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1 The Palatini formulation of general relativity

The Palatini action for general relativity, is simply the Einstein-Hilbert ac-
tion rewritten so that it is not a function of metric, but instead a function
of a “connection” w and a “frame field” e:

Sle,w] = [ da*\/—detg R[w] .

This formalism provides first-order field equations for general relativity.

1.1 The tetrad formalism

A frame field (triad and tetrad) provides a way to specify geometries alter-
native but equivalent to metrics or line elements.

Suppose that, M is an oriented n-dimensional manifold diffeomorphic to
R™. Physically, we can think of M as a small open set of space-time (since
every manifold can be covered with charts diffeomorphic to R™). Since the
tangent bundle of R™ is trivial, so is T'M. A trivialization of T'M, recall, is
a vector bundle isomorphism

e: MxR* — TM
{p} xR" — T,M (1.1)

The trivialization e is also called a frame field, since for each p € M it sends
the standard basis of R™ (the Minkowski space) to a basis of tangent vectors
at p, or frame: If M is a 3-dimensional manifold, then, a frame field on M
is called a triad; and if M is a 4-dimensional manifold, a frame field on M
is called a tetrad.

The idea of Palatini formalism is to do a lot of work on the trivial bundle
M x R™, which serves as a kind of substitute for the tangent bundle. We
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can pass and forth between M x R™ and T'M by using the frame field e and
its inverse
el TM — MxR". (1.2)

Let us suppose that we are in the n-dimensional Lorentzian case (other case
works similarly). A section of M x R™ is just an R"-valued function on M,
so, for any point p € M, there is a natural basis of sections &g, - - -, &p:

§0<p) - (170707"')
gl(p) = (071707)

&n(p) = (0,0,...,1) (1.3)

Then, we can write any section s as s = s'¢;7, where we use Einstein summa-
tion to sum over I. In this way, R" is often called the internal space. (We
also use upper-case Latin letters I, J, .. for internal indices associated to the
basis of sections &7, to avoid mixing with the space-time indices associated
to the coordinate vector field d, on a chart.) Recall that the vector field e
in (1.1) is a map from sections of M x R™ to vector fields on M. Applying
this map to the sections £, we get a basis of vector fields e(&;) on M, and
in a chart we can write these as

e(€r) = €70a, (1.4)

where the components ef are functions on M. In relativity, it is typical to
abbreviate e(£7) as just e, so we will do this. Furthermore, since either the
coefficients e} or the vector fields e; = e({r), are enough to determine the
frame field e, it is common to call either of these things the frame field.

Given two sections s and s’ of M x R", as a kind of ‘imitation tangent
bundles’, one can define their canonical inner product 7n(s, s’) by

n(s,s) = nrys's”, (1.5)

where is copied after Minkowski metric:

-1 0 O

0O 1 0 ..

nry = . (1.6)
0o o0 .. 1

This is also called the internal metric. It should be noted that, we can raise
and lower internal indices with 177 and its inverse n”, just as we raise and
lower space-time indices using a metric. In fact, what we are doing thereby;,
is mapping R" to its dual (or vice versa) using the internal metric.
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Suppose that, M has a Lorentzian metric g on it. Thus, we can take the
inner products of vector fields on M by

g(v,v") = gapv™”. (1.7)
A frame field is orthonormal if the vector fields ey are orthonormal, that is

gler,es) = nry . (1.8)

If the frame field in orthonormal, for any sections s and s’ of M x R™, the
metric g on M is nicely related to the internal metric 7, as follows:

g (e(s)e(s)) = g(n(s"ér),n(s7¢r))

= SIS/Jg(BI,GJ)

= nys's”

= n(s'ér,5"¢))
= n(s,s) . (1.9)

In the Palatini formalism, we work with orthonormal frame fields e rather
than metrics ¢ on M. Given an orthonormal frame e, the results above
implies that, the metric on M can be written in terms of the inverse frame
field by

g(v,v) = nle v, e 1) . (1.10)

Conversely, since we are assuming M is diffeomorphic to R™ (which we can

always arrange by taking M to be a small open subset of space-time), one

can show that, every metric on M admits some orthonormal frame field.
From (1.8), for an orthonormal frame field e we obtain

gler,es) = guetey = nr . (1.11)

