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1 The Palatini formulation of general relativity

The Palatini action for general relativity, is simply the Einstein-Hilbert ac-
tion rewritten so that it is not a function of metric, but instead a function
of a “connection” ω and a “frame field” e:

S[e, ω] =

∫
dx4

√
−det g R[ω] .

This formalism provides first-order field equations for general relativity.

1.1 The tetrad formalism

A frame field (triad and tetrad) provides a way to specify geometries alter-
native but equivalent to metrics or line elements.

Suppose that, M is an oriented n-dimensional manifold diffeomorphic to
Rn. Physically, we can think of M as a small open set of space-time (since
every manifold can be covered with charts diffeomorphic to Rn). Since the
tangent bundle of Rn is trivial, so is TM . A trivialization of TM , recall, is
a vector bundle isomorphism

e : M × Rn −→ TM

{p} × Rn 7−→ TpM (1.1)

The trivialization e is also called a frame field, since for each p ∈ M it sends
the standard basis of Rn (the Minkowski space) to a basis of tangent vectors
at p, or frame: If M is a 3-dimensional manifold, then, a frame field on M
is called a triad ; and if M is a 4-dimensional manifold, a frame field on M
is called a tetrad.

The idea of Palatini formalism is to do a lot of work on the trivial bundle
M × Rn, which serves as a kind of substitute for the tangent bundle. We
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can pass and forth between M ×Rn and TM by using the frame field e and
its inverse

e−1 : TM −→ M × Rn . (1.2)

Let us suppose that we are in the n-dimensional Lorentzian case (other case
works similarly). A section of M × Rn is just an Rn-valued function on M ,
so, for any point p ∈ M , there is a natural basis of sections ξ0, · · · , ξn:

ξ0(p) = (1, 0, 0, ...)

ξ1(p) = (0, 1, 0, ...)

·
·

ξn(p) = (0, 0, ..., 1) (1.3)

Then, we can write any section s as s = sIξI , where we use Einstein summa-
tion to sum over I. In this way, Rn is often called the internal space. (We
also use upper-case Latin letters I, J, .. for internal indices associated to the
basis of sections ξI , to avoid mixing with the space-time indices associated
to the coordinate vector field ∂µ on a chart.) Recall that the vector field e
in (1.1) is a map from sections of M × Rn to vector fields on M . Applying
this map to the sections ξI , we get a basis of vector fields e(ξI) on M , and
in a chart we can write these as

e(ξI) = eaI∂a , (1.4)

where the components eaI are functions on M . In relativity, it is typical to
abbreviate e(ξI) as just eI , so we will do this. Furthermore, since either the
coefficients eaI or the vector fields eI = e(ξI), are enough to determine the
frame field e, it is common to call either of these things the frame field.

Given two sections s and s′ of M × Rn, as a kind of ‘imitation tangent
bundles’, one can define their canonical inner product η(s, s′) by

η(s, s′) = ηIJs
Is′J , (1.5)

where is copied after Minkowski metric:

ηIJ =


−1 0 0 ..
0 1 0 ..

...
0 0 .. 1

 . (1.6)

This is also called the internal metric. It should be noted that, we can raise
and lower internal indices with ηIJ and its inverse ηIJ , just as we raise and
lower space-time indices using a metric. In fact, what we are doing thereby,
is mapping Rn to its dual (or vice versa) using the internal metric.
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Suppose that, M has a Lorentzian metric g on it. Thus, we can take the
inner products of vector fields on M by

g(v, v′) = gabv
av′b. (1.7)

A frame field is orthonormal if the vector fields eI are orthonormal, that is

g(eI , eJ) = ηIJ . (1.8)

If the frame field in orthonormal, for any sections s and s′ of M × Rn, the
metric g on M is nicely related to the internal metric η, as follows:

g
(
e(s), e(s′)

)
= g

(
η(sIξI), η(s

′JξJ)
)

= sIs′Jg(eI , eJ)

= ηIJs
Is′J

= η(sIξI , s
′JξJ)

= η(s, s′) . (1.9)

In the Palatini formalism, we work with orthonormal frame fields e rather
than metrics g on M . Given an orthonormal frame e, the results above
implies that, the metric on M can be written in terms of the inverse frame
field by

g(v, v′) = η(e−1v, e−1v′) . (1.10)

Conversely, since we are assuming M is diffeomorphic to Rn (which we can
always arrange by taking M to be a small open subset of space-time), one
can show that, every metric on M admits some orthonormal frame field.

