 rn−1 rn cosαn−1.

We can list some properties of the function pn(r; r1, . . . , rn|D). First, if n = 1,

the probability density is a Dirac delta-function, p1(r; r1|D) = δ(r1 − r) – which

is evident from the physical interpretation of the one-step flight. Second, since the

movement is composed of straight segments, each one connected to the next, the

maximum and minimum net displacements for a random flight are not arbitrary. The
probability density incorporates this constraint in such a way that, for any number

n of steps, pn(r; r1, . . . , rn|D) vanishes identically unless rmin ≤ r ≤ rmax. The

upper limit is easily determined as the sum of the lengths of the individual steps,

rmax = r1 + r2 + . . .+ rn := Sn. The lower limit rmin is certainly greater than zero, but

it cannot be easily expressed for an arbitrary number of turns. For n = 2, for instance,

rmin = |r1 − r2|.
We shall now rewrite (3) for random flights in odd dimensions. Using the definition

of spherical Bessel functions:

jn(x) =

√

π

2 x
Jn+1/2(x) ,

and the recurrence relation:

(k r)D/2J(D−1)/2(k r) =
1

k

d

dr

[

(k r)D/2JD/2(k r)
]

,
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We shall now rewrite (3) for random flights in odd dimensions. Using the definition
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√

π

2 x
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and the recurrence relation:
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1

k

d

dr
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,
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Figure 2. Graphic representation of the random flight. The trajectory starts at the
point a, and the steps of lengths r1, r2, . . . , rn are shown as line segments. Together
with r (the distance from the origin a to the final position b), the n steps form a
polygonal figure with n + 1 sides. The distances at each turn, relative to the final
position, are denoted by ρi (with the identification ρ0 = r). The angles αi are defined
as those lying between ρi and ri – except for αn−1, which is the angle between rn−1

and rn.

we can show that, for m positive and integer:
(

π
2

)(n+1)/2

[

Γ
(

m+ 3
2

)]n−1

rmn
rm+2

pn(r; r1, . . . , rn|2m+ 3)

=

∫ ∞

0

dk k2 jm(kr)
n−1
∏

q=1

jm(krq)

(krq)m
jm(krn) := Jm(r; r1, . . . , rn) . (4)

We should remark that the order of the spherical Bessel functions jm appearing in (4)

determines the number of spatial dimensions where the random flight takes place, i. e.,

D = 2m + 3. The notation Jm(r; r1, . . . , rn) has been introduced in order to simplify

the discussion. It is clear from (4) that whenever pn(r; r1, . . . , rn|2m + 3) vanishes,
Jm(r; r1, . . . , rn) vanishes as well.

Explicit formulas for the probability densities of random flights are not known

in general [7, 8]. Nevertheless, a Fourier-Bessel decomposition of the random flight

probability density function can be used to simplify some of the calculations [3, 9]. With

this goal in mind, we will perform the Fourier-Bessel expansion of Jm(r; r1, . . . , rn).
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A walker moves with constant speed in a D-
dimensional and performs n steps of lengths 
r1, r2, ..., rn. After each step the walker 
changes isotropically its direction of motion. 
What is the probability that after n steps, 
the walker will be at a distance r from the 
origin?
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Alguns resultados sobre funções de Bessel
∫ ∞

0
dkk2jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn) =

(−1)m

2

(
π
2

)(n+1)/2

(Γ(m+ 3/2))n−1

∫

d(cosα)
1

r2

(
Xrn
r2

)m

P−m
l (cosα)senmα

×pn(r; r1, ..., rn|2m+ 3) (C.21)

com r2 = R2 + X2 − 2RX cosα, P−m
l (cosα) um polinômio de Legendre as-

sociado e pn(r; r1, ..., rn|2m + 3) a densidade de probabilidade de que após n

passos de vôo aleatório de comprimentos r1, r2, ..., rn em 2m + 3 dimensões

o caminhante esteja a uma distância r da origem do movimento.

C.2 Segundo grupo de resultados: Ampliação da faḿılia de
integrais que podem ser relacionadas a vôos aleatórios

Estudaremos nesta Seção a possibilidade de expressar um conjunto maior de
integrais na forma de probabilidades associadas a vôos aleatórios. Especifica-
mente, partiremos de expressões da forma estudada:

Hlm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.22)

para avaliar se há maneiras de expressar integrais da forma:

Glm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2f(k)jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.23)

em termos de combinações de Hl′m′(R,X, r1, ..., rn)’s para l′s e m′s adequados.

Em Glm, f(k) é uma função tal que, em sua série de Taylor, apenas termos

com potências pares de k apareçam. Naturalmente a função f(k) mais sim-

ples posśıvel é do tipo ak0, para qualquer constante a e portanto a resposta

sobre a possibilidade investigada é óbvia. Estudaremos com detalhe o segundo

monômio da expansão, a saber, tomaremos f(k) = k2.

C.2.1 Estudo de Glm(R,X, r1, ..., rn) com f(k) = k2

Tomemos o seguinte objeto como nosso tema de estudo:

G(2)
lm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2(k2)jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.24)

o número dois sobrescrito indica a potência de k na expansão de f(k) empre-

gada.
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that is the classical expression for probability densities associated to random flights

[1]. We should remark that, even if we have obtained this expression from probability

densities for random flights in spaces with odd dimensions, the formula above also holds

for an even number of dimensions.

3. The extended random flight representation

Suppose now that we have a domain Ω where the random flights develops, and outside

Ω there is a reference point, where an observer is located (In figure 1, Ω would be the

box). Let’s assume that a particle starts its movement at some point a inside Ω, at

an initial distance R from the observer. After n random turns (always inside Ω), the

particle reaches the position b, at which point it leaves Ω and moves toward the observer

– see figure 3. The distance from the point b to the observer will be denoted X , and,
naturally, R +X ≥ r.

We will call extended random flight function the following composition of the regular

random flight with two new spherical Bessel functions of order l ≥ m:

Fl,m(X,R; r1, . . . , rn) :=

∫ ∞

0

dk k2 jl(k R)

(k R)m
jl(k X)

×
n−1
∏

q=1

jm(k rq)

(k rq)m
jm(k rn) . (14)

The spherical Bessel functions associated with the segments of lengths R and X have

a different order (l) compared with those of the regular random flight (m), indicating

that they are not associated with the regular random flight (they do not belong to the

domain Ω). If l = m, the expression reduces to that for a regular random flight with

n+2 steps. The extended random flight function appeared to the authors in the context
of Cosmology, in the description of the CMB radiation [4].

We can use (A.3) to write (14) as:

Fl,m(X,R; r1, . . . , rn) =
(−1)m

2

∫ R+X

|R−X|

dr
1

Rm

(

RX

r

)m−1

P−m
l (cosα)

× sinm α

∫ ∞

0

dk k2 jm(k r)
n−1
∏

q=1

jm(k rq)

(k rq)m
jm(k rn)

=
(−1)m

2

∫ R+X

|R−X|

dr
1

Rm

(

RX

r

)m−1

P−m
l (cosα)

× sinm αJm(r; r1, . . . , rn) , (15)

where r2 = R2+X2−2RX cosα. Since Jm(r; r1, . . . , rn) vanishes if r, r1, . . . , rn do not

form a closed polygon, and R,X, and r must form a triangle, then Fl,m(X,R; r1, . . . , rn)
vanishes if X,R, r1, . . . , rn are not sides of a closed polygon, like the one shown in figure

3.
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Appendix A. A contraction identity for spherical Bessel functions

The contraction identity we want to establish is based on manipulations of the known

relation satisfied by spherical Bessel functions [12]:

jm(k r)

(k r)m
=

∞
∑

l=m

(2l + 1) jl(k r1) jl(k r2)

[(k r1)(k r2) sinα]m
Pm
l (cosα) , (A.1)

where r2 = r21 + r22 − 2r1r2 cosα, and l ≥ m. The contraction identity is constructed as
follows: using the orthogonality relation for associated Legendre polynomials:

∫ 1

−1

Pm
l (x)P−m

l′ dx = (−1)m
2

2l + 1
δl,l′ , (A.2)

we may write:

jl(k r1) jl(k r2) =
∞
∑

l′=m

jl′(k r1) jl′(k r2) δl,l′

=
∞
∑

l′=m

(−1)m
2l′ + 1

2

∫ 1

−1

d(cosα) jl′(k r1) jl′(k r2)

× Pm
l′ (cosα)P

−m
l (cosα)

=
(−1)m

2

∫ 1

−1

d(cosα)P−m
l (cosα) [(k r1)(k r2) sinα]

m

×
∞
∑

l′=m

(2l′ + 1) jl′(k r1) jl′(k r2)Pm
l′ (cosα)

[(k r1)(k r2) sinα]m
.

Changing variables, we finally obtain the contraction relation:

jl(k r1) jl(k r2) =
(−1)m

2

∫ r1+r2

|r1−r2|

dr km
(r1r2

r

)m−1

× P−m
l (cosα) sinm α jm(k r) (A.3)

where m ≤ l. The angle α and the variable r are related as r2 = r21 + r22 − 2r1r2 cosα.
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(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn) =

(−1)m

2

(
π
2

)(n+1)/2

(Γ(m+ 3/2))n−1

∫

d(cosα)
1

r2

(
Xrn
r2

)m

P−m
l (cosα)senmα

×pn(r; r1, ..., rn|2m+ 3) (C.21)

com r2 = R2 + X2 − 2RX cosα, P−m
l (cosα) um polinômio de Legendre as-

sociado e pn(r; r1, ..., rn|2m + 3) a densidade de probabilidade de que após n

passos de vôo aleatório de comprimentos r1, r2, ..., rn em 2m + 3 dimensões

o caminhante esteja a uma distância r da origem do movimento.

C.2 Segundo grupo de resultados: Ampliação da faḿılia de
integrais que podem ser relacionadas a vôos aleatórios

Estudaremos nesta Seção a possibilidade de expressar um conjunto maior de
integrais na forma de probabilidades associadas a vôos aleatórios. Especifica-
mente, partiremos de expressões da forma estudada:

Hlm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.22)

para avaliar se há maneiras de expressar integrais da forma:

Glm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2f(k)jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.23)

em termos de combinações de Hl′m′(R,X, r1, ..., rn)’s para l′s e m′s adequados.