Using the internal metric 77 in (1.11) we can contract the internal indices
of tetrad:

elet = o1 . (1.12)
It follows that, the inverse frame field is given by the following formula:

e v = elooe; . (1.13)

Consider that v = e(s) for some section s € M x R"™, (1.13) gives

—1 _ I «
e v = e v

= ene§s’

= (5§8J€]

= s'¢;

= s. (1.14)
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The function el here is called the co-frame field: If M is 3-dimensional, a
co-frame filed on M is also called a co-triad; if M is 4-dimensional, a co-
frame field is also called a co-tetrad. From the result above, we can write a
metric g on M in terms of co-frame field e as follows:

9ab = 9(0a; Op)
= (e 104, e710p)
= nlelér, eféy)
= nryelel . (1.15)
For a given field ey := gy.€5, we can contract the internal indices by using
the inverse internal metric n!”/

neley; = 6. (1.16)
Raising the index b we obtain
aege = g (1.17)

which contains the inverse form of metrics in (1.15).

Equations (1.15) and (1.17) indicate that, the tetrads e¢ and e’ contains
all information found in the metric g4, since the latter can be constructed
from them. Thus, the tetrad can be taken as a fundamental description of
the geometry, with the metric as a derived concept. However, the tetrad (as
a tensor without symmetry conditions) has more independent components
than the metric. By applying the Lorentz transformation e¢ — A/fe% to
each tetrad e, we have that

77”*9?6?] — U(AI GK)(AJ GL)
= IJA KAJ eKeli

= (T Feged,

_ KL b
= n “eker

= g% . (1.18)

This shows that, applying the Lorentz transformation to the tetrad does
not change the corresponding metric. Therefore, Lorentz transformations
of the tetrad provide new gauge freedom; we will call this internal gauge to
distinguish it from the space-time gauge that arises in any theory of space-
time geometry.

1.2 Connections via tetrads

Beside the frame fields, the other ingredient in the Palatini formalism is a
connection on the trivial bundle M x R™. In general relativity, the covariant
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derivative for a vector field v in the direction v is defined as V,0° =
0av? + T v¢, by employing the Christoffel connection I'y.. By analogy of
the definition of a metric-preserving connection, for a different type of vector
field v! arises on the vector bundle M x R™, whose parallel transport or
covariant derivative must be defined independently of that for space-time
vector fields v%; we define the covariant derivation D, of the vector field v’
on M x R" as

Dol = Vool +w,f 07, (1.19)

where the the connection 1-forms w al s are the vector potentials analogous to
I'% . For internal tensors, each index requires the addition (or subtraction)
of a connection term in order to ensure the Leibniz rule. In the presence
of a mixed tangent-space and internal tensor, such as tetrad, we apply V,
using the Christoffel connection for which internal indices do not matter,
and a term containing iwaI ; for every internal index. (Note that, it makes
no sense if a connection on M x R™ is torsion free. Moreover, there is thus
no ‘Levi-Civita connection’ on M x R™.)

For the Minkowski metric 77y, since there are no tangent-space indices,
the internal metric looks like a scalar on tangent-space and takes the same
values everywhere the covariant derivative of ny; on the tangent-space is
zero; Vanry = 0. However, nyy varies under covariant derivative D, on the
vector bundle M x R™:

Danrg = Vanrg — WaKIUKJ - waffmm
= _waKIT’KJ - walf]n]K
= —WalJ — WaJT - (1.20)

If Dynry = 0, from (1.20) we obtain

WalJ = —WaJl - (121)

Thus, connection 1-forms, leaving the Minkowski metric invariant, must be
antisymmetric in their internal indices. In this case, the connection D on
M x R” is said to be a Lorentz connection; the parallel transport along a
curve is a mapping which leaves the Minkowski space invariant, and amounts
to a Lorentz transformation. The connection 1-forms, when contracted with
a vector field v*, provide an infinitesimal parallel transport anaKI along the
direction v®. This is a way of saying that, w, with the required symmetry
properties, vawaKI € so(3,1) thus it lives in the lie algebra of the Lorentz
group SO(3,1).