From (1.8), for an orthonormal frame field e we obtain

g(eI , eJ) = gabe
a
Ie

b
J = ηIJ . (1.11)

Using the internal metric ηIJ in (1.11) we can contract the internal indices
of tetrad:

eIae
a
J = δIJ . (1.12)

It follows that, the inverse frame field is given by the following formula:

e−1v = eIαv
αξI . (1.13)

Consider that v = e(s) for some section s ∈ M × Rn, (1.13) gives

e−1v = eIαv
αξI

= eIαe
α
Js

JξI

= δIJs
JξI

= sIξI

= s . (1.14)
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The function eIα here is called the co-frame field : If M is 3-dimensional, a
co-frame filed on M is also called a co-triad ; if M is 4-dimensional, a co-
frame field is also called a co-tetrad. From the result above, we can write a
metric g on M in terms of co-frame field eIa as follows:

gab = g(∂a, ∂b)

= η(e−1∂a, e
−1∂b)

= η(eIaξI , e
J
b ξJ)

= ηIJe
I
ae

J
b . (1.15)

For a given field ebJ := gbce
c
J , we can contract the internal indices by using

the inverse internal metric ηIJ as

ηIJeaIebJ = δab . (1.16)

Raising the index b we obtain

ηIJeaIe
b
J = gab , (1.17)

which contains the inverse form of metrics in (1.15).
Equations (1.15) and (1.17) indicate that, the tetrads eaI and ebJ contains

all information found in the metric gab, since the latter can be constructed
from them. Thus, the tetrad can be taken as a fundamental description of
the geometry, with the metric as a derived concept. However, the tetrad (as
a tensor without symmetry conditions) has more independent components
than the metric. By applying the Lorentz transformation eaI → Λ K

I eaK to
each tetrad eaK , we have that

ηIJeaIe
b
J −→ ηIJ(Λ K

I eaK)(Λ L
J ebL)

= ηIJΛ K
I Λ L

J eaKebL

= (ΛT ηΛ)KLeaKebL

= ηKLeaKebL

= gab . (1.18)

This shows that, applying the Lorentz transformation to the tetrad does
not change the corresponding metric. Therefore, Lorentz transformations
of the tetrad provide new gauge freedom; we will call this internal gauge to
distinguish it from the space-time gauge that arises in any theory of space-
time geometry.

1.2 Connections via tetrads

Beside the frame fields, the other ingredient in the Palatini formalism is a
connection on the trivial bundle M ×Rn. In general relativity, the covariant
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derivative for a vector field vb in the direction va is defined as ∇av
b =

∂av
b + Γb

acv
c, by employing the Christoffel connection Γa

bc. By analogy of
the definition of a metric-preserving connection, for a different type of vector
field vI arises on the vector bundle M × Rn, whose parallel transport or
covariant derivative must be defined independently of that for space-time
vector fields va; we define the covariant derivation D, of the vector field vI

on M × Rn as

Dav
I = ∇av

I + ω I
a Jv

J , (1.19)

where the the connection 1-forms ω I
a J are the vector potentials analogous to

Γb
ac. For internal tensors, each index requires the addition (or subtraction)

of a connection term in order to ensure the Leibniz rule. In the presence
of a mixed tangent-space and internal tensor, such as tetrad, we apply ∇a

using the Christoffel connection for which internal indices do not matter,
and a term containing ±ω I

a J for every internal index. (Note that, it makes
no sense if a connection on M × Rn is torsion free. Moreover, there is thus
no ‘Levi-Civita connection’ on M × Rn.)

For the Minkowski metric ηIJ , since there are no tangent-space indices,
the internal metric looks like a scalar on tangent-space and takes the same
values everywhere the covariant derivative of ηIJ on the tangent-space is
zero; ∇aηIJ = 0. However, ηIJ varies under covariant derivative Da on the
vector bundle M × Rn:

DaηIJ = ∇aηIJ − ω K
a IηKJ − ω K

a JηIK

= −ω K
a IηKJ − ω K

a JηIK

= −ωaIJ − ωaJI . (1.20)

If DaηIJ = 0, from (1.20) we obtain

ωaIJ = −ωaJI . (1.21)

Thus, connection 1-forms, leaving the Minkowski metric invariant, must be
antisymmetric in their internal indices. In this case, the connection D on
M × Rn is said to be a Lorentz connection; the parallel transport along a
curve is a mapping which leaves the Minkowski space invariant, and amounts
to a Lorentz transformation. The connection 1-forms, when contracted with
a vector field va, provide an infinitesimal parallel transport vaω K

a I along the
direction va. This is a way of saying that, ω, with the required symmetry
properties, vaω K

a I ∈ so(3, 1) thus it lives in the lie algebra of the Lorentz
group SO(3, 1).