Em Glm, f(k) é uma função tal que, em sua série de Taylor, apenas termos

com potências pares de k apareçam. Naturalmente a função f(k) mais sim-

ples posśıvel é do tipo ak0, para qualquer constante a e portanto a resposta

sobre a possibilidade investigada é óbvia. Estudaremos com detalhe o segundo

monômio da expansão, a saber, tomaremos f(k) = k2.

C.2.1 Estudo de Glm(R,X, r1, ..., rn) com f(k) = k2

Tomemos o seguinte objeto como nosso tema de estudo:

G(2)
lm(R,X, r1, ..., rn) =

∫ ∞

0
dkk2(k2)jl(kX)

jl(kR)

(kR)m
jm(kr1)

(kr1)m
jm(kr2)

(kr2)m
...
jm(krn−1)

(krn−1)m
jm(krn)

(C.24)

o número dois sobrescrito indica a potência de k na expansão de f(k) empre-

gada.
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that is the classical expression for probability densities associated to random flights

[1]. We should remark that, even if we have obtained this expression from probability

densities for random flights in spaces with odd dimensions, the formula above also holds

for an even number of dimensions.

3. The extended random flight representation
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box). Let’s assume that a particle starts its movement at some point a inside Ω, at
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particle reaches the position b, at which point it leaves Ω and moves toward the observer

– see figure 3. The distance from the point b to the observer will be denoted X , and,
naturally, R +X ≥ r.
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random flight with two new spherical Bessel functions of order l ≥ m:
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The spherical Bessel functions associated with the segments of lengths R and X have

a different order (l) compared with those of the regular random flight (m), indicating

that they are not associated with the regular random flight (they do not belong to the

domain Ω). If l = m, the expression reduces to that for a regular random flight with

n+2 steps. The extended random flight function appeared to the authors in the context
of Cosmology, in the description of the CMB radiation [4].

We can use (A.3) to write (14) as:
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where r2 = R2+X2−2RX cosα. Since Jm(r; r1, . . . , rn) vanishes if r, r1, . . . , rn do not

form a closed polygon, and R,X, and r must form a triangle, then Fl,m(X,R; r1, . . . , rn)
vanishes if X,R, r1, . . . , rn are not sides of a closed polygon, like the one shown in figure

3.
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Figure 2. Graphic representation of the random flight. The trajectory starts at the
point a, and the steps of lengths r1, r2, . . . , rn are shown as line segments. Together
with r (the distance from the origin a to the final position b), the n steps form a
polygonal figure with n + 1 sides. The distances at each turn, relative to the final
position, are denoted by ρi (with the identification ρ0 = r). The angles αi are defined
as those lying between ρi and ri – except for αn−1, which is the angle between rn−1

and rn.

we can show that, for m positive and integer:
(

π
2

)(n+1)/2

[

Γ
(

m+ 3
2

)]n−1

rmn
rm+2

pn(r; r1, . . . , rn|2m+ 3)

=
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We should remark that the order of the spherical Bessel functions jm appearing in (4)

determines the number of spatial dimensions where the random flight takes place, i. e.,

D = 2m + 3. The notation Jm(r; r1, . . . , rn) has been introduced in order to simplify

the discussion. It is clear from (4) that whenever pn(r; r1, . . . , rn|2m + 3) vanishes,
Jm(r; r1, . . . , rn) vanishes as well.

Explicit formulas for the probability densities of random flights are not known

in general [7, 8]. Nevertheless, a Fourier-Bessel decomposition of the random flight

probability density function can be used to simplify some of the calculations [3, 9]. With

this goal in mind, we will perform the Fourier-Bessel expansion of Jm(r; r1, . . . , rn).
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3 Uncoupling the temperature evolution

We can decouple eqs. (2.3)–(2.4) by neglecting the term α2 in eq. (2.3). This truncation
represents the approximation whereby deviations from the equilibrium temperature are de-
scribed by the Sachs-Wolfe (SW) and integrated Sachs-Wolfe (ISW) effects. Within this
approximation, then eq. (2.3) becomes:

Θl(k, ηo) =

∫ ηo

0
dη

{

g(η)
[

θSW (k, η) jl(k∆η0)− k Vb(k, η) j
′
l(k∆η0)

]

+ e−µ(η)(Ψ′ + Φ′)(k, η) jl(k∆η0)
}

. (3.1)

Neglecting polarization as a source term for the temperature anisotropies is in fact a very
good approximation, and the reason for this underlies the argument presented in this paper.
The visibility function g(η) should be regarded as the probability per unit (conformal) time
that photons will scatter with some free electron — and, in fact, g(η) is defined in such a way
that this probability is normalized,

∫∞
0 dη g(η) =

∫∞
0 dµ e−µ = 1. This means that each time

a factor of the visibility function intermediates a source term, that source term is damped by
a factor ε, with 0 < ε < 1. Since the lowest-order polarization term has at least one factor of
the visibility function, it contributes as a source term to the temperature with two factors of
the visibility function. Hence, the SW and ISW effects dominate the intensity of the signal,
and eq. (3.1) accounts for the largest contribution to the temperature anisotropies.

3.1 CMB temperature in position space

Let’s now take the lowest-order contribution to the temperature anisotropies, and express it
in terms of position space. Expressing eq. (2.1) as:

Θ(ηo, ô) =
∑

lm

θ(0)lm (ηo)Ylm(ô) , (3.2)

the coefficients θ(0)lm (ηo) are given by:

θ(0)lm (ηo) = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂ e−µ(η)

×
{

µ′(η)

[

θSW (k, η)− Vb(k, η)
∂

∂η

]

+ (Ψ′ + Φ′)(k, η)

}

Y∗
lm(k̂) jl(k∆ηo) . (3.3)

We shall then define the primary source term operator as:

Slm(k, η) =

∫

d2k̂ e−µ(η)

{

µ′(η)

[

θSW (k, η)−Vb(k, η)
∂

∂η

]

+(Ψ′+Φ′)(k, η)

}

Y∗
lm(k̂) , (3.4)

where we stress the fact that we have included the optical depth to Thomson scattering in
the definition of the source term. In terms of eq. (3.4), eq. (3.3) can be written as:

θ(0)lm = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η) jl(k∆ηo) . (3.5)

In order to obtain a position-space description, we will express the coefficients Slm(k, η) in
terms of their counterparts in position space, by means of a Hankel transform:

Slm(k, η) = 2 (−i)l
∫

dX

(2π)1/2
X2 Slm(X, η) jl(kX) . (3.6)
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Using now the orthogonality relation for spherical Bessel functions,

∫

dk k2 jL(ak) jL(bk) =
π

2

bL

aL+2
δ(a− b) ,

we obtain:

θ(0)lm =

∫ ηo

0
dη Slm(X = ∆η0, η) . (3.7)

Eq. (3.7) has a straightforward interpretation: it states that, in order for a source term at
time η contribute to the CMB signal at time ηo, that source must be located at the spherical
shells of radius ∆η0 = ηo − η centered at the observer. The set of those spherical shells is a
hypersurface which corresponds, of course, to the past light cone of the observer on {xo, ηo}.
Since the visibility function is highly peaked at the time of decoupling, the primary source
term contributes the most to the signal near the epochs when z(η) " 1100.

3.2 CMB polarization in position space

We shall now decompose the polarization as:

Q+ iU

4I
(ηo, ô) =

∑

lm

πlm(ηo) 2Ylm(ô) , (3.8)

with the aim of determining the coefficients πlm(ηo). The source terms in eq. (2.4) are Θ2 and
α2, which are built iteratively from an initial temperature quadrupole. We can, therefore,
organize the iterative solution as a series into powers of the visibility function. As a first step
in the iterative solution, for example, α2 (which is of higher order in the visibility function)
will not be taken into account — only the temperature quadrupole will contribute to generate
polarization at this order. The first iteration is, therefore:

π(1)
lm (ηo) = −

3

4
2 il

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫
dk

(2π)1/2
k2 Slm(k, η)

×j2(k∆η1)
jl(k∆η0)

(k∆η0)2
, (3.9)

where the time intervals are defined as ∆η1 = η1−η and ∆η0 = ηo−η1. The source term Slm

is the same as was defined in eq. (3.4). Using once again the Hankel transform of eq. (3.6)
we can recast eq. (3.9) as:

π(1)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫ ∞

0
dk k2 jl(kX)

jl(k∆ηo)

(k∆ηo)2
j2(k∆η1) . (3.10)

The interpretation of the expression above is the following: at time η a source term generates
a temperature quadrupole. That quadrupole then generates, through a scattering at time
η1, the polarization which is finally observed at time ηo. As we shall see, the integral of the
second line of eq. (3.10) guarantees that the source term, at a distance X from the origin,
is located in the past lightcone of the observer, for all possible η1 and η. The variable X
will also be upper-bounded, and therefore the upper limit in the integration over the source
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Figure 2. Marginalization over all paths with n steps, composed of the intermediate displacements
∆η1, . . . ,∆ηn, which lead to a fixed displacement r with respect to the origin of the flight. The
distance r is determined by X and ∆η0 for all possible angles α.

• The contribution from the primary source term, Slm(X, η), is then mediated by this
“average over paths” that was just described, for all possible values ofX. The maximum
value thatX may reach is∆η0+∆η1+. . .+∆ηn = ηo−η , which is nothing but the radius
of the observer’s past light cone up to the time η. After computing the contribution of
the source terms, we end up with an expression that is a function of ∆η0,∆η1, . . . ,∆ηn.

• The last step is to let the intervals ∆η0,∆η1, . . . ,∆ηn assume any values through the
integrations, each one weighted by its corresponding factor of the visibility function
to take into account the probability that the photon will scatter at that instant of
time. This accomplishes the goal of accounting for the contribution from sources
at all distances, and over any possible number of intermediate steps of the extended
random flights.