The covariant derivative D, then preserves the internal metric n;; as
well as the space-time metric g4, (because of the same property of V,). In
the tetrad formulation, however, we describe the space-time geometry not by
any one of these tensors, but by the tetrad e} or the co-tetrad el. A required
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condition for the co-tetrad to be covariantly constant can be specified by the
definition

wl; = Ve, (1.22)

a

for the connection 1-forms. Using this equation for the connection 1-form,
the covariant derivative of the co-tetrad can be obtained as

Dael = Vel +w,!jei
= Vae£ + edVa(ecJ)e;,]
= Vae£ — edecJVae;,]

= Vael — Vel = 0. (1.23)

Therefore, the covariant derivative D defined by the connection 1-forms
(1.22) preserves the tetrads well as the space-time metric. It must further
preserve the Minkowski metric n// = gabeéegj and its inverse nys; so that
the w,rs defined by (1.22) are antisymmetric and satisfy equation (1.21).

1.3 Curvature via tetrads

Making all indices of the connection 1-forms internal, we have that
wrk = €fwaskx = efeGVaerk - (1.24)

The wryk are called Ricci rotation coefficients. Similarly, all indices of the
Riemann tensor Rg.p.q can be made internal:

Rijkr = Rapea €feleseed
= e2ebeS (VoVy — VyVa) eer - (1.25)
Then, using the relation
e%vavbec[/ = Va (e%vb(ZCL) — (Vaeﬁ() (Vbec,;)
= Vawpxr — 1" Nwankwonr
in Eq. (1.25) we have that
Rikr = efel [Vawpkr — Vowarr — 1N (Wankwhnrr, — wonxwanrr)]

MN
= eVaewikr — €5Vawrkr — " (WINKWIML — WINKWIML

+ WINJWMKL — WINIWMKL)- (1.26)

The internal Riemann tensor (1.26) can provides the internal Ricci tensor
Rry =n""Rrjkr.
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1.4 The palatini action

The spin connection w in Eq. (1.22) is a one-form with values in the Lie
algebra of the Lorentz group so(3,1):

whiz) = wl (z)dz? . (1.27)

a

It defines a gauge-covariant exterior derivative D on forms. For instance, it

acts on any one-form !, with a Lorentz index, as

Du! = du! +w!; Au? . (1.28)

The relation for the connection one form (1.22), upon antisymmetrization,
can be written as

HIJGI[awb]KJ = V[aeb]K = (CleK)ab, (129)

in terms of the exterior derivative of the one-form ey, taking values in
the internal vector space. This exterior derivative, obtained after antisym-
metrization, requires only partial derivatives for its computation, and thus,
no knowledge of the Christoffel coefficients is required. The torsion two-form
is defined as

T = De! = del +wl ne’. (1.30)

A tetrad field e determines uniquely a torsion-free spin connection w = wle],
called compatible with e; thus, setting 77 = 0 we obtain

de! = —wlne! = e/ nwf. (1.31)

It shows that the connection one-forms w can be determined completely
from (1.31).

The internal curvature tensor Rj; is the Lorentz algebra valued two-
form:

RIJ = ngb df[fa A dl'b y (132)

in terms of the mixed tangent-space/internal-space Riemann tensor ngb.
Then, Eq. (1.26) for the Riemann tensor in terms of connection one-forms
takes the compact form:

R, = dw/ +w/ Awg . (1.33)

Equations (1.31) and (1.33) are called the (Cartan) first and second structure
equations. From Eq. (1.28) we can write

D%u! = v/ AR, (1.34)
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from which, by setting u/ = e/, we have that

D% = ¢/ AR;T=0. (1.35)

This implies a flat region where the curvature is zero.
Let us introduce the curvature two-form F(fbj defined in

F7 = FY dz® A da® (1.36)

to be the curvature of a general connection one-form w!”, given by (1.19),
on the internal space as:

1J 7 17 17
Eyp = 0Oqwp” — Opwy” + [wa, wp]

= 28[awl{]‘] + 2wﬁlebL}J77KL. (1.37)

Notice that w!” is not required to obey the first structure equation. Fur-
thermore, if w is a Lorentz connection, then the curvature two form F' is
antisymmetric with respect to the changing both the tangent and internal
space indices: FaI,;] = —FbIaJ = —F&Ibl .