The covariant derivative Da then preserves the internal metric ηIJ as
well as the space-time metric gab (because of the same property of ∇a). In
the tetrad formulation, however, we describe the space-time geometry not by
any one of these tensors, but by the tetrad eaI or the co-tetrad eIa. A required
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condition for the co-tetrad to be covariantly constant can be specified by the
definition

ω I
a J := ebI∇aebJ , (1.22)

for the connection 1-forms. Using this equation for the connection 1-form,
the covariant derivative of the co-tetrad can be obtained as

Dae
I
b = ∇ae

I
b + ω I

a Je
J
b

= ∇ae
I
b + ecI∇a(ecJ)e

J
b

= ∇ae
I
b − ecIecJ∇ae

J
b

= ∇ae
I
b −∇ae

I
b = 0 . (1.23)

Therefore, the covariant derivative D defined by the connection 1-forms
(1.22) preserves the tetrads well as the space-time metric. It must further
preserve the Minkowski metric ηIJ = gabeIae

J
b and its inverse ηIJ ; so that

the ωaIJ defined by (1.22) are antisymmetric and satisfy equation (1.21).

1.3 Curvature via tetrads

Making all indices of the connection 1-forms internal, we have that

ωIJK = eaIωaJK = eaIe
b
J∇aebK . (1.24)

The ωIJK are called Ricci rotation coefficients. Similarly, all indices of the
Riemann tensor Rabcd can be made internal:

RIJKL = Rabcd eaIe
b
Je

c
KedL

= eaIe
b
Je

c
K (∇a∇b −∇b∇a) ecL . (1.25)

Then, using the relation

ecK∇a∇becL = ∇a (e
c
K∇becL)− (∇ae

c
K) (∇becL)

= ∇aωbKL − ηMNωaNKωbML ,

in Eq. (1.25) we have that

RIJKL = eaIe
b
J

[
∇aωbKL −∇bωaKL − ηMN (ωaNKωbML − ωbNKωaML)

]
= eaI∇aωJKL − eaJ∇aωIKL − ηMN (ωINKωJML − ωJNKωIML

+ ωINJωMKL − ωJNIωMKL). (1.26)

The internal Riemann tensor (1.26) can provides the internal Ricci tensor
RIJ = ηKLRIJKL.
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1.4 The palatini action

The spin connection ω in Eq. (1.22) is a one-form with values in the Lie
algebra of the Lorentz group so(3, 1):

ωI
J(x) = ωI

aJ(x)dx
a . (1.27)

It defines a gauge-covariant exterior derivative D on forms. For instance, it
acts on any one-form uI , with a Lorentz index, as

DuI = duI + ωI
J ∧ uJ . (1.28)

The relation for the connection one form (1.22), upon antisymmetrization,
can be written as

ηIJeI[aωb]KJ = ∇[aeb]K = (deK)ab , (1.29)

in terms of the exterior derivative of the one-form eK , taking values in
the internal vector space. This exterior derivative, obtained after antisym-
metrization, requires only partial derivatives for its computation, and thus,
no knowledge of the Christoffel coefficients is required. The torsion two-form
is defined as

T I := DeI = deI + ωI
J ∧ eJ . (1.30)

A tetrad field e determines uniquely a torsion-free spin connection ω = ω[e],
called compatible with e; thus, setting T I = 0 we obtain

deI = −ωI
J ∧ eJ = eJ ∧ ω I

J . (1.31)

It shows that the connection one-forms ω can be determined completely
from (1.31).

The internal curvature tensor RIJ is the Lorentz algebra valued two-
form:

R J
I = R J

Iab dx
a ∧ dxb , (1.32)

in terms of the mixed tangent-space/internal-space Riemann tensor R J
Iab.