Adding the contributions from all π(n)
lm we obtain:

πlm = −
3

4π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)
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n=1

1

(n− 1)!

∫ η1

0
dη2 . . . dηnT{g(η2) . . . g(ηn)}
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9n−1

(
π
2

)(n+1)/2

[

Γ
(
7
2

)]n−1

∫ ηn
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dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

d(cosα)

(
X∆ηn
r3

)2

P−2
l (cosα) sin2 α pn(r;∆η1, . . . ,∆ηn | 7) . (5.2)
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Interpretation

r

0

1

2

3 n 1

n

x
i. e., 

Average over all possible shapes of the polygon with given sides;

Compute the source term contributions mediated by the weight given the the average 
shape of the polygon. We should remark that the integration over x no longer extends 
to infinity: x is limited by the sum of intermediate steps!

Average the lengths of the intermediate steps weighted by the visibility functions;

Sum for all possible number of intermediate steps; 

7=2 + 2(2.2 + 1);

Upper limit in the integration in X assures that sources are computed in the support 
of the observers past light cone.
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Diagrams

Equações de Boltzmann para temperatura e polarização da CMB no espaço das posições

As regras para a construção dos diagramas tornar-se-ão mais claras quando

calcularmos, na sequência, uma série de termos explicitamente. A contribuição

computada em (3.22), no entanto, pode ser expressa como:

+ + + . . . +

3.6 Reintrodução de fontes de polarização na temperatura

Retomaremos (3.1) e (3.2) mas agora mantendo todos os termos de fonte. A
exemplo do que t́ınhamos em (3.7), buscando estabelecer uma decomposição
como (3.6), escrevemos:

θlm(ηo) = 2il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

{[
∫

d2k̂ e−µ(η)

(

µ′(η)
[

ΘSW (k, η)

−Vb(k, η)
∂

∂η

]

+ (Ψ′ + Φ′)(k, η)

)

Y∗
lm(k̂)

]

+
1

2

∫

d2k̂e−µ(η)µ′(η)P (k, η)

[

1 + 3
∂2

∂(k(ηo − η))2

]

Y∗
lm(k̂)

}

jl(k(ηo − η)) .

O primeiro termo desta equação já foi tratado. Resta-nos portanto estudar o
comportamento apenas do segundo termo, ou seja, aquele que contém o termo
de fonte P . Assim escrevemos:

θlm(ηo) = θ(0)lm (ηo) + il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂ e−µ(η)µ′(η)P (k, η)Y∗
lm(k̂)

×
[

1 + 3
∂2

∂(k(ηo − η))2

]

jl(k(ηo − η))

=: θ(0)lm (ηo) +
∞
∑

n=1

θ(n)lm (ηo) . (3.23)

Diagramas

Naturalmente esta “média de caminhos”é função de x, ∆η0, ∆η1, ...∆ηn;

• A contribuição das fontes Slm(x, η) são computadas para a “média de

caminhos”descrita acima para todos os posśıveis valores de x, sendo que

o valor máximo que a variável x pode assumir é ∆η0 + ∆η1 + ... + ∆ηn.

A contribuição das fontes calculadas sobre as médias de caminhos de n

trechos é ainda função de ∆η0,∆η1, ...,∆ηn;

• Como último passo faz-se variar o tamanho dos intervalos ∆η0,∆η1, ...∆ηn
através das integrações com as funções de visibilidade, fazendo com que

a contribuição das fontes tenha sido tomada sobre todos os posśıveis vôos

aleatórios de n trechos e todas as posśıveis combinações de distâncias as-

sociadas a cada trecho do vôo.

A contribuição total de todas as ordens de iteração para o coeficiente da
expansão da polarização pode ser escrita como:

πlm(ηo) = −
3

4π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dηfµ

′(ηf )e
−µ(ηf )

×
∞
∑

n=1

1

(n− 1)!

∫ ηf

0
dη′... dηiT{µ′(η′)e−µ(η′)... µ′(ηi)e

−µ(ηi)}

×
9(n−1)

(
π
2

)(n+1)/2

(Γ(7/2))n−1

∫ ηi

0
dη

∫ ∞

0
dxx2Slm(x, η)

×
∫

d(cosα)

(
x∆ηn
r3

)2

P−2
l (cosα)sen2α pn(r;∆η1, ...,∆ηn|7) .(3.22)

3.5 Diagramas

Vamos agora introduzir uma representação diagramática para os termos que

aparecem na expressão da temperatura e polarização em n-ésima ordem. Os

elementos gráficos serão utilizados:

• Linhas sólidas representam o cálculo de polarização e linhas pontilhadas,

temperatura;

• Linhas verticais mais à direita simbolizam o observável que está sendo

calculado;

• A interseção de duas linhas determina quais as fontes sendo consideradas

para o cálculo final de um observável.
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In terms of the extended random flight integrals, eq. (4.4), we can write:

πlm = −
3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∞
∑

n=1

9n−1

(n− 1)!

∫ η1

0
dη2 . . . dηnT{µ′(η′)e−µ(η′) . . . g(ηn)}

×
∫ ηn

0
dη

∫ ∞

0
dX X2 Slm(X, η)Fl2 (∆η0, X;∆η1, . . . ,∆ηn) . (5.3)

6 Diagrams

We are now able to introduce a diagrammatic representation for all the terms that appear in
the series expansion of the temperature and polarization at n-th order. The graphic elements
are:

• Solid lines mean polarization, and dashed lines mean temperature;

• The vertical lines to the right of the diagrams represent the observable being calculated
(time runs upward);

• The interception of two lines determine what sources are being considered for a given
observable.

The rules for constructing these diagrams will be detailed in the next section, but it is already
easy to represent diagrammatically the contribution to the CMB polarization computed in
eq. (5.2):

+ + + . . . + (6.1)

7 Full coupled temperature evolution

We will now show that the formalism developed in the previous sections is not spoiled when
all the contributions to the temperature fluctuations are included. Let’s go back to eqs. (2.1)
and (2.3), and write:

θlm = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂

{

g(η)

[

θSW (k, η)− Vb(k, η)
∂

∂η

]

e−µ(η)(Ψ′ + Φ′)(k, η)

+
1

2
g(η)P (k, η)

[

1 + 3
∂2

∂(k∆ηo)2

]
}

Y∗
lm(k̂) jl(k∆ηo) .
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Note: Diagrams with more legs correspond to higher powers of the visibility function.
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Consequently, for fixed r > 0, ∆ > 0, and r ≤ n∆,

lim
n→∞

pn(r;∆, . . . ,∆ | 7) = 0 .

Since pn is a normalized probability density, we conclude that, in the limit above, the prob-
ability distribution collapses into a Dirac delta-function centered at the origin, which is in
agreement with the general features attributed to the random flight probability densities [7].
In other words, increasing the number of changes of directions (i.e., scatterings) in a random
flight leads to trajectories with increasingly smaller displacements from the origin.

Let’s investigate the consequences of this fact for the polarization through eq. (5.1).
Consider, in that respect, the integral:

Slm = lim
n→∞

∫ ηo−η

0
dXX2Slm(X, η)

∫

d(cosα)

(
X∆

r3

)2

P−2
l (cosα)(sinα)2 pn(r;∆, . . . ,∆|7)

=

∫ ηo−η

0
dX X2 Slm(X, η)

∫

dr
r

X∆η0

(
X∆

r3

)2

P−2
l (cosα) (sinα)2 δ(r)

=

∫ ηo−η

0
dX X2 Slm(X, η)

∆2

(∆η0)2
lim
r→0

[
X∆η0
r5

P−2
l (cosα) (sinα)2

]

. (9.4)

We know, however, from either [18] or [1], that:

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

π

4

r1r2
r33

P−2
l (cosα) (sinα)2 , (9.5)

and also that [1]:

lim
r3→0

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

r22
r41

r23
15

π

2
δ(r1 − r2) . (9.6)

Therefore, we have that:

Slm(η0, η) =

∫ ηo−η

0
dX X2 Slm(X, η)

π

30

∆2

X4
δ(∆η0 −X)

=
π

30

∆2

(∆η0)2
Slm(∆η0, η) . (9.7)

The final lesson is that, in the limit of an infinite number of scatterings, we basically end
with instantaneous recombination — with the crucial caveat that the source term is damped
by (∆/∆η0)2 → 0. The conclusion is, therefore, that no net polarization is generated at
the limit of infinite number of scatterings. Similarly, for the temperature fluctuations the

derivatives of the integral which appears in θ(n)lm ensure that the signal vanishes as well.
The large n limit, therefore, cannot contribute significantly to the final observables.

If we regard this order as the number of scatterings that a photon has experienced during
recombination, then the collapse of the probability density associated with random flights
expresses a fundamental physical fact: increasing the number of scatterings takes the system
closer to thermodynamical equilibrium. As we know, in thermodynamical equilibrium the
CMB temperature is given simply by the Planck distribution, with no distortions (apart
from the dipole which is induced by the velocity of baryons). Maximizing the von Neumann
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The extended random flight integrals can, therefore, be much more easily computed with
the help of eq. (8.4), since in that representation only a discrete number of modes need to be
added, instead of the full-fledged integral that defines the random flight probability density.

9 Large number of scatterings and the H-theorem

In this section we shall address a more fundamental question. Up to now we have presented a
formalism that allows us to express the CMB polarization and temperature in position space,
in terms of an expansion over the number of interactions the photons have suffered during
recombination. However, at this point we can ask: up to what order the contributions should
to be taken into account in order to yield an accurate expression for the physical observables?
But this question can only be answered if a concrete problem is given, so there is no general
answer. Hence, we will invert this question, and ask: how important is it, for the observables,
that we reach a certain order n in the expansion? To be more specific, we will study the
contributions arising from very high n terms in eq. (5.2).