Suppose that, we have both a frame field e and a Lorentz connection w.
One can transfer the Lorentz connection from the trivial bundle M x R" to
the tangent bundle 7M. When we do this, we obtain a connection V on
TM given by

VO = T¢0, , (1.38)

where the coefficient fgb are defined by

¢, = wlielel . (1.39)
We will call V the imitation Levi-Civita connection, and call the fgb the
imitation Christoffel coefficients. Note that, the imitation Christoffel coef-
ficients are obtained by converting internal indices in the vector potential
w to space-time indices, using the tetrad and co-tetrad. Similarly, we can
define an imitation Riemann tensor by

Ry = Fy efel (1.40)

from which we define the imitation Ricci tensor Rab = Rca o and an imita-
tion Ricci scalar R = R®.

Using the results we have already obtained, we are able to describe the
Palatini action. This action is basically an Einstein-Hilbert action, instead
is a function of a tetrad e and Lorentz connection w. The Palatini action is
given by

1
167G

Sle,w] = / dix |e| €% % FL (w) (1.41)
M
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where e~! is the determinant of the space-time tetrad ef. It should be noted
that, in Palatini approach, the metric g on M is not a fundamental field;
but is a function of the tetrads as g, = nr Jefleg . The independent fields in
the action (1.41) are the tetrad e and the connection w; this formalism in
which e and w are independent is called the first-order formalism.

Using the relation €;yx Leée;,’ ef edL = ecqpeqd and contracting it twice with

the tetrad, we obtain

eadeeUKLefeCLl = Qee[laeg]. (1.42)

This identity allows us to rewrite the Palatini action (1.41) in differential-
form notation:

1
S[e,w] = 647‘(‘G/M €IJKL eK/\eL/\F”(w) (1.43)

On the other hand, one can show that, the Palatini action gives the Einstein’s
equation. More precisely, using variation of action with respect to both w
and e, the equation 0S[w, €] = 0 implies that, the metric gq, = nueée;,’ sat-
isfies the vacuum Einstein’s equation. Notice that, in variation of the action
(1.41), only the space-time connection drops out of the antisymmetrized
covariant derivative, not the Lorentz connection. We begin by computing
the variation with respect to the tetrad e, that is, computing 4S5 assuming
0w = 0. This lets us compute the variation of the action as follows:

1
5 = o | dtlel [GenhEL + HOIFL — e Gesc)esel ELY
167G M
1 1
= 87TG/M dz?|e] <€2FC{6] - 2e£e§(edLF£L) deg . (1.44)

Expressing this in terms of the imitation Ricci tensor and scalar, we obtain

1 4 D 1 B, IJ_b
dz R, — — R ay | 1.4
0SS = 2 / |€|< ab 29ab >7] 6(](56[) ( 5)

It follows that 6S = 0 for an arbitrary variation of the tetrad e precisely
when

1 ~
Rab - igabR =0 ) (146)

which looks a lot like Einstein’s equation. In fact this is hold when the
imitation Riemann tensor is equal to the Riemann tensor of g (or when
V= V). In the following we show that, this case occurs when computing
the 05 with assuming that de = 0.

Varying the imitation Ricci scalar by w provides that

R = et e oFL (W)
. D[a(swé]‘] . (1.47)
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Putting this in (1.41), variation of the action by w, integrating by parts
provides

sadeqJKLDa(efedL) = 0. (1.48)
which is equivalent to the compatibility condition
D[ael{] = a[ael{] + W[al ‘J‘Cg] = O . (149)

This equation implies that the tetrad is covariantly constant with respect
to the covariant derivative defined by w.

1.5 The modified Palatini action

In previous section, it was seen that within the Palatini formalism, the form
of constraint equations is much simpler than in Einstein-Hilbert approach
we have discussed in the context of ADM formalism. However, their form
is rather complicated. Furthermore, one can find that, the constraints are
obtained in Palatini approach are not closed under Poisson brackets. This
complicates the quantization of the theory in such a way that, the palatini
formalism is little better than the Einstein-Hilbert one for the purposes of
quantum gravity.

The new variables can be thought of as modification of the Palatini
formalism that avoid this problem. The main idea is to take advantage of
special features of 4-dimensional space-time and work with “self dual part”
of the Lorentz connection. We will explain this notion in the following part.