Then, Eq. (1.26) for the Riemann tensor in terms of connection one-forms
takes the compact form:

R J
I = dω J

I + ω K
I ∧ ω J

K . (1.33)

Equations (1.31) and (1.33) are called the (Cartan) first and second structure
equations. From Eq. (1.28) we can write

D2uI = uJ ∧R I
J , (1.34)
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from which, by setting uJ = eJ , we have that

D2eI = eJ ∧R I
J = 0 . (1.35)

This implies a flat region where the curvature is zero.
Let us introduce the curvature two-form F IJ

ab defined in

F IJ = F IJ
ab dxa ∧ dxb , (1.36)

to be the curvature of a general connection one-form ωIJ
a , given by (1.19),

on the internal space as:

F IJ
ab = ∂aω

IJ
b − ∂bω

IJ
a + [ωa, ωb]

IJ

= 2∂[aω
IJ
b] + 2ωIK

[a ωLJ
b] ηKL . (1.37)

Notice that ωIJ
a is not required to obey the first structure equation. Fur-

thermore, if ω is a Lorentz connection, then the curvature two form F is
antisymmetric with respect to the changing both the tangent and internal
space indices: F IJ

ab = −F IJ
ba = −F JI

ab .
Suppose that, we have both a frame field e and a Lorentz connection ω.

One can transfer the Lorentz connection from the trivial bundle M ×Rn to
the tangent bundle TM . When we do this, we obtain a connection ∇̃ on
TM given by

∇̃a∂b = Γ̃c
ab∂c , (1.38)

where the coefficient Γ̃c
ab are defined by

Γ̃c
ab = ωJ

aIe
I
be

J
c . (1.39)

We will call ∇̃ the imitation Levi-Civita connection, and call the Γ̃c
ab the

imitation Christoffel coefficients. Note that, the imitation Christoffel coef-
ficients are obtained by converting internal indices in the vector potential
ω to space-time indices, using the tetrad and co-tetrad. Similarly, we can
define an imitation Riemann tensor by

R̃c d
ab = F IJ

ab ecIe
d
J , (1.40)

from which we define the imitation Ricci tensor R̃ab = R̃c
acb and an imita-

tion Ricci scalar R̃ = R̃a
a.

Using the results we have already obtained, we are able to describe the
Palatini action. This action is basically an Einstein-Hilbert action, instead
is a function of a tetrad e and Lorentz connection ω. The Palatini action is
given by

S[e, ω] =
1

16πG

∫
M

d4x |e| eaI ebJ F IJ
ab (ω) (1.41)
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where e−1 is the determinant of the space-time tetrad eaI . It should be noted
that, in Palatini approach, the metric g on M is not a fundamental field;
but is a function of the tetrads as gab = ηIJe

I
ae

J
b . The independent fields in

the action (1.41) are the tetrad e and the connection ω; this formalism in
which e and ω are independent is called the first-order formalism.

Using the relation ϵIJKLe
I
ae

J
b e

K
c eLd = eεabcd and contracting it twice with

the tetrad, we obtain

εabcdϵIJKLe
K
c eLd = 2ee

[a
I e

b]
J . (1.42)

This identity allows us to rewrite the Palatini action (1.41) in differential-
form notation:

S[e, ω] =
1

64πG

∫
M

ϵIJKL eK ∧ eL ∧ FIJ(ω) (1.43)

On the other hand, one can show that, the Palatini action gives the Einstein’s
equation. More precisely, using variation of action with respect to both ω
and e, the equation δS[ω, e] = 0 implies that, the metric gab = ηIJe

I
ae

J
b sat-

isfies the vacuum Einstein’s equation. Notice that, in variation of the action
(1.41), only the space-time connection drops out of the antisymmetrized
covariant derivative, not the Lorentz connection. We begin by computing
the variation with respect to the tetrad e, that is, computing δS assuming
δω = 0. This lets us compute the variation of the action as follows:

δS =
1

16πG

∫
M

dx4|e|
[
(δeaI )e

b
JF

IJ
ab + eaI (δe

b
J)F

IJ
ab − eKc (δecK)eaIe

b
JF

IJ
ab

]
=

1

8πG

∫
M

dx4|e|
(
ebJF

IJ
ab − 1

2
eIae

c
KedLF

KL
cd

)
δeaI . (1.44)

Expressing this in terms of the imitation Ricci tensor and scalar, we obtain

δS =
1

8πG

∫
M

dx4|e|
(
R̃ab −

1

2
gabR̃

)
ηIJebJ(δe

a
I ) . (1.45)

It follows that δS = 0 for an arbitrary variation of the tetrad e precisely
when

R̃ab −
1

2
gabR̃ = 0 , (1.46)

which looks a lot like Einstein’s equation. In fact this is hold when the
imitation Riemann tensor is equal to the Riemann tensor of g (or when
∇̃ = ∇). In the following we show that, this case occurs when computing
the δS with assuming that δe = 0.