Since all computations depend on the probability densities for random flights with n
steps, we will analyze the behavior of pn(r;∆η1, . . . ,∆ηn | 7), for large n. Although explicit
formulae for these probability functions are not known, an asymptotic expression is known
in the case where all steps have the same lengths, ∆η1 = ∆η2 = . . . = ∆ηn =: ∆, and
n → ∞ [18]. In that case we have:

pn(r;∆, . . . ,∆ | 7) =
1

Γ(7/2)

(
7r2

2n∆2

)5/2(
7r

2n∆2

)

×

[

1F1

(
7

2
;
9

2
;
−7r2

2n∆2

)

−
(

7r2

9n∆2

)

1F1

(
9

2
;
11

2
;
−7r2

2n∆2

)
]

, (9.1)

where:

1F1(a; c; z) =
Γ(c)

Γ(a)

∞
∑

k=0

Γ(a+ k)

Γ(c+ k)

zk

k!

is the confluent hypergeometric function [8]. Expanding 1F1 in a power series we obtain:

pn(r;∆, . . . ,∆ | 7) =
7/2

Γ(7/2)

(
7r2

2n∆2

)5/2(
7r

2n∆2

)

×
∞
∑

k=0

1

k!

(
9
2 − 7r2

2n∆2

)

+ k
(

1− r2

n∆2

)

(
7
2 + k

) (
9
2 + k

)

(
−7r2

2n∆2

)k

. (9.2)

Now, consider the sum:

∞
∑

k=0

1

k!

(
9
2 − z

)

+ k
(

1− 2
7z

)

(
7
2 + k

) (
9
2 + k

) (−z)k ≤
∞
∑

k=0

1

k!

1
(
7
2 + k

) (−z)k ≤ e−z .

It follows, therefore, that:

pn(r;∆, . . . ,∆ | 7) ≤
1

r

(
7r2

2n∆2

)7/2

e−
7r

2

2n∆2 . (9.3)
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pn(r;∆, . . . ,∆ | 7) =
7/2

Γ(7/2)

(
7r2

2n∆2

)5/2(
7r

2n∆2

)

×
∞
∑

k=0

1

k!

(
9
2 − 7r2

2n∆2

)

+ k
(

1− r2

n∆2

)

(
7
2 + k

) (
9
2 + k

)

(
−7r2

2n∆2

)k

. (9.2)

Now, consider the sum:

∞
∑

k=0

1

k!

(
9
2 − z

)

+ k
(

1− 2
7z

)

(
7
2 + k

) (
9
2 + k

) (−z)k ≤
∞
∑

k=0

1

k!

1
(
7
2 + k

) (−z)k ≤ e−z .

It follows, therefore, that:

pn(r;∆, . . . ,∆ | 7) ≤
1

r

(
7r2

2n∆2

)7/2

e−
7r

2

2n∆2 . (9.3)
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The extended random flight integrals can, therefore, be much more easily computed with
the help of eq. (8.4), since in that representation only a discrete number of modes need to be
added, instead of the full-fledged integral that defines the random flight probability density.

9 Large number of scatterings and the H-theorem

In this section we shall address a more fundamental question. Up to now we have presented a
formalism that allows us to express the CMB polarization and temperature in position space,
in terms of an expansion over the number of interactions the photons have suffered during
recombination. However, at this point we can ask: up to what order the contributions should
to be taken into account in order to yield an accurate expression for the physical observables?
But this question can only be answered if a concrete problem is given, so there is no general
answer. Hence, we will invert this question, and ask: how important is it, for the observables,
that we reach a certain order n in the expansion? To be more specific, we will study the
contributions arising from very high n terms in eq. (5.2).

Since all computations depend on the probability densities for random flights with n
steps, we will analyze the behavior of pn(r;∆η1, . . . ,∆ηn | 7), for large n. Although explicit
formulae for these probability functions are not known, an asymptotic expression is known
in the case where all steps have the same lengths, ∆η1 = ∆η2 = . . . = ∆ηn =: ∆, and
n → ∞ [18]. In that case we have:

pn(r;∆, . . . ,∆ | 7) =
1

Γ(7/2)

(
7r2

2n∆2

)5/2(
7r

2n∆2

)

×

[

1F1

(
7

2
;
9

2
;
−7r2

2n∆2

)

−
(

7r2

9n∆2

)

1F1

(
9

2
;
11

2
;
−7r2

2n∆2

)
]

, (9.1)

where:
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Γ(c)

Γ(a)

∞
∑

k=0

Γ(a+ k)

Γ(c+ k)

zk

k!

is the confluent hypergeometric function [8]. Expanding 1F1 in a power series we obtain:

pn(r;∆, . . . ,∆ | 7) =
7/2

Γ(7/2)

(
7r2

2n∆2

)5/2(
7r

2n∆2

)

×
∞
∑

k=0

1

k!

(
9
2 − 7r2

2n∆2

)

+ k
(

1− r2

n∆2

)

(
7
2 + k

) (
9
2 + k

)

(
−7r2

2n∆2

)k

. (9.2)

Now, consider the sum:

∞
∑

k=0

1

k!

(
9
2 − z

)

+ k
(

1− 2
7z

)

(
7
2 + k

) (
9
2 + k

) (−z)k ≤
∞
∑

k=0

1

k!

1
(
7
2 + k

) (−z)k ≤ e−z .

It follows, therefore, that:

pn(r;∆, . . . ,∆ | 7) ≤
1

r

(
7r2

2n∆2

)7/2

e−
7r

2

2n∆2 . (9.3)
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We shall consider the special case when
It can be shown (Watson, A Treatise on the Theory of Bessel Functions) that:

In this case we show that:

We conclude, then, that high order terms (corresponding to large number of intermediate 
scatterings) are suppressed in the series expansion, as one would expect from Boltzmann’s 
H-theorem.
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pn(r;∆, ...,∆|7) =
7/2

Γ(7/2)

(
7r2

2n∆2

)5/2 (
7r

2n∆2

)

×
∞
∑

k=0

1

k!

(
9
2 − 7r2

2n∆2

)

+ k
(

1− r2

n∆2

)

(
7
2 + k

) (
9
2 + k

)

(
−7r2

2n∆2

)k

. (3.41)

Consideremos então a soma:

Sz =
∞
∑

k=0

1

k!

(
9
2 − z

)

+ k
(

1− 2
7z

)

(
7
2 + k

) (
9
2 + k

) (−z)k ≤
∞
∑

k=0

1

k!

1
(
7
2 + k

) (−z)k ≤ e−z ,

que se traduz na desigualdade:

pn(r;∆, ...,∆|7) ≤
1

r

(
7r2

2n∆2

)7/2

e−
7r2

2n∆2 . (3.42)

Isso mostra que, para r e ∆ fixos, r ≤ n∆,

lim
n→∞

pn(r;∆, ...,∆|7) = 0 .

Como pn é uma distribuição de probabilidades normalizada, conclúımos que

a densidade de probabilidades colapsa, neste limite, a um delta de Dirac cen-

trado na origem, o que concorda com as caracteŕısticas gerais das distribuições

de probabilidade associadas a vôos aleatórios [66]. Em outros termos, aumentar

o número de espalhamentos em um vôo aleatório acarreta em trajetórias com

afastamentos cada vez menores da origem.
Podemos avaliar as consequências deste fato sobre a polarização através de

(3.22). Consideremos para isso a integral:

Slm = lim
n→∞

∫ ηo−η

0
dxx2Slm(x, η)

∫

d(cosα)

(
x∆

r3

)2

P−2
l (cosα)(sinα)2 pn(r;∆, . . . ,∆|7)

=

∫ ηo−η

0
dxx2 Slm(x, η)

∫

dr
r

x∆η0

(
x∆

r3

)2

P−2
l (cosα) (sinα)2 δ(r)

=

∫ ηo−η

0
dxx2 Slm(x, η)

∆2

(∆η0)2
lim
r→0

[
x∆η0
r5

P−2
l (cosα) (sinα)2

]

. (3.43)

Sabemos, entretanto, do Lema C.2, que:
∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

π

4

r1r2
r33

P−2
l (cosα) (sinα)2 , (3.44)

e que [4]:

Considareções sobre convergência

lim
r3→0

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

r22
r41

r23
15

π

2
δ(r1 − r2) . (3.45)

Segue então que:

Slm(η0, η) =

∫ ηo−η

0
dxx2 Slm(x, η)

π

30

∆2

x4
δ(∆η0 − x)

=
π

30

∆2

(∆η0)2
Slm(∆η0, η) . (3.46)

A lição é que no limite de um número muito grande de espalhamentos, temos

essencialmente o mesmo que se passaria em uma recombinação instantânea,

havendo ainda a importante supressão devida ao fator (∆/∆η0)2 → 0. A con-

clusão, portanto, é que no limite de infinitos espalhamentos não há polarização

gerada. Um argumento similar aplica-se a flutuações da temperatura.

Esse resultado é suficiente para mostrar que o peso a ser atribúıdo a cami-

nhos aleatórios compostos de muitos trechos de tamanho fixo é naturalmente

diminuto pela própria natureza das distribuições de probabilidade. Com efeito,

pn(r;∆, ...,∆|7) expressa no limite em que estamos estudando será máxima

quando n = (r/∆)2, ou seja, no limite difusivo. A caminhos não-difusivos

atribui-se probabilidades progressivamente menores.

O limite que estudamos é, naturalmente, bastante artificial, mas conveniente

por conhecermos um expressão anaĺıtica aproximada para as probabilidades de

vôos aleatórios. Apesar da artificialidade, esse exemplo tem duas grandes qua-

lidades: primeiro, indica que ainda que as funções de visibilidade possam estar

todas em seu máximo, há esperança de convergência da solução iterativa (ainda

que estejamos falando em termos absolutamente informais). A segunda razão

de interesse desse limite – e diretamente associada à primeira qualidade descrita

– é indicar que, à medida que se amplia o número de interações fótons-elétrons,

há progressiva diminuição da polarização ĺıquida dos fótons, indicando que di-

namicamente satisfaz-se o limite requerido para a maximização da entropia

de von Neumann associada a sistemas de fótons em direção ao equiĺıbrio. Da

mesma maneira, os efeitos de distorção sobre a distribuição de temperatura

diminuem à medida em que se aproxima de um estado de equiĺıbrio, como

esperaŕıamos do teorema H de Boltzmann [27].