1.5.1 The self-dual action

As with Maxwell’s equations, using self-duality in gravity when metrics in
Lorentzian requires working with complex-values fields. Thus, we define the
complexified tangent bundle of M, written CI'M, to be the vector bundle
whose fiber at each point p € M is the vector space C ® T),M consisting of
complex linear combinations of tangent vectors. There is also an ‘imitation’
complexified tangent bundle, namely the trivial bundle M x C*. A complex
frame field is then a vector bundle isomorphism:

e: M xC* — CTM .

We define the internal metric 7 on M x C* by same formula as for
M x R*. This allows us to raise and lower internal indices. A connection w
on M x C*is an End(C*)-values 1-form on M. Its components are written
wé 7> where a is space-time index and I, J are internal indices. Alternatively,
we can raise an index and think of the connection as having components
wl/. We say that, w is a Lorentz connection if w!’ = —w/!. Because of this
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antisymmetric property, we can think of a Lorentz connection as a A2C?-
valued 1-form. Recall that, the Hodge star operator maps 2-form to 2-form
in 4 dimensions, which is the basis of duality symmetry.

There is an analogous internal Hodge star operator mapping A2C* to
itself: denoting it by ‘x’, it is given by

1
*TH = 56121(LTKL, (1.50)

for any quantity with two antisymmetric raised internal indices, by analogy
with formula for the usual Hodge star operator. In particular, we can define
the ‘internal Hodge dual’ of a Lorentz connection by

1
(xw)y? = §€I}]<LW§L , (1.51)

and we can write any Lorentz connection w as a sum of self-dual and anti-
self-dual parts:

w=w+w, *wt = +iwt (1.52)
Explicitly, we have

1
wt = i(w:Fi*w). (1.53)

In the self-dual formulation of general relativity, one of the two basic
fields is a self-dual Lorentz connection, that is, a Lorentz connection w™ on
M x C* with

*xwt = qwT. (1.54)

The other basic field is a complex frame field:

e: M x C* — CTM.

The action in the self-dual formulation is built using the curvature of the
self-dual Lorentz connection, which is written F' and given by

Flj = Oawi' — 0pul + [l wil". (1.55)

As in the Palatini formalism, one can use the frame field to define a metric
g on M by

I
9ap = nlJeaeé,
where the coefficients e/, are using the inverse frame field:

e 1o, = eéf].

However, since the triad is complex, the metric g is complex as well. The
self-dual action then is given by:

Ssplwt,e] = / e eg Faé‘] vol. (1.56)
M
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1.6 The Holst action for general relativity

Using the internal Hodge star operator we will be led to our next reformu-
lation of the gravitational action by replacing F (flfL by

1
(x P = —€7 g FAE, (1.57)

in the Palatini action (1.41). It can be shown that the compatibility con-
dition is satisfied, and we are thus still dealing with the connection 1-forms
preserving the tetrad. Therefore, in the presence of the extra term e!” KL
the solution space is extremely enlarged and contains all pairs of connec-
tions and tetrads compatible with each other. This allows us to generalize

the Palatini action as

1
o [ dlel ¢ e P B @ (1.58)
™ M

with P!/ i1, being defined as
1

In this case, the connection variation then provides the equation

eler e PEL v Da(eM el = 0, (1.60)
and still results in the compatibility condition. This equivalence to the
previous conditions is most easily seen by noting that the matrix P!/ KL
interpreted as a mapping from the tensor product of two Minkowski spaces
into itself. Varying by the tetrad provides an equation with elabep .11 added
to Einsteins equation. Again, this extra term vanishes by symmetries of the
Riemann tensor. Thus, irrespective of the value of v, we produce the same
equations of motion. The action used here is called the Holst action, and -y
the Barbero-Immirzi parameter.

2 Ashtekar formulation of general relativity

We have seen in the ADM formulation of general relativity that, a space-time
is foliated in a canonical formulation.
2.1 Space-time foliation; triad formalism

Similar to the spatial canonical metric hyy, we considered in ADM formalism,
let us introduce now a spatial space-time tensor field

E = ef+n'ng, (2.1)
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with the unit normal n® to spatial slice and n; := efn,; this field satisfies
Eing = E?nl = 0 and thus can be considered a spatial triad.