Varying the imitation Ricci scalar by ω provides that

δR̃ = eaI ebJ δF IJ
ab (ω)

= eaI ebJ D[aδω
IJ
b] . (1.47)
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Putting this in (1.41), variation of the action by ω, integrating by parts
provides

εabcdϵIJKLDa(e
K
c eLd ) = 0 . (1.48)

which is equivalent to the compatibility condition

D[ae
I
b] = ∂[ae

I
b] + ω I

[a |J |e
J
b] = 0 . (1.49)

This equation implies that the tetrad is covariantly constant with respect
to the covariant derivative defined by ω.

1.5 The modified Palatini action

In previous section, it was seen that within the Palatini formalism, the form
of constraint equations is much simpler than in Einstein-Hilbert approach
we have discussed in the context of ADM formalism. However, their form
is rather complicated. Furthermore, one can find that, the constraints are
obtained in Palatini approach are not closed under Poisson brackets. This
complicates the quantization of the theory in such a way that, the palatini
formalism is little better than the Einstein-Hilbert one for the purposes of
quantum gravity.

The new variables can be thought of as modification of the Palatini
formalism that avoid this problem. The main idea is to take advantage of
special features of 4-dimensional space-time and work with “self dual part”
of the Lorentz connection. We will explain this notion in the following part.

1.5.1 The self-dual action

As with Maxwell’s equations, using self-duality in gravity when metrics in
Lorentzian requires working with complex-values fields. Thus, we define the
complexified tangent bundle of M , written CTM , to be the vector bundle
whose fiber at each point p ∈ M is the vector space C⊗ TpM consisting of
complex linear combinations of tangent vectors. There is also an ‘imitation’
complexified tangent bundle, namely the trivial bundle M ×C4. A complex
frame field is then a vector bundle isomorphism:

e : M × C4 −→ CTM .

We define the internal metric η on M × C4 by same formula as for
M ×R4. This allows us to raise and lower internal indices. A connection ω
on M ×C4 is an End(C4)-values 1-form on M . Its components are written
ωI
aJ , where a is space-time index and I, J are internal indices. Alternatively,

we can raise an index and think of the connection as having components
ωIJ
a . We say that, ω is a Lorentz connection if ωIJ

a = −ωJI
a . Because of this
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antisymmetric property, we can think of a Lorentz connection as a Λ2C4-
valued 1-form. Recall that, the Hodge star operator maps 2-form to 2-form
in 4 dimensions, which is the basis of duality symmetry.

There is an analogous internal Hodge star operator mapping Λ2C4 to
itself: denoting it by ‘⋆’, it is given by

⋆T IJ =
1

2
ϵIJKLT

KL, (1.50)

for any quantity with two antisymmetric raised internal indices, by analogy
with formula for the usual Hodge star operator. In particular, we can define
the ‘internal Hodge dual’ of a Lorentz connection by

(⋆ ω)IJa =
1

2
ϵIJKLω

KL
a , (1.51)

and we can write any Lorentz connection ω as a sum of self-dual and anti-
self-dual parts:

ω = ω+ + ω−, ⋆ ω± = ±i ω±. (1.52)

Explicitly, we have

ω± =
1

2
(ω ∓ i ⋆ ω). (1.53)

In the self-dual formulation of general relativity, one of the two basic
fields is a self-dual Lorentz connection, that is, a Lorentz connection ω+ on
M × C4 with

⋆ω+ = iω+. (1.54)

The other basic field is a complex frame field:

e : M × C4 −→ CTM.

The action in the self-dual formulation is built using the curvature of the
self-dual Lorentz connection, which is written F and given by

F IJ
αβ = ∂αω

+IJ
β − ∂βω

+IJ
α + [ω+

α , ω
+
β ]

IJ . (1.55)

As in the Palatini formalism, one can use the frame field to define a metric
g on M by

gαβ = ηIJe
I
αe

J
β ,

where the coefficients eIα are using the inverse frame field:

e−1∂α = eIαξI .