Considareções sobre convergência

lim
r3→0

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

r22
r41

r23
15

π

2
δ(r1 − r2) . (3.45)

Segue então que:

Slm(η0, η) =

∫ ηo−η

0
dxx2 Slm(x, η)

π

30

∆2

x4
δ(∆η0 − x)

=
π

30

∆2

(∆η0)2
Slm(∆η0, η) . (3.46)

A lição é que no limite de um número muito grande de espalhamentos, temos

essencialmente o mesmo que se passaria em uma recombinação instantânea,

havendo ainda a importante supressão devida ao fator (∆/∆η0)2 → 0. A con-

clusão, portanto, é que no limite de infinitos espalhamentos não há polarização

gerada. Um argumento similar aplica-se a flutuações da temperatura.

Esse resultado é suficiente para mostrar que o peso a ser atribúıdo a cami-

nhos aleatórios compostos de muitos trechos de tamanho fixo é naturalmente

diminuto pela própria natureza das distribuições de probabilidade. Com efeito,

pn(r;∆, ...,∆|7) expressa no limite em que estamos estudando será máxima

quando n = (r/∆)2, ou seja, no limite difusivo. A caminhos não-difusivos

atribui-se probabilidades progressivamente menores.

O limite que estudamos é, naturalmente, bastante artificial, mas conveniente

por conhecermos um expressão anaĺıtica aproximada para as probabilidades de

vôos aleatórios. Apesar da artificialidade, esse exemplo tem duas grandes qua-

lidades: primeiro, indica que ainda que as funções de visibilidade possam estar

todas em seu máximo, há esperança de convergência da solução iterativa (ainda

que estejamos falando em termos absolutamente informais). A segunda razão

de interesse desse limite – e diretamente associada à primeira qualidade descrita

– é indicar que, à medida que se amplia o número de interações fótons-elétrons,

há progressiva diminuição da polarização ĺıquida dos fótons, indicando que di-

namicamente satisfaz-se o limite requerido para a maximização da entropia

de von Neumann associada a sistemas de fótons em direção ao equiĺıbrio. Da

mesma maneira, os efeitos de distorção sobre a distribuição de temperatura

diminuem à medida em que se aproxima de um estado de equiĺıbrio, como

esperaŕıamos do teorema H de Boltzmann [27].

.

and then, for r/   finite:
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Consequently, for fixed r > 0, ∆ > 0, and r ≤ n∆,

lim
n→∞

pn(r;∆, . . . ,∆ | 7) = 0 .

Since pn is a normalized probability density, we conclude that, in the limit above, the prob-
ability distribution collapses into a Dirac delta-function centered at the origin, which is in
agreement with the general features attributed to the random flight probability densities [7].
In other words, increasing the number of changes of directions (i.e., scatterings) in a random
flight leads to trajectories with increasingly smaller displacements from the origin.

Let’s investigate the consequences of this fact for the polarization through eq. (5.1).
Consider, in that respect, the integral:

Slm = lim
n→∞

∫ ηo−η

0
dXX2Slm(X, η)

∫

d(cosα)

(
X∆

r3

)2

P−2
l (cosα)(sinα)2 pn(r;∆, . . . ,∆|7)

=

∫ ηo−η

0
dX X2 Slm(X, η)

∫

dr
r

X∆η0

(
X∆

r3

)2

P−2
l (cosα) (sinα)2 δ(r)

=

∫ ηo−η

0
dX X2 Slm(X, η)

∆2

(∆η0)2
lim
r→0

[
X∆η0
r5

P−2
l (cosα) (sinα)2

]

. (9.4)

We know, however, from either [18] or [1], that:

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

π

4

r1r2
r33

P−2
l (cosα) (sinα)2 , (9.5)

and also that [1]:

lim
r3→0

∫ ∞

0
dk jl(kr1) jl(kr2) j2(kr3) =

r22
r41

r23
15

π

2
δ(r1 − r2) . (9.6)

Therefore, we have that:

Slm(η0, η) =

∫ ηo−η

0
dX X2 Slm(X, η)

π

30

∆2

X4
δ(∆η0 −X)

=
π

30

∆2

(∆η0)2
Slm(∆η0, η) . (9.7)

The final lesson is that, in the limit of an infinite number of scatterings, we basically end
with instantaneous recombination — with the crucial caveat that the source term is damped
by (∆/∆η0)2 → 0. The conclusion is, therefore, that no net polarization is generated at
the limit of infinite number of scatterings. Similarly, for the temperature fluctuations the

derivatives of the integral which appears in θ(n)lm ensure that the signal vanishes as well.
The large n limit, therefore, cannot contribute significantly to the final observables.

If we regard this order as the number of scatterings that a photon has experienced during
recombination, then the collapse of the probability density associated with random flights
expresses a fundamental physical fact: increasing the number of scatterings takes the system
closer to thermodynamical equilibrium. As we know, in thermodynamical equilibrium the
CMB temperature is given simply by the Planck distribution, with no distortions (apart
from the dipole which is induced by the velocity of baryons). Maximizing the von Neumann

– 21 –



Recoupling the temperature
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• θ(0)lm corresponde ao termo mais simples, associado a fótons que se desaco-

plam e propagam-se até o observador sem sofrer nenhum espalhamento ao

longo de suas trajetórias;

• θ(1)lm corresponde a fótons que se espalharam uma única vez entre o de-

sacoplamento e a observação. Antes do espalhamento os fótons eram não

polarizados, e após o espalhamento tornam-se parcialmente polarizados.

Ainda que esse efeito não seja relevante para o estudo apenas da tempe-

ratura, deve-se notar que a intensidade total de radiação observada cor-

responde a uma composição de uma fração não-polarizada e uma fração

polarizada. A fração não-polarizada, no entanto, é afetada pela existência

de um espalhamento prévio.

• θ(2)lm corresponde a fótons que se espalharam duas vezes entre o desacopla-

mento e a observação. No primeiro trecho os fótons são não-polarizados,

e se tornam parcialmente polarizados após o primeiro espalhamento. Es-

ses fótons que se espalharam uma vez, vão espalhar-se uma segunda vez e

por isso têm uma intensidade conjunta que é a soma das intensidades da

fração de fótons que permaneceram não-polarizados após o espalhamento

e da fração que se polarizou - e dáı a presença de α(2)
2 como fonte para a

temperatura na hierarquia das equações de Boltzmann.

O resultado final da consideração de todos os termos é somar todas as

posśıveis combinações de efeitos advindos de todos os posśıveis percursos per-

corŕıveis pelos fótons compondo frações de intensidade polarizada e não-polarizada,

donde se pode admirar a complexidade da solução da hierarquia de Boltzmann.
Mesmo que não calculemos explicitamente as contribuições em todas as

ordens, os resultados apresentados na Seção C.2 mostram que todas as posśıveis
correções podem ser expressas em termos de combinações de funções Hlm. Em
geral, podemos escrever

θ̄(n)lm =
n
∑

q=0

θ(n)lmq(∆η0,∆η1, . . . ,∆ηn, x)H(l+q)2(∆η0, x,∆η1, . . . ,∆ηn) ,

onde θ(n)lmq são os coeficientes que aparecerão na expansão. Como se pode ver

explicitamente no caso n = 1, os coeficientes são combinações de operadores

diferenciais e potências dos subintervalos presentes na partição de (ηo− η) e x.

A expressão completa de θ̄(n)lm depende também do conhecimento da polarização

em ordem n− 1.

Reintrodução de fontes de polarização na temperatura

θ(2)lm (ηo) =
1

4π

∫ ηo

0
dηs e

−µ(ηs)µ′(ηs)

∫ ηs

0
dηi e

−µ(ηi)µ′(ηi)

∫ ηi

0
dη

∫ ∞

0
dxx2 Slm(x, η)

×
∫

dk k2 jl(kx) j2(k(ηi − η))

[

1 + 3
∂2

∂(k(ηs − ηi))2

]

×j2(k(ηs − ηi))

[

1 + 3
∂2

∂(k(ηo − ηs))2

]

jl(k(ηo − η))

+
9

π

∫ ηo

0
dηs e

−µ(ηs)µ′(ηs)

∫ ηs

0
dηi e

−µ(ηi)µ′(ηi)

∫ ηi

0
dη

∫ ∞

0
dxx2 Slm(x, η)

×
∫

dk k2 jl(kx) j2(k(ηi − η))
j2(k(ηs − ηi))

(k(ηs − ηi))2

×
[

1 + 3
∂2

∂(k(ηo − ηs))2

]

jl(k(ηo − ηs)) . (3.29)

O primeiro termo em (3.29) é a contribuição de Θ2 para θ(2)lm . O segundo

termo é a contribuição de α2. Ambas as contribuições podem ser expressas em

termos da função Hlm introduzida em (C.22): nos termos em que aparecem

duas derivadas, contribuirá Hl2((ηo − ηs), x, (ηs − ηi), (ηi − η)); nos termos em

que aparece uma derivada, contribuirá H(l+1)2((ηo− ηs), x, (ηs− ηi), (ηi− η)) e

nos termos em que não aparecem derivadas, teremos H(l+2)2((ηo − ηs), x, (ηs −
ηi), (ηi − η)).

A expansão completa até a segunda ordem dos coeficientes da temperatura

– que será denotada por θ̄lm – pode ser diagramaticamente representada como:

θ̄(2)lm = + + + (3.30)

O primeiro diagrama representa θ(0)lm , o segundo, θ(1)lm e os dois últimos os

termos presentes em θ(2)lm , como se pode ver em (3.29).