It should be noticed that, in the triad formalism for the herein canonical
system, there is an additional condition to the usual decomposition of space-
time tensors in normal and spatial parts; it is to split the internal directions
of the tetrad in Minkowski time and space components. To do this, let
us consider a partial gauge fixing of the internal SO(3,1)-transformations,
the so-called time gauge. We then fix the boost part of internal Lorentz
transformations by requiring ef = n! ef = n® to be the unit normal to the
foliation (we assumed n! = §{ to be a timelike internal vector field). In this
case, the tetrad e} becomes the local internal frame of Eulerian observers;
the partial gauge fixing is thus natural from the perspective of observables in
a canonical formulation arising as those with respect to Eulerian observers.
With the partial gauge fixing, internal Minkowski transformations are re-
duced to spatial rotations by requiring them to fix the chosen n/. When
directly referring only to the spatial rotation part of the group, we will use
lower-case internal indices such as £ for the spatial triad.

Let us now consider the unit normal vector n® as

n® = N71(t*— N9 . (2.2)
Then, the tread e} in terms of the spatial triad £ and normal vectors reads
e = £~ N Ht* — NYn; .

Substituting these relations in the action (1.58), we can decompose the Pala-
tini action in terms of spatial triads. Thus, by setting |e| = N+v/det h and
noting the antisymmetry of P’/ K1, We obtain

1
S[e,u]] = 167’['(;/d4$ \/deth PIJKLFab KL(W)
x (NEF —2nyt* + 2Nng) &5 . (2.3)

Comparing the action (2.3) with the ADM action we discussed previously, we
expect that the first term in NEF —2n;t* +2N%n; provides the Hamiltonian
constraint, the last term the diffeomorphism constraint, and the middle term
the symplectic structure with a derivative along ¢*.

2.2 The Ashtekar-Barbero connection variables

Let start with an analysis of the symplectic term (i.e., the second term in
(2.3)) to find the new canonical variables: We first introduce the purely
spatial tensor:

©T 8y G Y

po o Ydethg, (2.4)
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Then, we can write the second term in (2.3) as

Vdeth
— / d'e P Fy B 87; & it = — / da* nt® Py PU, F, "

By replacing the most internal indices by the spatial ones, we obtain
1 A
—y / dz* npt* Py P, Fy / da* 1 PY(F," - geOJKLFabKL)
= 7/dx4 e P;’ (8awb — O + 2w[
L Kl kK, 1
+ ;6]1@1(8&1%] +wp Wb]K)>-

Notice that, we have used n; = nyyn’ = n = —5? and €p103 = 1. Simpli-
fying this relation we find that the second term, after integrating by parts
produce

L, = t* Qwd + WYt

in combination with the first term. Similarly, the second line produce the Lie
derivative of 1 eJ klwb Since these are the only time derivatives appearing

in the action, and since both of them are multiplied with ’be we can write
the variable canonically conjugate to P]b as

. 1. .
AZ = iezklwsl +’7w21 . (25)
In order to interpret these components, let us consider the spatial covariant
derivatives

Dy’ = Vv +h wbijvj = Vavi_eijkrévk’ (2:6)
where
; L w
Lo = €uwa 27)

is called the spin connection. The spin connection is an so(3) connection that
transforms in the standard inhomogeneous way under local SO(3) transfor-
mations.

The second term, K¢ := w, can be directly be computed from the com-
patible connection one-forms (1.22) (and using €3 = 7% gge€§ = —gace§ =
—ng):

] b .0 b di 0 bpd
gciKé = _ha 5@‘ wé = hagci e vaed = hahcvbnd = Kac s
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which is the extrinsic curvature contracted with spatial triad. Therefore,
the canonical variable (2.5) can be written as

Al = T 44K (2.8)

a

This is called the Ashtekar-Barbro connection. This variable is also an so(3)
connection as adding a quantity that transforms as a vector to a connection
gives a new connection. The remarkable fact regarding this new variable is
that, it is in fact conjugate to P:. Then, our canonical variables for general
relativity are (A%, P;’) and preserve the Poisson brackets:

{Pf(x), Ay(y)} = 8mGo3o}6(x,y), (2.9)
{Pf(x), P/(y)} = {Al(x), A(y)} = 0. (2.10)

Now, let us continue decomposition of the action, by writing the remain-
ing terms in the contribution containing t%:

- 1
/dx4 ta |:"ng‘7 (abpjb + wbjkP]? — ;ijlwbéplg)

1 1
+ §6jklwakl (31113;? - §€jnm6nqubqpp’rl7)1 + ’Yﬁngmwbonpgzﬂ

- / dzt 12 (MDFV P 4 (142 ej i, Yo, PL),

where D) is the covariant derivative using Ashtekar-Barbero connection,
and A7 is introduced as

1

N o= iejkl Wi 4y, % (2.11)

The components A7 and wtoj do not appear with time derivatives in the
action; their momenta are thus constrained to vanish, and they provide
Lagrange multipliers of secondary constraints. These secondary constraints
are the Gauss constraints:

G; = D{pP = 0 (2.12)
and
Sj = €jm w""P) = ;" K"P) = 0, (2.13)

which ensures that K, := K&, satisfies

. . 1
0 = é*KIPY = Kuel*erpt = WKabgab%g. (2.14)
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The diffeomorphism constraint follows from terms proportional to N* in
the action (2.3):

Negs = _,anNanl; Pk, KL
= ’VNGPJZ') (FabOj - 217€Ojleabkl>
— 2’yNapjb [8[awb]oj + w[gkwb}]z + 22(28@1% + Ejklw[akwa]lL>]
= NP} {28@14?;] —7€ o K - %fj ki (Ffa Iy — K, Kfﬂ)]
= NP} (F+ (1490 G KEKD), (2.15)
where fgb is the curvature of the Ashtekar-Barbero connection:
Fiy = 0,AL — 9pAL — € AFAL (2.16)

Notice that, the curvature ng in terms of the curvature of the spin connec-

tion, F,, can be written as

= 26[(2‘42} — € yALA,
= 20,,(Th + 7K3) — € (Th + 7K + 7KG)

= Fy+ 20D Ky — 7€ y KKy (2.17)
where
; 1, . o l .
alb = 561 leab = 28[afé} —i—gz kle mngmj f; Pi]
= 20,1} — € ulh T} . (2.18)

The Hamiltonian constraint follows from the term proportional to IV in
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the action (2.3):

Pap?

NC®* = —47G~*N det]hP”KLFabKL
papb 1

= _47TG72N\/ﬁ<Fab”_ZEUKLFabKL)

papb

= —4rGy*N—=

7 Vdeth

+ 36”k (6[awb} k0 4 w[aklwbﬁ)}

[28[awaj + 2w[;wa] LjnKL

papb g

— 2 Lty ] 1 J
— _dnCry N\/m<Fab+2K[ Kj) -
papb

_ _4wG72N\/ﬁeU . (.Ffb F 1+ KmED

€ E9PID K, ]) (2.19)

2 4
~ D, i)

1
Y Yl B +7

From the constraint equations (2.12), (2.13), (2.15) and (2.19), we can write
the total Hamiltonian as a sum of constraints:

Hepa[AL, PY] = /dﬁ’( NGi — (1472w s
+ NCaray + N°CE™). (2.20)

After solving all second class constraints, the total gravitational Hamil-
tonian (2.20) reduces to

Herav[A}, PY] = / da? (— A'Gi + NCyay + Nacgf&w). (2.21)

which is written in terms of only first class constraints; the G; is the Gauss
constraints given by Eq. (2.12). The Hamiltonian constraint reads

ian ij
Tt (Pl )L KTRE) | (222)

and the diffeomorphism constraint:

CFY = —4nGy?

ces = pbFl, (2.23)

Now, we have seven (first class) constraints for the 18 phase space vari-
ables (AZ,P;’). In addition to imposing conditions among the canonical
variables, first class constraints are generating functionals of (infinitesimal)
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gauge transformations. From the 18-dimensional phase space of general rel-
ativity, we end up with 11 fields necessary to coordinatize the constraint
surface on which the above seven conditions hold. On that 11-dimensional
constraints surface, the above constraint generate a seven-parameter-family
of gauge transformations.
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