However, since the triad is complex, the metric g is complex as well. The
self-dual action then is given by:

SSD[ω
+, e] =

∫
M

eαI eβJ F IJ
αβ vol. (1.56)
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1.6 The Holst action for general relativity

Using the internal Hodge star operator we will be led to our next reformu-
lation of the gravitational action by replacing FKL

ab by

(⋆ F )IJab =
1

2
ϵIJ KLF

KL
ab , (1.57)

in the Palatini action (1.41). It can be shown that the compatibility con-
dition is satisfied, and we are thus still dealing with the connection 1-forms
preserving the tetrad. Therefore, in the presence of the extra term ϵIJ KL,
the solution space is extremely enlarged and contains all pairs of connec-
tions and tetrads compatible with each other. This allows us to generalize
the Palatini action as

S[e, ω] =
1

16πG

∫
M

d4x |e| eaI ebJ P IJ
KL F IJ

ab (ω) (1.58)

with P IJ
KL being defined as

P IJ
KL := δ

[I
Kδ

J ]
L − 1

2γ
ϵIJ KL . (1.59)

In this case, the connection variation then provides the equation

ϵabcdϵIJKLP
KL

MNDa(e
M
c eNd ) = 0, (1.60)

and still results in the compatibility condition. This equivalence to the
previous conditions is most easily seen by noting that the matrix P IJ

KL

interpreted as a mapping from the tensor product of two Minkowski spaces
into itself. Varying by the tetrad provides an equation with ϵIabcRabIL added
to Einsteins equation. Again, this extra term vanishes by symmetries of the
Riemann tensor. Thus, irrespective of the value of γ, we produce the same
equations of motion. The action used here is called the Holst action, and γ
the Barbero-Immirzi parameter.

2 Ashtekar formulation of general relativity

We have seen in the ADM formulation of general relativity that, a space-time
is foliated in a canonical formulation.

2.1 Space-time foliation; triad formalism

Similar to the spatial canonical metric hab we considered in ADM formalism,
let us introduce now a spatial space-time tensor field

Ea
I = eaI + nanI , (2.1)
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with the unit normal na to spatial slice and nI := eaIna; this field satisfies
Ea
I na = Ea

I n
I = 0 and thus can be considered a spatial triad.

It should be noticed that, in the triad formalism for the herein canonical
system, there is an additional condition to the usual decomposition of space-
time tensors in normal and spatial parts; it is to split the internal directions
of the tetrad in Minkowski time and space components. To do this, let
us consider a partial gauge fixing of the internal SO(3, 1)-transformations,
the so-called time gauge. We then fix the boost part of internal Lorentz
transformations by requiring ea0 = nIeaI = na to be the unit normal to the
foliation (we assumed nI = δI0 to be a timelike internal vector field). In this
case, the tetrad eaI becomes the local internal frame of Eulerian observers;
the partial gauge fixing is thus natural from the perspective of observables in
a canonical formulation arising as those with respect to Eulerian observers.
With the partial gauge fixing, internal Minkowski transformations are re-
duced to spatial rotations by requiring them to fix the chosen nI . When
directly referring only to the spatial rotation part of the group, we will use
lower-case internal indices such as Ea

i for the spatial triad.
Let us now consider the unit normal vector na as

na = N−1(ta −Na) . (2.2)

Then, the tread eaI in terms of the spatial triad Ea
I and normal vectors reads

eaI = Ea
I −N−1(ta −Na)nI .

Substituting these relations in the action (1.58), we can decompose the Pala-
tini action in terms of spatial triads. Thus, by setting |e| = N

√
deth and

noting the antisymmetry of P IJ
KL, we obtain

S[e, ω] =
1

16πG

∫
d4x

√
deth P IJ

KLF
KL

ab (ω)

×
(
NEa

I − 2nIt
a + 2NanI

)
Eb
J . (2.3)

Comparing the action (2.3) with the ADM action we discussed previously, we
expect that the first term in NEa

I −2nIt
a+2NanI provides the Hamiltonian

constraint, the last term the diffeomorphism constraint, and the middle term
the symplectic structure with a derivative along ta.