O entendimento dessa estrutura de composição dos termos que contribuem

para o contraste de temperatura da CMB leva-nos a dar a seguinte inter-

pretação aos termos:
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where the integral corresponding to G(2)

l2 is related to the already introduced function Fl2 —
see eq. (4.4). In fact, using an identity that is proved in the appendix, eq. (A.7), we obtain:

θ(1)lm =
1

2π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×

{

3

[
∂2

∂(∆ηo)2
−

1

∆ηo

∂

∂∆ηo

]
[

(∆ηo)
2Fl2(∆ηo, X;∆η1)

]

+
1

(∆ηo)l X l+2

∂

∂X

(
∂

∂∆ηo
+

2

∆ηo

)
[

(∆ηoX)l+2F(l+1) 2(∆ηo, X;∆η1)
]
}

. (7.5)

In conclusion, first-order corrections to the temperature can also be written in terms the
probability densities of extended random flights.

7.2 Temperature at second order

If we want to calculate further contributions to the temperature, then we must include the
contributions to Θ that come from the temperature quadrupole, given in eq. (7.4), and those
from α2, given in eq. (3.10). Combining those two contributions leads to:

θ(2)lm =
1

4π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

dk k2 jl(kX) j2(k∆η2)

[

1 + 3
∂2

∂(k∆η1)2

]

j2(k∆η1)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆η0)

+
9

π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

dk k2 jl(kX) j2(k∆η2)
j2(k∆η1)

(k∆η1)2

[

1 + 3
∂2

∂(k∆η0)2

]

jl(k∆η0) . (7.6)

The first term comes from the contribution of Θ2 to θ(2)lm , and the second term takes into

account the contribution of α2 to θ(2)lm . These contributions can also be expressed in terms
of the extended random flight integrals: terms with two derivatives can be expressed in
terms of Fl2(∆η0, X;∆η1,∆η2); terms with one derivative can be expressed in terms of
F(l+1) 2(∆η0, X;∆η1,∆η2); and terms with no derivatives can be expressed, as indicated
in section A.2, in terms of F(l+2) 2(∆η0, X;∆η1,∆η2).

The complete series expansions for the temperature coefficients, θ̄lm, is represented
diagrammatically, up to second order corrections, as:

θ̄(2)lm = + + + (7.7)

The first diagram represents θ(0)lm , the second, θ(1)lm — see eq. (7.4) — and the two last

diagrams represent θ(2)lm , as shown in eq. (7.6).
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I1 =
1

[(ηo − ηs)x]l+2

∂

∂x

∂

∂(ηo − ηs)

×
{

[(ηo − ηs)x]
l+2

∫

dkjl+1(kx)jl+1(k(ηo − ηs))j2(k(ηs − η))

}

(3.26)

e dáı calculada através do Lema C.2.
Procedendo aos cálculos, obtemos:

θ(1)lm (ηo) =
1

2

∫ ηo

0
dηse

−µ(ηs)µ′(ηs)

∫ ηs

0
dη

∫ ∞

0
dxx2Slm(x, η)

×

{

3

[
∂2

∂(ηo − ηs)2
−

1

(ηo − ηs)

∂

∂(ηo − ηs)

] [
(ηo − ηs)x

(ηs − η)3
P−2
l (cosα)sen2α

]

+
1

[(ηo − ηs)x]l+2

∂

∂x

∂

∂(ηo − ηs)

[
[(ηo − ηs)x]l+3

(ηs − η)3
P−2
l+1(cosα)sen

2α

]
}

.(3.27)

Aqui α é o ângulo formado entre (ηo−ηs) e x, que devem formar um triângulo

junto com (ηs − η). Se (ηo − ηs), (ηs − η) e x não formarem um triângulo,

θ(1)lm (ηo) anula-se, o que mostra que também para a expansão da temperatura

em termos de uma solução iterativa há respeito ordem a ordem das relações de

causalidade com domı́nios de dependência bem definidos.
Podemos também expressar este resultado de maneira mais conveniente

para a determinações de termos gerais como:

θ(1)lm (ηo) =
1

2

∫ ηo

0
dηse

−µ(ηs)µ′(ηs)

∫ ηs

0
dη

∫ ∞

0
dxx2Slm(x, η)

×

{

3

[
∂2

∂(ηo − ηs)2
−

1

(ηo − ηs)

∂

∂(ηo − ηs)

]
[

(ηo − ηs)
2Hl2((ηo − ηs), x; (ηs − η))

]

+
1

(ηo − ηs)l xl+2

∂

∂x

(
∂

∂(ηo − ηs)
+

2

(ηo − ηs)

)
[

[(ηo − ηs)x]
l+2

×H(l+1)2((ηo − ηs), x; (ηs − η))
]
}

, (3.28)

onde usamos (C.28).

3.6.2 Temperatura em segunda ordem

Se queremos calcular as contribuições em segunda ordem para a temperatura,
devemos incluir as contribuições para Θ que vem do quadrupolo da tempera-
tura, ou seja, aquelas que vem de (3.28), como também aquelas que vem de
α2, dadas em (3.14). As duas contribuições combinadas levam-nos a:
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I1 =
1

[(ηo − ηs)x]l+2

∂

∂x

∂

∂(ηo − ηs)

×
{

[(ηo − ηs)x]
l+2

∫

dkjl+1(kx)jl+1(k(ηo − ηs))j2(k(ηs − η))

}

(3.26)

e dáı calculada através do Lema C.2.
Procedendo aos cálculos, obtemos:
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−µ(ηs)µ′(ηs)

∫ ηs

0
dη

∫ ∞

0
dxx2Slm(x, η)

×

{

3

[
∂2

∂(ηo − ηs)2
−

1

(ηo − ηs)

∂

∂(ηo − ηs)

] [
(ηo − ηs)x

(ηs − η)3
P−2
l (cosα)sen2α

]

+
1

[(ηo − ηs)x]l+2

∂

∂x

∂

∂(ηo − ηs)

[
[(ηo − ηs)x]l+3

(ηs − η)3
P−2
l+1(cosα)sen

2α

]
}

.(3.27)

Aqui α é o ângulo formado entre (ηo−ηs) e x, que devem formar um triângulo

junto com (ηs − η). Se (ηo − ηs), (ηs − η) e x não formarem um triângulo,

θ(1)lm (ηo) anula-se, o que mostra que também para a expansão da temperatura

em termos de uma solução iterativa há respeito ordem a ordem das relações de

causalidade com domı́nios de dependência bem definidos.
Podemos também expressar este resultado de maneira mais conveniente

para a determinações de termos gerais como:

θ(1)lm (ηo) =
1

2

∫ ηo

0
dηse

−µ(ηs)µ′(ηs)

∫ ηs

0
dη

∫ ∞

0
dxx2Slm(x, η)

×

{

3

[
∂2

∂(ηo − ηs)2
−

1

(ηo − ηs)

∂

∂(ηo − ηs)

]
[

(ηo − ηs)
2Hl2((ηo − ηs), x; (ηs − η))

]

+
1

(ηo − ηs)l xl+2

∂

∂x

(
∂

∂(ηo − ηs)
+

2

(ηo − ηs)

)
[

[(ηo − ηs)x]
l+2

×H(l+1)2((ηo − ηs), x; (ηs − η))
]
}

, (3.28)

onde usamos (C.28).

3.6.2 Temperatura em segunda ordem

Se queremos calcular as contribuições em segunda ordem para a temperatura,
devemos incluir as contribuições para Θ que vem do quadrupolo da tempera-
tura, ou seja, aquelas que vem de (3.28), como também aquelas que vem de
α2, dadas em (3.14). As duas contribuições combinadas levam-nos a:
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The general term in the iterative series expansion with n intermediate scatterings can be
written as:

π(n)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1) ×

1

(n− 1)!

∫ η1

0
dη2 . . . dηnT{g(η2) . . . g(ηn)}

×
∫ ηn

0
dη

∫ ∞

0
dX X2 Slm(X, η)

× 9(n−1)
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
. . .

j2(k∆ηn−1)

(k∆ηn−1)2
︸ ︷︷ ︸

(n−1) times

j2(k∆ηn) . (3.13)

Here, T stands for the time-ordered product of the sub-intervals, whose purpose is to repro-
duce the chain of integrations mediated by visibility functions shown in, e.g., eq. (3.12).

The coefficients πlm appearing in eq. (3.8) can be expressed, therefore, as:

πlm(ηo) =
∞
∑

n=0

π(n)
lm (ηo) , (3.14)

with π(n)
lm (ηo) given by eq. (3.13).

An important condition for the validity of this perturbative expansion of the CMB
temperature and polarization is that all the terms in the expansion of eq. (3.8), with an
arbitrary number n of intermediate scatterings, must be expressed in position space. However,
this can only be true if the k integrals over products of spherical Bessel functions appearing
in eq. (3.13) can be in fact performed, and are well-behaved. In the next section we will show
that, in fact, these integrals are probability densities for random flights with n steps, in a
space of suitable dimensionality.

4 Random flights and the CMB

From the previous section — specially from eq. (3.13) — it is evident that a complete treat-
ment of the CMB in position space requires that some specific integrals of products of spher-
ical Bessel functions should be computed. In order to fulfill this requirement, we will proceed
in the following way: first, we will present a simplified version of those integrals, and we will
show that they give rise to probability densities associated with random flights. Next, we
will show how the integrals we have to solve can be expressed in terms of the random flight
integrals.

Let’s recall the well-known identities satisfied by spherical Bessel functions:

zL+
3

2JL+ 1

2

(z) =
d

dz

[

zL+
3

2JL+ 3

2

(z)
]

.

Since the spherical Bessel functions are defined as:

jn(z) =

√

π

2 z
Jn+ 1

2

(z) ,
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where the integral corresponding to G(2)
l2 is related to the already introduced function Fl2 —

see eq. (4.4). In fact, using an identity that is proved in the appendix, eq. (A.7), we obtain:

θ(1)lm =
1

2π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×

{

3

[
∂2

∂(∆ηo)2
−

1

∆ηo

∂

∂∆ηo

]
[

(∆ηo)
2Fl2(∆ηo, X;∆η1)

]

+
1

(∆ηo)l X l+2

∂

∂X

(
∂

∂∆ηo
+

2

∆ηo

)
[

(∆ηoX)l+2F(l+1) 2(∆ηo, X;∆η1)
]
}

. (7.5)

In conclusion, first-order corrections to the temperature can also be written in terms the
probability densities of extended random flights.