2.2 The Ashtekar-Barbero connection variables

Let start with an analysis of the symplectic term (i.e., the second term in
(2.3)) to find the new canonical variables: We first introduce the purely
spatial tensor:

P a
i :=

√
deth

8πγG
Ea
i (2.4)
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Then, we can write the second term in (2.3) as

−γ

∫
d4x P IJ

KLF
KL

ab

(√deth

8πγG
Eb
J

)
nIt

a = −γ

∫
dx4 nIt

a P b
J P IJ

KLF
KL

ab .

By replacing the most internal indices by the spatial ones, we obtain

−γ

∫
dx4 nIt

a P b
J P IJ

KLF
KL

ab = γ

∫
dx4 ta P b

j

(
F 0j
ab − 1

2γ
ϵ0jKLF

KL
ab

)
= γ

∫
dx4 ta P b

j

(
∂aω

0j
b − ∂bω

0j
a + 2ω 0k

[a ω j
b]k

+
1

γ
ϵjkl

(
∂[aω

kl
b] + ω kK

[a ω l
b]K

))
.

Notice that, we have used nI = ηIJn
J = ηI0 = −δ0I and ϵ0123 = 1. Simpli-

fying this relation we find that the second term, after integrating by parts
produce

Ltω
0j

b = ta ∂bω
0j
a + ω0j

a ∂bt
a ,

in combination with the first term. Similarly, the second line produce the Lie
derivative of 1

2γ ϵ
j
klω

kl
b . Since these are the only time derivatives appearing

in the action, and since both of them are multiplied with γP b
j , we can write

the variable canonically conjugate to P b
j as

Ai
a :=

1

2
ϵiklω

kl
a + γω0i

a . (2.5)

In order to interpret these components, let us consider the spatial covariant
derivatives

Dav
i = ∇av

i + hba ω i
b jv

j = ∇av
i − ϵijkΓ

j
av

k , (2.6)

where

Γi
a :=

1

2
ϵiklω

kl
a , (2.7)

is called the spin connection. The spin connection is an so(3) connection that
transforms in the standard inhomogeneous way under local SO(3) transfor-
mations.

The second term, Ki
a := ω0i

a , can be directly be computed from the com-
patible connection one-forms (1.22) (and using e0d = η0Igdce

c
I = −gdce

c
0 =

−nd):

EciKi
a = −hba Eci ωi0

a = hbaEci edi∇be
0
d = hbah

d
c∇bnd = Kac ,
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which is the extrinsic curvature contracted with spatial triad. Therefore,
the canonical variable (2.5) can be written as

Ai
a := Γi

a + γKi
a (2.8)

This is called the Ashtekar-Barbro connection. This variable is also an so(3)
connection as adding a quantity that transforms as a vector to a connection
gives a new connection. The remarkable fact regarding this new variable is
that, it is in fact conjugate to P i

a. Then, our canonical variables for general
relativity are (Ai

a, P
b
j ) and preserve the Poisson brackets:

{P a
j (x), A

i
b(y)} = 8πGδab δ

i
jδ(x, y), (2.9)

{P a
j (x), P

b
i (y)} = {Aj

a(x), A
i
b(y)} = 0 . (2.10)

Now, let us continue decomposition of the action, by writing the remain-
ing terms in the contribution containing ta:∫

dx4 ta
[
γω0j

a

(
∂bP

b
j + ω k

bj P b
k − 1

γ
ϵkjlω

l
b0P

b
k

)
+

1

2
ϵjklω

kl
a

(
∂bP

b
j − 1

2
ϵ nm
j ϵnqpω

qp
b P b

m + γϵ m
nj ω 0n

b P b
m

)]
=

∫
dx4 ta

(
ΛjD(A)

b P b
j + (1 + γ2)ϵ n

jmω 0j
t ω 0m

b P b
n

)
,

where D(A) is the covariant derivative using Ashtekar-Barbero connection,
and Λj is introduced as

Λj :=
1

2
ϵjkl ω

kl
t + γω 0j

t (2.11)

The components Λj and ω 0j
t do not appear with time derivatives in the

action; their momenta are thus constrained to vanish, and they provide
Lagrange multipliers of secondary constraints. These secondary constraints
are the Gauss constraints:

Gj := D(A)
b P b

j = 0 (2.12)

and

Sj := ϵ n
jm ω 0m

b P b
n = ϵ n

jmKm
b P b

n = 0 , (2.13)

which ensures that Kab := Ki
aEbi satisfies

0 = ϵijkKi
bP

b
j = Kabϵ

ijkEa
i P

b
j =

1

8πγG
Kabε

abcEk
c . (2.14)
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The diffeomorphism constraint follows from terms proportional to Na in
the action (2.3):