7.2 Temperature at second order

If we want to calculate further contributions to the temperature, then we must include the
contributions to Θ that come from the temperature quadrupole, given in eq. (7.4), and those
from α2, given in eq. (3.10). Combining those two contributions leads to:

θ(2)lm =
1

4π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

dk k2 jl(kX) j2(k∆η2)

[

1 + 3
∂2

∂(k∆η1)2

]

j2(k∆η1)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆η0)

+
9

π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

dk k2 jl(kX) j2(k∆η2)
j2(k∆η1)

(k∆η1)2

[

1 + 3
∂2

∂(k∆η0)2

]

jl(k∆η0) . (7.6)

The first term comes from the contribution of Θ2 to θ(2)lm , and the second term takes into

account the contribution of α2 to θ(2)lm . These contributions can also be expressed in terms
of the extended random flight integrals: terms with two derivatives can be expressed in
terms of Fl2(∆η0, X;∆η1,∆η2); terms with one derivative can be expressed in terms of
F(l+1) 2(∆η0, X;∆η1,∆η2); and terms with no derivatives can be expressed, as indicated
in section A.2, in terms of F(l+2) 2(∆η0, X;∆η1,∆η2).

The complete series expansions for the temperature coefficients, θ̄lm, is represented
diagrammatically, up to second order corrections, as:

θ̄(2)lm = + + + (7.7)

The first diagram represents θ(0)lm , the second, θ(1)lm — see eq. (7.4) — and the two last

diagrams represent θ(2)lm , as shown in eq. (7.6).

– 14 –
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The first two terms in this equation have already been treated in section 3. We now pro-
ceed to analyzing the remaining term, i. e., that which contains the source P (k, η) =
1
2

[

Θ2(k, η)−
√
6α2(k, η)

]

. We write, therefore:

θlm = θ(0)lm + il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂ g(η)P (k, η)Y∗
lm(k̂)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆ηo)

=: θ(0)lm +
∞
∑

n=1

θ(n)lm , (7.1)

where we have defined the θ(n)lm in terms of the integral over sources.

7.1 Temperature at first order

We shall now calculate the lowest-order contribution described in eq. (7.1) by taking P (k, η)
to be 1

2Θ2(k, η) — i. e., only the temperature quadrupole is taken as a source for the
temperature fluctuations, since the polarization (which is of higher order, since its source is
the temperature quadrupole) is at least a second-order contribution to the temperature. The

first order contribution to the temperature, θ(1)lm , is therefore computed as:

θ(1)lm =
il

2

∫ ηo

0
dη1 g(η1)

∫
dk

(2π)1/2
k2

∫

d2k̂Θ2(k, η1)Y
∗
lm(k̂)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆ηo)

=
il

2

∫ ηo

0
dη1 g(η1)

∫
dk

(2π)1/2
k2

∫ η1

0
dη Slm(k, η) j2(k∆η1)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆ηo)

=
1

2π

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη

∫ ∞

0
dX X2 Slm(X, η)

×
∫

dk k2 jl(kX)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆ηo) j2(k∆η1) (7.2)

where we have once again transformed coefficients into the position-space description using
Hankel transformation. We must now treat the integral in the last line of the equation above:

Il2 =

∫

dk k2 jl(kX)

[

1 + 3
∂2

∂(k∆ηo)2

]

jl(k∆ηo) j2(k∆η1) .

Clearly, we can write:

Il2 = 3

[
∂2

∂(∆ηo)2
−

1

∆ηo

∂

∂(∆ηo)

] [

(∆ηo)
2
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

]

+ (∆ηo)
2
∫

dk k4 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1) , (7.3)

which we can then express as:

Il2 = 3

[
∂2

∂(∆ηo)2
−

1

∆ηo

∂

∂∆η0

]
[

(∆ηo)
2Fl2(∆ηo, X;∆η1)

]

+(∆ηo)
2G(2)

l2 (∆ηo, X;∆η1) (7.4)

– 13 –

Complicator:



Polarization at second order
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The last integral of the equation above, between curly brackets, can be expressed, after using
eq. (A.7), as follows:

∫

dk k2 jl(kX)
jl(k∆η0)

(k∆η0)2

[

1 + 3
∂2

∂(k∆η1)2

]

j2(k∆η1) j2(k∆η2)

=
(∆η1)2

(∆η0X)l+2

∂

∂X

(
∂

∂∆η0
+

2

∆η0

)
[

(∆η0X)l+2 F(l+1)2(∆η0, X;∆η1,∆η2)
]

+ 3

(
∂2

∂(∆η1)2
−

1

∆η1

∂

∂∆η1

)
[

(∆η1)
2 Fl2(∆η0, X;∆η1,∆η2)

]

. (7.10)

As we can see, despite the somewhat cumbersome coefficients, the final result can
be expressed, again, as a combination of the extended random flight functions
Fl2(∆η0, X;∆η1,∆η2) and F(l+1)2(∆η0, X;∆η1,∆η2).

The last term in eq. (7.9) has the same order as π(2)
lm . Therefore, to second order in

temperature corrections, the polarization results from the following three diagrams:

π̄(2)
lm = + + (7.11)

As we showed above, this contribution can be expressed fully in terms of extended
random flight probabilities, therefore, up to second order the polarization coefficients can be
written as:

π̄(2)
lm = πlm 0(∆η0,∆η1,∆η2, X)Fl 2(∆η0, X;∆η1,∆η2) (7.12)

+πlm 1(∆η0,∆η1,∆η2;X)F(l+1) 2(∆η0, X;∆η1,∆η2) .

The coefficients πlmq (q = 0, 1) are differential operators, and depend on the combinations
of the subintervals to some power. The coefficient πlm 0 takes into account the contributions

from the π(1)
lm term appearing in eq. (7.9) and also the contribution coming from the second

term in the right hand side of eq. (7.10). The coefficient πlm 1 can be obtained by working
out the first term in the right hand side of eq. (7.10).

If we examine eqs. (7.9) and (7.11), it can be seen that π̄(2)
lm is given by the sum of

π(1)
lm and the contribution from the temperature corrected by the polarization. We can write

eq. (7.11) in a more symmetric way if we note that the following diagrams are equivalent:

= (7.13)

– 16 –
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This equivalence is due to the fact that both diagrams have the same vertical lines at the
right (we are calculating contribution to the polarization); they have the same number of
vertices; they have the same kinds of lines connecting the vertices (continuous lines); and they
have the same initial source, i. e., the temperature fluctuations (the dashed lines). Hence, it
is better to write eq. (7.11) in terms of the diagram on the left-hand side of eq. (7.13), since
it is easier to draw these types of diagrams when there is a large number of scatterings, as
shown in eq. (6.1).

In general, to order n:

π̄(n)
lm =

n−1
∑

q=0

π(n)
lmq(∆η0,∆η1, . . . ,∆ηn, X)F(l+q)2(∆η0, X;∆η1, . . . ,∆ηn) . (7.14)

Explicit formulae for all the coefficients π(n)
lmq are not known explicitly, but can be computed

iteratively after the identification of the diagrams that contribute to some order, and by em-

ploying the techniques presented in section A.2. Naturally, the computation of π̄(n)
lm requires

the knowledge of θ̄(n−1)
lm , the computation of θ̄(n−1)

lm requires the knowledge of both θ̄(n−2)
lm and

π̄(n−2)
lm , and so on and so forth –0 therefore, in this sense these coefficients form a hierarchy.

7.4 Diagrammatic rules

If we accept that Boltzmann’s equations, as presented in eqs. (2.1), (2.3), (2.2) and (2.4),
are accurate enough to allow the computation of the CMB temperature and polarization
to all orders, then we can ask how the diagrams for our series expansion should be built.
Clearly, when further precision is required, quadratic and even higher-order corrections for
the metric perturbations may have to be included in Boltzmann’s equation, and at some point
the diagrams presented here may no longer improve the accuracy of the result. However, if
we assume that the Einstein-Boltzmann system of equations is exact, then all contributions
can be written as a sequence diagrams, whose building blocks are presented in table 1.

As a general rule of thumb, the functions jl(kX) and j2(k∆ηn) must appear as the first
and last elements inside the k integral. Here, ηn stands for the last index in the partition
of the time interval (ηo − η). The intervals ∆ must be replaced by the convenient difference
of consecutive conformal times which represent the initial and the final instants of that
segment of the random flight. Outside the k integral there should be the integral over the
spatial position of the primary source,

∫

dX X2 Slm(X, η). Finally, we have the integrals over
conformal time weighted by visibility functions — except the integral over η, which does not
carry a factor of the visibility function.

For example, the following diagram represents the third-order contribution to polariza-
tion that arises from the polarization at second-order, when that second-order polarization
is due to the first-order correction to the temperature:

= −
9

2

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∫ η1

0
dη2 g(η2)

∫ η2

0
dη3 g(η3)

∫ η3

0
dη

×
∫

dX X2 Slm(X, η)

{
∫

dk k2 jl(kX)
jl(k∆η0)

(k∆η0)2
j2(k∆η1)

(k∆η1)2

×
[

1 + 3
∂2

∂(k∆η2)2

]

j2(k∆η2) j2(k∆η2)

}

, (7.15)
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• θ(0)lm corresponde ao termo mais simples, associado a fótons que se desaco-

plam e propagam-se até o observador sem sofrer nenhum espalhamento ao

longo de suas trajetórias;

• θ(1)lm corresponde a fótons que se espalharam uma única vez entre o de-

sacoplamento e a observação. Antes do espalhamento os fótons eram não

polarizados, e após o espalhamento tornam-se parcialmente polarizados.

Ainda que esse efeito não seja relevante para o estudo apenas da tempe-

ratura, deve-se notar que a intensidade total de radiação observada cor-

responde a uma composição de uma fração não-polarizada e uma fração

polarizada. A fração não-polarizada, no entanto, é afetada pela existência

de um espalhamento prévio.