NaCgrav
a = −γnIN

aP b
j P IJ

KLF
KL

ab

= γNaP b
j

(
F 0j
ab − 1

2γ
ϵ0jklF

kl
ab

)
= 2γNaP b

j

[
∂[aω

0j
b] + ω 0k

[a ω j
b]k +

1

2γ

(
2∂[aΓ

j
b] + ϵjklω

kL
[a ω l

b]L

)]
= NaP b

j

[
2∂[aA

j
b] − γϵj mkΓ

m
[a Kk

b] −
1

2
ϵj kl

(
Γk
[a Γl

b] −Kk
[a K l

b]

)]
= NaP b

j

(
F j
ab + (1 + γ2)ϵj klK

k
aK

l
b

)
, (2.15)

where F j
ab is the curvature of the Ashtekar-Barbero connection:

F i
ab = ∂aA

i
b − ∂bA

i
a − ϵi klA

k
aA

l
b . (2.16)

Notice that, the curvature F j
ab in terms of the curvature of the spin connec-

tion, F i
ab, can be written as

F i
ab = 2∂[aA

i
b] − ϵi klA

k
aA

l
b

= 2∂[a(Γ
i
b] + γK l

b])− ϵi kl(Γ
k
a + γKk

a )(Γ
l
b + γK l

b)

= F i
ab + 2γD[aK

i
b] − γ2ϵi klK

k
aK

l
b , (2.17)

where

F i
ab :=

1

2
ϵi klF

kl
ab = 2∂[aΓ

i
b] + ϵi klϵ

k
mnϵ

ml
j Γn

[a Γj
b]

= 2∂[aΓ
i
b] − ϵi klΓ

k
a Γl

b . (2.18)

The Hamiltonian constraint follows from the term proportional to N in
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the action (2.3):

NCgrav = −4πGγ2N
P a
i P

b
j√

deth
P ij

KLF
KL

ab

= −4πGγ2N
P a
i P

b
j√

deth

(
F ij
ab − 1

2γ
ϵijKLF

KL
ab

)
= −4πGγ2N

P a
i P

b
j√

deth

[
2∂[aω

ij
b] + 2ω iK

[a ω Lj
b] ηKL

+
2

γ
ϵijk

(
∂[aω

k0
b] + ω kl

[a ω 0
b]l

)]
= −4πGγ2N

P a
i P

b
j√

deth

(
F ij
ab + 2Ki

[a Kj
b] −

2

γ
ϵijkD[aK

k
b]

)
= −4πGγ2N

P a
i P

b
j√

deth
ϵijk

(
Fk
ab + (1 + γ2)ϵk mnK

m
a Kn

b

− 2
1 + γ2

γ
ϵijkE

a
i P

b
jD[aK

k
b]

)
. (2.19)

From the constraint equations (2.12), (2.13), (2.15) and (2.19), we can write
the total Hamiltonian as a sum of constraints:

Hgrav[A
i
a, P

b
j ] =

∫
dx3

(
− ΛiGi − (1 + γ2)ω0j

t Sj

+NCgrav +NaCgrav
a

)
. (2.20)

After solving all second class constraints, the total gravitational Hamil-
tonian (2.20) reduces to

Hgrav[A
i
a, P

b
j ] =

∫
dx3

(
− ΛiGi +NCgrav +NaCgrav

a

)
. (2.21)

which is written in terms of only first class constraints; the Gi is the Gauss
constraints given by Eq. (2.12). The Hamiltonian constraint reads

Cgrav = −4πGγ2
P a
i P

b
j√

deth
ϵijk

(
Fk
ab + (1 + γ2)ϵk mnK

m
a Kn

b

)
(2.22)

and the diffeomorphism constraint:

Cgrav
a = P b

j F j
ab (2.23)

Now, we have seven (first class) constraints for the 18 phase space vari-
ables (Ai

a, P
b
j ). In addition to imposing conditions among the canonical

variables, first class constraints are generating functionals of (infinitesimal)
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gauge transformations. From the 18-dimensional phase space of general rel-
ativity, we end up with 11 fields necessary to coordinatize the constraint
surface on which the above seven conditions hold. On that 11-dimensional
constraints surface, the above constraint generate a seven-parameter-family
of gauge transformations.
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