• θ(2)lm corresponde a fótons que se espalharam duas vezes entre o desacopla-

mento e a observação. No primeiro trecho os fótons são não-polarizados,

e se tornam parcialmente polarizados após o primeiro espalhamento. Es-

ses fótons que se espalharam uma vez, vão espalhar-se uma segunda vez e

por isso têm uma intensidade conjunta que é a soma das intensidades da

fração de fótons que permaneceram não-polarizados após o espalhamento

e da fração que se polarizou - e dáı a presença de α(2)
2 como fonte para a

temperatura na hierarquia das equações de Boltzmann.

O resultado final da consideração de todos os termos é somar todas as

posśıveis combinações de efeitos advindos de todos os posśıveis percursos per-

corŕıveis pelos fótons compondo frações de intensidade polarizada e não-polarizada,

donde se pode admirar a complexidade da solução da hierarquia de Boltzmann.
Mesmo que não calculemos explicitamente as contribuições em todas as

ordens, os resultados apresentados na Seção C.2 mostram que todas as posśıveis
correções podem ser expressas em termos de combinações de funções Hlm. Em
geral, podemos escrever

θ̄(n)lm =
n
∑

q=0

θ(n)lmq(∆η0,∆η1, . . . ,∆ηn, x)H(l+q)2(∆η0, x,∆η1, . . . ,∆ηn) ,

onde θ(n)lmq são os coeficientes que aparecerão na expansão. Como se pode ver

explicitamente no caso n = 1, os coeficientes são combinações de operadores

diferenciais e potências dos subintervalos presentes na partição de (ηo− η) e x.

A expressão completa de θ̄(n)lm depende também do conhecimento da polarização

em ordem n− 1.
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diag. segment numerical factor Bessel function

−
3

2π

√

(l + 2)!

(l − 2)!

jl(k∆)

(k∆)2

1

2

[

1 + 3
∂2

∂(k∆)2

]

jl(k∆)

1
j2(k∆)

(k∆)2

1
j2(k∆)

(k∆)2

1

2

[

1 + 3
∂2

∂(k∆)2

]

j2(k∆)

9
j2(k∆)

(k∆)2

Table 1. Building blocks for general diagramms.

The diagram below, on the other hand, represents a third-order contribution to polar-
ization arising from the second-order correction to the temperature, when that second-order
correction itself comes from the first-order correction to the temperature:

= −
1

2

1

2

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
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diag. segment numerical factor Bessel function
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Table 1. Building blocks for general diagramms.
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The general term in the iterative series expansion with n intermediate scatterings can be
written as:

π(n)
lm (ηo) = −

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1) ×

1

(n− 1)!

∫ η1
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dη2 . . . dηnT{g(η2) . . . g(ηn)}

×
∫ ηn

0
dη

∫ ∞

0
dX X2 Slm(X, η)

× 9(n−1)
∫

dk k2 jl(kX)
jl(k∆ηo)

(k∆ηo)2
j2(k∆η1)

(k∆η1)2
. . .

j2(k∆ηn−1)

(k∆ηn−1)2
︸ ︷︷ ︸

(n−1) times

j2(k∆ηn) . (3.13)

Here, T stands for the time-ordered product of the sub-intervals, whose purpose is to repro-
duce the chain of integrations mediated by visibility functions shown in, e.g., eq. (3.12).

The coefficients πlm appearing in eq. (3.8) can be expressed, therefore, as:

πlm(ηo) =
∞
∑

n=0

π(n)
lm (ηo) , (3.14)

with π(n)
lm (ηo) given by eq. (3.13).

An important condition for the validity of this perturbative expansion of the CMB
temperature and polarization is that all the terms in the expansion of eq. (3.8), with an
arbitrary number n of intermediate scatterings, must be expressed in position space. However,
this can only be true if the k integrals over products of spherical Bessel functions appearing
in eq. (3.13) can be in fact performed, and are well-behaved. In the next section we will show
that, in fact, these integrals are probability densities for random flights with n steps, in a
space of suitable dimensionality.

4 Random flights and the CMB

From the previous section — specially from eq. (3.13) — it is evident that a complete treat-
ment of the CMB in position space requires that some specific integrals of products of spher-
ical Bessel functions should be computed. In order to fulfill this requirement, we will proceed
in the following way: first, we will present a simplified version of those integrals, and we will
show that they give rise to probability densities associated with random flights. Next, we
will show how the integrals we have to solve can be expressed in terms of the random flight
integrals.

Let’s recall the well-known identities satisfied by spherical Bessel functions:

zL+
3

2JL+ 1

2

(z) =
d

dz

[

zL+
3

2JL+ 3

2

(z)
]

.

Since the spherical Bessel functions are defined as:

jn(z) =

√

π

2 z
Jn+ 1

2

(z) ,
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This equivalence is due to the fact that both diagrams have the same vertical lines at the
right (we are calculating contribution to the polarization); they have the same number of
vertices; they have the same kinds of lines connecting the vertices (continuous lines); and they
have the same initial source, i. e., the temperature fluctuations (the dashed lines). Hence, it
is better to write eq. (7.11) in terms of the diagram on the left-hand side of eq. (7.13), since
it is easier to draw these types of diagrams when there is a large number of scatterings, as
shown in eq. (6.1).

In general, to order n:

π̄(n)
lm =

n−1
∑

q=0

π(n)
lmq(∆η0,∆η1, . . . ,∆ηn, X)F(l+q)2(∆η0, X;∆η1, . . . ,∆ηn) . (7.14)

Explicit formulae for all the coefficients π(n)
lmq are not known explicitly, but can be computed

iteratively after the identification of the diagrams that contribute to some order, and by em-

ploying the techniques presented in section A.2. Naturally, the computation of π̄(n)
lm requires

the knowledge of θ̄(n−1)
lm , the computation of θ̄(n−1)

lm requires the knowledge of both θ̄(n−2)
lm and

π̄(n−2)
lm , and so on and so forth –0 therefore, in this sense these coefficients form a hierarchy.

7.4 Diagrammatic rules

If we accept that Boltzmann’s equations, as presented in eqs. (2.1), (2.3), (2.2) and (2.4),
are accurate enough to allow the computation of the CMB temperature and polarization
to all orders, then we can ask how the diagrams for our series expansion should be built.
Clearly, when further precision is required, quadratic and even higher-order corrections for
the metric perturbations may have to be included in Boltzmann’s equation, and at some point
the diagrams presented here may no longer improve the accuracy of the result. However, if
we assume that the Einstein-Boltzmann system of equations is exact, then all contributions
can be written as a sequence diagrams, whose building blocks are presented in table 1.

As a general rule of thumb, the functions jl(kX) and j2(k∆ηn) must appear as the first
and last elements inside the k integral. Here, ηn stands for the last index in the partition
of the time interval (ηo − η). The intervals ∆ must be replaced by the convenient difference
of consecutive conformal times which represent the initial and the final instants of that
segment of the random flight. Outside the k integral there should be the integral over the
spatial position of the primary source,

∫

dX X2 Slm(X, η). Finally, we have the integrals over
conformal time weighted by visibility functions — except the integral over η, which does not
carry a factor of the visibility function.

For example, the following diagram represents the third-order contribution to polariza-
tion that arises from the polarization at second-order, when that second-order polarization
is due to the first-order correction to the temperature:

= −
9

2

3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)
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0
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0
dη3 g(η3)
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0
dη

×
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dX X2 Slm(X, η)

{
∫

dk k2 jl(kX)
jl(k∆η0)

(k∆η0)2
j2(k∆η1)

(k∆η1)2

×
[

1 + 3
∂2

∂(k∆η2)2

]

j2(k∆η2) j2(k∆η2)

}

, (7.15)
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In terms of the extended random flight integrals, eq. (4.4), we can write:

πlm = −
3

2π

√

(l + 2)!

(l − 2)!

∫ ηo

0
dη1 g(η1)

∞
∑

n=1

9n−1

(n− 1)!

∫ η1

0
dη2 . . . dηnT{µ′(η′)e−µ(η′) . . . g(ηn)}

×
∫ ηn

0
dη

∫ ∞

0
dX X2 Slm(X, η)Fl2 (∆η0, X;∆η1, . . . ,∆ηn) . (5.3)

6 Diagrams

We are now able to introduce a diagrammatic representation for all the terms that appear in
the series expansion of the temperature and polarization at n-th order. The graphic elements
are:

• Solid lines mean polarization, and dashed lines mean temperature;

• The vertical lines to the right of the diagrams represent the observable being calculated
(time runs upward);

• The interception of two lines determine what sources are being considered for a given
observable.

The rules for constructing these diagrams will be detailed in the next section, but it is already
easy to represent diagrammatically the contribution to the CMB polarization computed in
eq. (5.2):

+ + + . . . + (6.1)

7 Full coupled temperature evolution

We will now show that the formalism developed in the previous sections is not spoiled when
all the contributions to the temperature fluctuations are included. Let’s go back to eqs. (2.1)
and (2.3), and write:

θlm = 2 il
∫ ηo

0
dη

∫
dk

(2π)1/2
k2

∫

d2k̂

{

g(η)

[

θSW (k, η)− Vb(k, η)
∂

∂η

]

e−µ(η)(Ψ′ + Φ′)(k, η)

+
1

2
g(η)P (k, η)

[

1 + 3
∂2

∂(k∆ηo)2

]
}

Y∗
lm(k̂) jl(k∆ηo) .
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diag. segment numerical factor Bessel function
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2
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(k∆)2

Table 1. Building blocks for general diagramms.

The diagram below, on the other hand, represents a third-order contribution to polar-
ization arising from the second-order correction to the temperature, when that second-order
correction itself comes from the first-order correction to the temperature:
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Conclusions

(Figures http://www.pinballcreative.co.uk)

The Boltzmann’s equations for CMB can be 
described in position space, where the causal 
structure becomes evident;

In position space CMB temperature fluctuations 
and polarization can be given in terms of a series 
expansion in terms of the number of scatterings 
during recombination;

Contributions from high order terms are 
suppressed. 
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